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Outline

• Calculation of γZ boxes by forward angle dispersion 
relations

• vector (V) hadron coupling: γγ → γZ model 
dependencies

• constraints from PDF region

• constraints from PV inelastic data

• Qweak (1.165 GeV)

• Moller (11 GeV)
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Forward angle dispersion method

repeat calculation using forward 
dispersion relations with realistic 
(structure function) input
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Vector h correction

forward dispersion relation

integration over E < 0 corresponds to crossed-box, 
vector h contribution symmetric under E       -E

’
’ ’

vector h correction         vanishes at E = 0, but experiment
has E ~ 1 GeV - what is energy dependence?                 

O
V
γZ

�e OV
γZ(E) = 2E

π

�∞
0 dE� 1

E�2−E2 �m OV
γZ(E

�)

imaginary part given by

�mO V
γZ(E) =

α

(s−M2)2

� s

W 2
π

dW 2

� Q2
max

0

dQ2

1 + Q2/M2
Z

×
�

F γZ
1 + F γZ

2

s (Q2
max −Q2)

Q2(W 2 −M2 + Q2)

�

5



• 3 groups doing independent analyses

• At Qweak energy E = 1.165 GeV:

• Mainly different treatments of low Q², low W region 
background contributions

• Agree on overall magnitude, but disagree on errors

GH (2009)

SBMT (2010) (4.7+1.1
−0.4)× 10

−3

GHRM (2011) (5.4± 2.0)× 10
−3

RC (2011) (5.7± 0.9)× 10
−3

AJM (2013) (5.6± 0.4)× 10
−3
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Scaling region III

Basic issue: how to relate         to         ?  F γZ
1,2 F γ

1,2

F γ
2 =

�

q

e2
qx(q + q̄)

F γZ
2 =

�

q

2eqg
q
V x(q + q̄)

Resonance region I  largest contribution, unlike

σT,L = σT,L(res) + σT,L(bg)

Christy-Bosted (CB) fit to ep

σT,L(res) 7 resonances from 1232 to 1934 MeV. 
Modify fit by ratio of e.m. to weak 
transition amplitudes.

F γZ
3
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Background

Gorchtein et al. background fits

20

• Background estimated from VMD models 

p p
=

p p

Z Z

V V

• Got γZ from γγ by changing one coupling,

V
Zρ coupling
γρ coupling

= (2− 4 sin2 θW) = 1 + Qp
W

Zω coupling
γω coupling

= −1 + Qp
W

Zφ coupling
γφ coupling

= 2 + Qp
W

σT,L(bg)

V = ρ, ω, φ + continuum

• GHRM use Vector Meson Dominance (VMD) models fit 
to high energy data, plus isospin rotations

• Assign 100% uncertainty on continuum contribution 
(dominates errors)

• AJM model: constrain continuum (higher Q²) contribution 
by matching with PDF ratios (γZ to γγ) across 
boundaries of Regions I, II and III.
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for background at low     , weak isospin rotation uses VMD

structure functionsF γZ
1,2

Q2

RV =
σγ∗p→V p

σγ∗p→ρp

GHRM assume largest source of error!

AJM       modelγZ

σγZ

σγγ
=

κρ + κω Rω + κφ Rφ + κC RC

1 +Rω +Rφ +RC

continuum parameter       not constrained in VMDκC

σγZ
V = κV σγγ

V

κφ = 3− 4 sin2 θWκρ = 2− 4 sin2 θW , κω = −4 sin2 θW ,

production cross section ratio
for vector meson V  to     mesonρ

κC = 1± 1
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Region where continuum contributions are relevant
overlaps with typical reach of global PDF fits

AJM       modelγZ

constrain      using PDF parametrizations by requiring
matching of         to DIS structure functions
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Hall et al. (2013)
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PLOT C   - here we show how the constraints on the structure functions - as set by the data on
APVDIS - effect the error in Re ÑgZ

V HEL.
    - there are two approximations involved here, the first:
                                                                                      sT

NRHNL º sT
NRHpL

      where NR  means non-resonance and N  stands for the averaged nucleon, and the
second, that the denominator in Eq.(45) (cf. above) is the same for the proton as it is for the
nucleon case - this is what we’re

      working on at the moment. As we’re trying to get an idea of what it might like at the
moment,  I  think these two approximations are  ok.   

                                        Ë   25%  error  in  the  continuum

                                        Ë   50%  error  in  the  continuum

                                        Ë  100%  error  in  the  continuum

 

6   DeutApv.nb

PLOTS A   - have included the preliminary results from the JLab E08-011 measurement of the
PVDIS ssymmetry c.f. Xiaochao Zheng’s talk and slides (April 13, 2012).   

      - in the plots below the: 
                                        Ë  1st line assumes a 25% error in the continuum
                                        Ë  2nd line assumes a 50% error in the continuum
                                        Ë  3rd line assumes a 100% error in the continuum
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   Ë blue   is Q2 = 1.11 GeV2

                        Ë red    is Q2 = 0.75 GeV2                 
          Ë red     is Q2 = 1.90 GeV2                    

                                    
where the error lines come from assuming an uncertainty in the continuum value of Eq. (45) -
i.e. the last term of the numerator in second line of that equation.
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PLOTS A   - have included the preliminary results from the JLab E08-011 measurement of the
PVDIS ssymmetry c.f. Xiaochao Zheng’s talk and slides (April 13, 2012).   

      - in the plots below the: 
                                        Ë  1st line assumes a 25% error in the continuum
                                        Ë  2nd line assumes a 50% error in the continuum
                                        Ë  3rd line assumes a 100% error in the continuum
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where the error lines come from assuming an uncertainty in the continuum value of Eq. (45) -
i.e. the last term of the numerator in second line of that equation.
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Potential impact of 
constraints from 
deuteron PV inelastic 
asymmetries

100% uncertainty on 
continuum background
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deuteron PV inelastic 
asymmetries

50% uncertainty on 
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Deuteron APVDIS
PLOTS A   - have included the preliminary results from the JLab E08-011 measurement of the
PVDIS ssymmetry c.f. Xiaochao Zheng’s talk and slides (April 13, 2012).   

      - in the plots below the: 
                                        Ë  1st line assumes a 25% error in the continuum
                                        Ë  2nd line assumes a 50% error in the continuum
                                        Ë  3rd line assumes a 100% error in the continuum
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where the error lines come from assuming an uncertainty in the continuum value of Eq. (45) -
i.e. the last term of the numerator in second line of that equation.

PLOTS A   - have included the preliminary results from the JLab E08-011 measurement of the
PVDIS ssymmetry c.f. Xiaochao Zheng’s talk and slides (April 13, 2012).   

      - in the plots below the: 
                                        Ë  1st line assumes a 25% error in the continuum
                                        Ë  2nd line assumes a 50% error in the continuum
                                        Ë  3rd line assumes a 100% error in the continuum
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where the error lines come from assuming an uncertainty in the continuum value of Eq. (45) -
i.e. the last term of the numerator in second line of that equation.

2   DeutApv.nb

Re ÉgZ
V
HEL

PLOT C   - here we show how the constraints on the structure functions - as set by the data on
APVDIS - effect the error in Re ÑgZ

V HEL.
    - there are two approximations involved here, the first:
                                                                                      sT

NRHNL º sT
NRHpL

      where NR  means non-resonance and N  stands for the averaged nucleon, and the
second, that the denominator in Eq.(45) (cf. above) is the same for the proton as it is for the
nucleon case - this is what we’re

      working on at the moment. As we’re trying to get an idea of what it might like at the
moment,  I  think these two approximations are  ok.   

                                        Ë   25%  error  in  the  continuum

                                        Ë   50%  error  in  the  continuum

                                        Ë  100%  error  in  the  continuum
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Potential impact of 
constraints from 
deuteron PV inelastic 
asymmetries

25% uncertainty on 
continuum background

19



Constraints from PV 
inelastic asymmetries

Hall et al. (2013)
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Wang et al. PRL 111, 082501 (2013)
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Hall et al. (2013)

Predictions for PV 
deuteron asymmetry in 
DIS kinematics
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Tuesday morning
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AJM       modelγZ
low W,  low 

PVDIS asymmetry

APV = geA

�
GFQ2

2
√
2πα

� xy2F γZ
1 + (1− y)F γZ

2 + ge
V

ge
A
(y − y2/2)xF γZ

3

xy2F γγ
1 + (1− y)F γγ

2

significantly smaller uncertainties (at typical JLab kinematics)

for constrained model
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Niculescu et al., PRL 85, 1182 (2000)
Melnitchouk, Ent, Keppel, PRep. 406, 127 (2005)

≈
2

     average over
 (strongly Q  dependent)

      resonances 
     Q   independent
     scaling function

2

ξ =
2x

1 +
�

1 + 4M2x2/Q2

“Nachtmann” scaling variable

deep inelastic
function

Duality in electron-nucleon scattering
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Ratio of model/PDF integrated over resonance region
�
res dW F γZ

2 (Q2, W )AJM�
res dW F γZ

2 (Q2, W )PDF

�
res dW F γZ

1 (Q2, W )AJM�
res dW F γZ

1 (Q2, W )PDF
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Parity-violating inelastic asymmetries
Expected inelastic asymmetry data from Qweak

Hall et al. (2013)
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0.008

E �GeV�

Re
� Γ
ZV

I
Total

III
II       constrained at 

Q²=2.5 GeV²

      constrained at 
Q²=2.5 GeV² and 100% 
uncertain at Q²=0, with 
a linear interpolation in 
Q²

(5.57± 0.36)× 10−3

(5.57± 0.59)× 10−3

κT
C

κT
C
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I
Total
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Using MSTW PDFs down to Q²=1 GeV² (orange curve)

(5.62± 0.36)× 10−3 at 1.165 GeV (previous is 5.57)
28



Summary

• PDF region provides constraints on model-dependence

• We’ve taken great care with error, including crosschecks:
• Linear increase in error on       from Q²=2.5 GeV² to 0
• Low Q² MSTW calculation
• Direct comparison with PV inelastic data in resonance and 

DIS regions
                    Model passes every check

• E08-011 PVDIS asymmetry should be able to strongly 
constrain the error

• Checking Δ region would be good for Mainz

κT
C
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Moller scattering (background)

Region II (Regge) relatively more important
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(11.5± 0.8)× 10−3 at 11 GeV
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Various models for Regge contribution
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Check that varying the matching point from 
W = 3 GeV doesn’t affect the calculations.
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Using MSTW PDFs down to Q²=1 GeV² (orange curve)

(11.6± 0.8)× 10−3 at 11 GeV (previous is 11.5)
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Backup slides

35



�A
γZ =

5α

2π
(1− 4 sin2 θW )

�
ln

M2
Z

Λ2
+ CγZ(Λ)

�

≈ 0.0052± 0.0005

low-energy part approximated by Born 
contribution (elastic intermediate state)

high-energy part (above scale          GeV)
computed in terms of scattering from
free quarks

Λ ∼ 1

Marciano, Sirlin, PRD 29 (1984) 75; Erler et al., PRD 68 (2003) 016006

short-distance long-distance: 

computed by Marciano & Sirlin as sum of two parts:

axial h correction         dominant      correction in
atomic parity violation at very low (zero) energy

O
A
γZ γZ

Axial h correction

q q
q q
q q

3
2
± 1
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with ve(Q
2) = 1− 4κ(Q2) sin2 θW (Q2)

�e�A
γZ(E) =

2

π

� ∞

0
dE� E�

E�2 − E2
�m�A

γZ(E
�)

Im A
γZ(E) =

1

(2ME)2

� s

M2

dW 2

� Q2
max

0
dQ2 ve(Q2)α(Q2)

1 +Q2/M2
Z

×
�

2ME

W 2 −M2 +Q2
− 1

2

�
F γZ
3

�m�A
γZ(E) =

imaginary part given by        structure functionF γZ
3

Axial h correction

Ve ×AhAxial              correction       O
A
γZ
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elastic
resonance

Axial h elastic + resonance correction

elastic part:

resonance part from parametrization of    scattering data; 
includes lowest 4 spin1/2 and 3/2 states   (Lalakulich-Paschos)

ν

F γZ(el)
3 (Q2) = −Q2Gp

M (Q2)GZ
A(Q2)δ(W 2 −M2)
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Axial h correction DIS part

change integration variable               and switch order
of integration. Energy integral can be done analytically.

W 2 → x

in DIS region (                 ), expand integrand in powers of x Q2 � 1 GeV2

with moments 

DIS part dominated by leading twist PDFs at small x
                                        (MSTW, CTEQ, Alekhin)

�e�A(DIS)
γZ (E) =

3
2π

� ∞

Q2
0

dQ2 ve(Q2)α(Q2)
Q2(1 + Q2/M2

Z)

×
�
M (1)

3 (Q2) +
2M2

9Q4
(5E2 − 3Q2)M (3)

3 (Q2) + . . .

�

MγZ(n)
3 =

� 1

0
dxxn−1F γZ

3 (x,Q2)

F γZ(DIS)
3 (x,Q2) =

�

q

2 eq gq
A

�
q(x, Q2)− q̄(x,Q2)

�
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Axial h correction

structure function moments

analog of Gross-Llewellyn Smith sum ruleγZ

n = 1

n = 3

related to x  -weighted moment of valence quarks

Re A(DIS)
γZ ≈ (1− 4ŝ2) 5α2π

∞�

Q2
0

dQ2

Q2(1+Q2/M2
Z)

�
1− αs(Q

2)
π

�

precisely result from Marciano & Sirlin!
(works because result depends on lowest moment of
 valence PDF, with model-independent normalization!)

2

MγZ(3)
3 (Q2) =

1
3

�
2�x2�u + �x2�d

� �
1 +

5αs(Q2)
12π

�

MγZ(1)
3 (Q2) =

5
3

�
1− αs(Q2)

π

�

∼ log M2
Z

Q2
0
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in absence of data, consider models with general constraints

“DIS” region at                     does not afford PDF descriptionQ2 < 1 GeV2

should not diverge in limitF γZ
3 (xmax, Q2) Q2 → 0

F γZ
3 (x,Q2) =

�
1 + Λ2/Q2

0

1 + Λ2/Q2

�
F γZ

3 (x,Q2
0)Model 1

Model 2

F γZ
3 ∼ (Q2)0.3 as Q2 → 0

F γZ
3 finite as Q2 → 0

F γZ
3 frozen at Q2 = 1 value for all W 2

Parity-violating e scattering

F γZ
3 (x,Q2) should match PDF description at Q2 ∼ 1 GeV2

Result should be independent of matching point
(e.g. setting Q₀² = 2 GeV² gives almost identical results)
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.

DIS (Q
2
<1), Model 1

DIS (Q
2
<1), Model 2

DIS (Q
2
>1, n ≥ 3)

Blunden et al.,
PRL 107, 081801 (2011)

dominated by n = 1 DIS moment: 
(no E dependence)

32.8× 10−4

Parity-violating e scattering

Take this 
as the 
uncertainty
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correction at E = 0

correction at E = 1.165 GeV (Qweak)

cf.  MS   value:  0.0052(5)  (~1% shift in       )Qp
W

elastic resonance DIS

�e�A
γZ = 0.00064 + 0.00023 + 0.00350 → 0.0044(4)

�e�A
γZ = 0.00005 + 0.00011 + 0.00352 = 0.0037(4)

shifts        from  0.0716(8)        0.0708(8)Qp
W

Parity-violating e scattering

*

* Marciano, Sirlin, PRD 29, 75 (1984)
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TABLE I. The weak charges of the proton, neutron, 133Cs,
and 213Ra using the Marciano and Sirlin (MS) estimate [9, 14],
our new results for free nucleons, and our new results for
nucleons bound in a heavy nucleus (i.e. Cs).

MS free nucleons bound nucleons
Bp 11.8(1.0) 9.95(40) 9.36(40)
Bn 11.5(1.0) 9.82(40) 9.32(40)
Qp

W 0.0716(8) 0.0708(6) 0.0705(6)
Qn

W -0.9882(4) -0.9888(2) -0.9890(2)
QW (Cs) -73.14(6) -73.23(4) -73.26(4)
QW (Ra) -117.22(10) -117.37(7) -117.42(7)

contributions, but an equivalent logarithmic dependence
on the hadronic mass parameter m remains.
Evaluating expressions (1,2), we find numerically

Qp
W = 0.0664(6) + 0.00044Bp, (4)

Qn
W = −0.9922(2) + 0.00035Bn. (5)

The error in Qp
W (excluding γZ boxes) arises from κ(0)ŝ2

(±0.0006) and the WW boxes (±0.0001), while the er-
ror in Qn

W arises from ρ (±0.0002). The results in the
column labelled MS in Table I use the most recent esti-
mates of Bp and Bn from Ref. [10, 14]. For Cesium, we
have QW (Cs) = 55Qp

W +78Qn
W . Adding the independent

errors in quadrature (the errors in Bp and Bn are not in-
dependent), we get -73.14(6). The γZ boxes contribute
±0.052 to this total, while all other errors combined con-
tribute ±0.037.
To proceed beyond the work of Marciano and Sirlin [9],

we use dispersion methods [4–8]. The imaginary part of
!γZ(E) can be written in terms of structure functions
FN
i,γZ , i = 1, 2, 3, that describe inclusive eN scattering.

A dispersion integral over energy then gives the real part
of !γZ(E), which is the quantity of interest. Our earlier
papers [5, 8] give results at arbitrary energy E, and we
refer to those works for a detailed description. At E =
0, relevant for APV, only the axial-vector ZN coupling
gives a non-zero contribution. This involves the FN

3,γZ
structure function. Doing the dispersion energy integral
analytically allows us to express results for !γZ in the
compact form:

!N
γZ =

2

π

∫ ∞

0
dQ2 α(Q2) ve(Q2)

Q2(1 +Q2/M2
Z)

×
∫ 1

0
dx FN

3,γZ(x,Q
2)

1 + 2
√
1 + 4M2x2

Q2

(
1 +

√
1 + 4M2x2

Q2

)2 , (6)

with x = Q2/(W 2−M2+Q2), where W 2 is the invariant
mass of the intermediate hadronic state.
Following Ref. [8], we include the running with Q2 of

α(Q2) and ve(Q2) ≡ 1− 4κ(Q2) ŝ2 in Eq. (6) due to bo-
son self-energy contributions. Both quantities vary sig-
nificantly over the range of Q2 relevant to these integrals.

The contributions to !γZ can be split into three kine-
matic regions: (i) elastic, withW 2 = M2; (ii) resonances,
with (M+mπ)2 ≤ W 2 <∼ 4 GeV2; and (iii) deep inelastic
(DIS), with W 2 > 4 GeV2. Contributions from region (i)
can be written in terms of the nucleon’s elastic magnetic
GN

M and axial-vector GZ,N
A form factors as

FN(el)
3,γZ (x,Q2) = −GN

M (Q2)GZ,N
A (Q2)x δ(1− x). (7)

We set GN
M (Q2) = µNFV (Q2), and GZ,N

A (Q2) =
−gNA FA(Q2), with µN the nucleon magnetic moment, and
gpA = −gnA = 1.267. A Q2-dependence of dipole type,
FV,A(Q2) = 1/(1 +Q2/Λ2

V,A)
2, suffices for both types of

form factors, with ΛV = 0.84 GeV, and ΛA = 1.0 GeV.
More sophisticated form factors give essentially identical
numerical results.

For the resonance contributions we use the parameter-
izations of the transition form factors from Lalakulich et
al. [15], but with modified isospin factors appropriate to
γZ. These form factors have been fit to pion production
data in ν and ν̄ scattering, and include the lowest four
spin-1/2 and 3/2 states.

For the DIS region, we divide the Q2 integral of Eq. (6)
into a low-Q2 part Q2 < Q2

0, where the structure function
FN
3,γZ is relatively unknown, and a high-Q2 part (Q2 >

Q2
0), where at leading order (LO) the structure functions

can be expressed in terms of valence quark distributions
qv = q − q̄ [13],

F (DIS)
3,γZ (x,Q2) =

∑

q

2 eq g
q
A qv(x,Q

2). (8)

At high Q2, the box diagram contribution can be ex-
panded in powers of x2/Q2, yielding a series whose co-
efficients are structure function moments of increasing
rank,

!
(DIS)
γZ =

3

2π

∫ ∞

Q2
0

dQ2 α(Q2) ve(Q2)

Q2(1 +Q2/M2
Z)

×
[
M (1)

3 (Q2)− 2M2

3Q2
M (3)

3 (Q2) + . . .

]
, (9)

where the n-th moment of the F γZ
3 structure function is

given by

M (n)
3 (Q2) =

∫ 1

0
dxxn−1F γZ

3 (x,Q2). (10)

Numerically, the n = 1 moment dominates, and we find
the n ≥ 3 contributions to the integral of Eq. (9) to be
completely negligible (less than 0.1%).

The lowest n = 1 moment, M (1)
3 (Q2), is the γZ ana-

log of the GLS sum rule [16] for νN DIS, which at LO
counts the number of valence quarks in the nucleon. The
corresponding quantity for γZ is Qp ≡

∑
q 2 eq g

q
A = 5/3

for the proton and Qn = 4/3 for the neutron. Including

• Find QW (Cs) = −73.26± 0.04

• Errors: κ(0)ŝ2 (±0.033), WW boxes (±0.006), ρ (±0.016), γZ (±0.021).

MS: Bp = ln M2
Z

m2 + 3
2 ; m = 0.77 GeV

Includes Pauli-blocking
of elastic contribution
(cf. Coulomb sum rule)

Update of Atomic Parity Violation calculation

Expt: QW (Cs) = −73.20± 0.35

QW (Cs) = 55Qp
W + 78Qn

W

Blunden et al.,
PRL 109, 262301 
(2012)

�N
γZ =

α̂

2π
(1− 4ŝ2)×

�
5Bp, p,
4Bn, n.

45


