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I. Introduction

e T he quark-gluon coupling in Coulomb gauge

(P, q) S~ (p)Go(p,q)S™t(p)
5%[g1(p, )vu + i92(p, D au + 93(p, Q) ppud

— The scalar term : the running coupling as,gl(pQ)
— The vector term : g2(p, q)qu

— The tensor term : g3(p, q)pad

e Use domain wall fermion (DWF) full QCD configurations of
RBC/UKQCD and compare with results of KS fermion.

G. Martinelli et al., Nucl. Phys. B445,81 (1995)



II. The Coulomb gauge DWF quark propagator

Landau gauge

e The minimizing function of the Landau gauge(d,A, = 0)

1. logU type: Uz, = eAfBau, A};,u = —Az pu,
Fiy(g) = [|A9]1% = Lo, tr (A92,,TA% ),

. 1

FU(g) — Zx,,utr (2 — ( Ua%,,u + Uzg,uT)) )

e Gauge uniqueness: Fundamental modular region



Coulomb gauge

e The minimizing function of the Coulomb gauge(9;A; = 0)

1. Log-U: Fylgl = ||A9]]2 = 5, tr (49,;F 4% ),

2. U-linear: Fylgl = Ygi=103tr(2 — (U9(w,t) + UIT;(x, 1))
where UY;(z) = g(2)U;(z)g'(z + 9).

e Remnant gauge fixing is not done although the gauge field
Ag(x) can be further fixed by the following minimizing func-
tion of g(xp).

1. Log-U: Fylg] = [|A%|1? = S tr (49,0749 o).

2. U-linear:Fy[g] = g tr(2 — (U9g(x, t) + UZ (2, 1))



The DWF configurations (RBC/UKQCD collaboration)

Table 1: The parameters of the lattice configurations

I6] Nf ™m l/a(GeV) Ls | Ly aLS(fm)

DWFqy | 2.13(8;) | 241 | 0.01/0.04 | 1.743(20) | 16 | 32| 1.81
DWFqs | 2.13(87) | 241 | 0.02/0.04 | 1.703(16) | 16 | 32| 1.85
DWFqs | 2.13(87) | 241 | 0.03/0.04 | 1.662(20) | 16 | 32 | 1.90

P. Chen et al., Phys. Rev. D64, 014503(2001)
T. Blum et al., Phys. Rev. D69, 074502(2004)

C. Allton et al., Phys. Rev. D76, 014504(2007)



The conjugate gradient method

e [ he bases function

q(r) = PV (z,0) + PpW(x,Ls — 1).

\U(w) ="' (¢L($, O),¢R($,O), T 7¢L<x7LS — 1)7¢R($7L8 — 1))

o gbL/R(a:,lS) contains color 3 x 3 matrix, spin 2 x 2 matrix and
ng X ny X ny X ng Site coordinates.



e \We define
Dp =6, 4D, v+ 6, D", o

$,8"

we make a hermitian operator Dy = v5RsDp, where (Rg) .o =
0g.1,—1—g 1S a reflection operator as

( —mys L 75 Pr v5(DIl — 1) \
vsPr v5(DIl —1) vsPr,

vwPr (DIl —1) 5P
\ 15(DIl — 1) Vs P —mvsPR




1 4
5 Z [(1— Wﬂ)Uxaﬂéaz—l—ﬁ,x’

pll, ., =
p=1
+(1 49U Sy p ol + (Ms — 4)5, 4,
1 4
Djjs’ — 5 Z [(1 — 75)584—1,3’ —|— (1 —|— 75)55—1,3’ — 253,3’]

p=1
my
—— (1 =78)ds5,1,-100,¢ + (1 + 505,001,151,

M s < Ls=1
Me = MO(s — L./2) = .
5 (8 s/ ) { M s> Ls2_1
I 1 D ..D = o 1 D !
- (5 — Ms)? HeoDHoe | e = pe — 5 Ms H eoPo-



e In the process of conjugate gradient iteration, I search the
shift parameter af for ¢y and afl for ¢ as follows. In the
first 50 steps I choose a; = Min(ag, ;) and shift ¢p, ; =
¢r — aper and ¢t = ¢l — gy and in the last 25 steps
I choose ap = Maz(af,ail), so that the stable solution is
selected for both ¢ and ¢p.

e [ he convergence condition attained in this method is about
0.5x 10~%4. One can improve the condition by increasing the
number of iteration, but the overlap of the solution and the
plane wave do not change significantly.

e In our Lagrangian there is a freedom of choosing global chiral
angle in the 5th direction,

b — eim5¢, b — ﬁe—invsw_



e I adjust this phase of the matrix element such that both

Tr{x(p,0)¢r(p,0)) and Tr{x(p, Ls — 1)¢g(p, Ls — 1)) are close
to a real number. Namely, I define

io, _ 1rx(p,0)¢r(p,0))
I Tr{x(p,0)ér(p,0))|

—i@R — Tr<X(p7 LS _ 1)¢R(p7 LS - 1)>
| Tr{x(p, Ls — 1)¢r(p, Ls — 1))
and sample-wise calculate €' such that

e

(&

|€i9Lei?7 + 1|2 4 |6i9Re—’i77 B 1|2

is the minimum.

10



To evaluate the propagator I measure the trace in color and
spin space of the inner product in the momentum space be-
tween the plane waves

x(») =" (xr(p,0), xr(P,0), -, xr(p, Ls — 1), xr(p, Ls — 1))

and the solution of the conjugate gradient method

W(p) ="' (¢L(p7 0)7 qu(p? 0)7 T 7¢L(p7 Ls— 1)7 qu(pa Ls— 1))
as

Tr(x(p, s)PLW(p,s)) = Zp(p)(2N:)B(p, s),

Tr(X(p, s) PRV (p, 5)) = Z(p)(2N:)BE(p, s)

11



e Similarly
Tr(x(p, s)ip PLW (p,s)) = Za(p)/(2Ne)ipAX (p, s),

Tr(X(p, s)ip PRV (p, s)) = Za(p)/(2Nc)ipAZ(p, s)

1 27p;
where p; = = sin bi
a n;

(232':071727"' 7”@/4)

e The expectation value of the quark propagator S(p) consists
of spin dependent Ap part and spin independent B part:

. —iAp+B  —iAp+ B
A(p2 + MM Ap2 + MBT

S(p)

iATp+ BT iATp+ BI
A(p2 + MMT)  Ap?2 + MB

S(p) =

12
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Fig. 1: The mass function of the

domain wall fermion as a function of
the modulus of Euclidean four mo-
mentum p. my = 0.01. (149 sam-
ples). Blue disks are my, (left handed
quark) and red boxes are mp (right

handed quark).

Fig. 2: The mass function M(p)
of MILC, with the bare quark mass
mea = 13.6MeV (green stars) and
with the bare quark mass m, =
68MeV (magenta diamonds).
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e The momenta correspond top =(0,0,0,0),(1,1,1,2),(2,2,2,4),
(3,3,3,6) and (4,4,4,8). The dotted lines are the phenomeno-
logical fit

C/\2a+1 m
2a 2 + —
pe + A= a
In the x2 fit, I choose « equals 1,1.25 and 1.5 and searched
pbest values for ¢ and A. I found the global fit is best for

a = 1.25. The fitted parameters are given in Table 2.

M(p) =

Since the pole mass Q(w) is not included in the plots, my is
set to be O here.

14



T he mass function

C/\Qa—l—l N my
p2a + N2« 7

M(p) =

mygq/a ms/a c N(GeV) «
DWF 0.01 0.04 0.24 1.53(3) 1.25
0.02 0.04 024 1.61(5) 1.25
0.03 0.04 0.30 1.32(4) 1.25
KS  0.006 0.031 0.45 0.82(2) 1.00
0.012 0.031 0.43 0.89(2) 1.00

Table 2: The fitted parameters of mass function of DWF(RBC/UKQCD)
and KS fermion (MILC).

C. Bernard et al., Phys. Rev. D58, 014503(1998)
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III. The QCD running coupling

e [ he quark-gluon vertex of Dirac matrix I' sandwitched be-
tween the states with p; = po = p3 = p is calculated as

/d4x/d4y6_ip(x_y)GO(%y)

N
— % N Si(pl0)F (v5S:(p|0)Ts),
i=1

where S; is a DWF quark propagator of the i'th sample among
altogether N samples

—i(y1 + 72 +13)p + M
p2 + MMT

S(pl0) =

16



e The vector Ward identity vields the g1 (p, §) of the quark-gluon
vertex:

/d4x/d4y€_i(p+%)m_i(p_%)yG(f)(33,y)

= L 5 51— 210)(r55:(p + L0 15)
_Ni:1zp 5 BZANNITIAN Y 5 755

S+ 1)510) — 571 — 51001 = 2V A g5/

e The result is compared with the data of as 4, (Q?) of the JLab
group.

17



The QCD running coupling
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Fig. 3 :The logarithm of running coupling as41(p,q) (52 samples). The red
points are the results of JLab group.
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Comparison with the ghost-gluon vertex

e In Coulomb gauge, there is a coupling constant Oq((jz)

PDc(D?Da(d) x ar(d?),

derived from the interpolating gauge (Fischer and Zwanziger).

e In Landau gauge the coupling constant is as(q?).

4°D(9)?D A(q) x as(q?).

19



The QCD running coupling from the ghost-gluon vertex
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Fig. 4 :The running coupling Fig. 5 : The Log of the run-

ar(g?)/m of DWF m = 0.01(green ning coupling a;(q)/m of MILC N; =
triangles),0.02(magenta diamonds) 2(violet stars) and that of MILC
and 0.03(orange stars). Ny = 3(magenta diamonds).
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IV. The tensor type quark-gluon vertex

e [ he tensor term is evaluated from the difference of
q q q
(Aa(p = 510)7apa > AT (p + 510+ 5)j)
J

and

(Aa(p|0)vapa Z%‘Aﬂ(?\o)m
J

devided by a product of the denominators of the S-matrix.

21



e I sample-wise diagonalize

T = (AL wl0)pact? (rs AT T (p10) ¥ Tas)p1 )
+ (A5 0l0)pacs’ (v5.45 T (£10)*7 s )p2) o
+ (A7 " (l0)pacs” (4545 (9]0)*P Tr5)p3) o).
e And devide by a product of the denominators of the propagator.

1 (Mol 4141
12’ "(Ap2 + MB)(ATp2 + MBT)

AL/R

L/R

22



e [ sample-wise diagonalize the corresponding momentum shifted
matrix elements

FLE = Ak B - 210)pa(ysAg

e+ 51007 18)0 2 (0 + D 1o

(AR - —|o>p4<75AL/ H(o 431007 15)05 (0 + 2)2) 2
+(A,(p — —IO)p4(75«4 (p + —IO)O‘M%)G (p+ )3>03]-

e I approximate the denominator of the propagator to be the
same as before

AL/R L/R

1 (FL+ 5
12’ "(Ap2 + MB)(ATp2 + MBT)
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e [ he tensor term is calculated as
L, (FL+ T8 — (Mol 4+ 1741

12" (Ap2 + MB)(ATp2 + MBT)

24
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Fig. 6 :The g3(p, @)pad/palq] vertex at |qg] = 2.6GeV. (m = 0.01, 52 samples)
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V. The vector type quark-gluon vertex

e I define the matrix elements between spin 4++4 as [ and be-
tween spin —— as I p.

qj d;
Fey = Abs[BYTT(p— Z0)yB" T (p+ Z(0)
d; dj
—BTT (p — 210)7BY T (0 + 5|0)1)]
and
- dj —— 45
Cpj = Abs[(B"™"(p—2(0)7B" "~ (p+ 2/0)

~B(p— Z|0)aB" " (p + Z|0))] (1)

26



e [ calculate
12 'pjtTao
6 5 (Ap? + MB)(ATp? + MBT)
e I obtain a preliminary result g>(p,q)q/|q] = 0.0178(54)
at |l = p=2.61GeV/c. (m = 0.01, 31 samples)

27



VI. Summary and discussion

The lattice Coulomb gauge DWF works.

The running coupling ay(§) and ag 41(p,¢) consistent with the
JLab extraction.

The tensor term g3(p, @)vapad /palq] is simulated.

The vetor term g>(p,q)q/|q] can also be simulated.

The cylinder cut reduces fluctuations.

Momentum far from the cylinder cut is left in the future.
Configurations of larger lattices, if provided in ILDG, would be
helpful.

T hanks
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