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Physics Motivation

Generalized parton distributions probe the light cone 
quark distribution            as a function of longitudinal 
momentum fraction    and transverse position 

Specify total quark contribution to nucleon spin

Reveal transverse structure of light cone wave function

Synergy with experiment

Experiment measures convolutions of GPD’s

Lattice measures moments of GPD’s

4

q(x, r⊥)
x r⊥
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Gauge Invariant Decomposition of Nucleon Spin

A20 and B20 are generalized form factors defined below

Cannot write Jg as sum of helicity and orbital 
contributions of local operators

5

X. Ji   PRL 78, 610 (1997)

J i =
1
2
εijk

∫
d3x[Tανxµ − Tαµxν ] = J i

q + J i
g

"Jq =
∫

d3xψ†["γγ5 + "x × (−i "D)]ψ

=
1
2
[A20(q2 = 0) + B20(q2 = 0)]

"Jg =
∫

d3x["x × ( "E × "B)]

#= ∆g
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Generalized form factors

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

〈P ′|Oµ1 |P 〉 = 〈〈γµ1〉〉A10(t)

+
i

2m
〈〈σµ1α〉〉∆αB10(t) ,

〈P ′|O{µ1µ2}|P 〉 = P̄ {µ1〈〈γµ2}〉〉A20(t)

+
i

2m
P̄ {µ1〈〈σµ2}α〉〉∆αB20(t)

+
1
m

∆{µ1∆µ2}C2(t) ,

〈P ′|O{µ1µ2µ3}|P 〉 = P̄ {µ1 P̄µ2〈〈γµ3}〉〉A30(t)

+
i

2m
P̄ {µ1 P̄µ2〈〈σµ3}α〉〉∆αB30(t)

+ ∆{µ1∆µ2〈〈γµ3}〉〉A32(t)

+
i

2m
∆{µ1∆µ2〈〈σµ3}α〉〉∆αB32(t),

P̄ = 1
2 (P ′ + P )

∆ = P ′ − P

t = ∆2
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Limits and Sum Rules

Moments of parton distributions  t →0 

Electromagnetic form factors 

Total quark angular momentum

Momentum sum rule  

Nucleon spin sum rule

An0 =
∫

dxxn−1q(x)

A10 = F1(t), B10 = F2(t)

Jq = 1
2 [A(0)20 + B(0)20]

1 = A20,q(0) + A20,g(0) = 〈x〉q + 〈x〉g

1
2

=
1
2
(
A20,q(0) + A20,g(0) + B20,q(0) + B20,g(0)

)

=
1
2
∆Σq + Lq + Jg
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Domain wall quarks on a staggered sea

        Tadpole improved staggered sea quarks (Asqtad)

Economical entre to chiral regime

MILC 2+1 flavor lattices with large L, small mπ publicly available 

 Domain wall valence quarks

Chiral symmetry to within controlled 

 Avoids operator mixing

  

Conserved 5-d axial current facilitates renormalization

Mixed action ChPT  Chen, O’Connell, Walker-Loud, arXiv: 0706.00035 

One-loop results have contiuum chiral behavior with low energy 

constants containing  perturbative a-dependent corrections

8

O(a2)

O(a2)

mres



Lattice08 7-18-08     J. W. Negele 

Statistics for hadron structure

9

Signal to noise degrades as pion mass decreases

Due to different overlap of  nucleon and 3 pions also 
have volume dependence:

Kostas Orginos analyzed signal/noise correlation 
functions for mixed action data

Signal
Noise

=
〈J(t)J(0)〉

1√
N

√
〈|J(t)J(0)|2〉 − (〈J(t)J(0)〉)2

∼ Ae−MN t

1√
N

√
Be−3mπt − Ce−2MN t

∼
√

NDe−(MN− 3
2 mπ)

√
V
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Required Measurements
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What it takes

Based on signal to noise ratio 30 (at T=10)

Measurements required for 3% accuracy at T=10
May need significantly more
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Numerical calculations
MILC  Asqtad configurations NF = 2+1,  a = 0.125 fm

Domain wall valence quarks
LS =16,   M5 = 1.7  
Valence quark mass tuned to Asqtad Goldstone pion mass.
Recent improvement: Factor 8 increase in # measurements 

758 423 203 2.5 423    

688 348 203 2.5 348

597 561 203 2.5 561

495 477 203 2.5 477

356 628 203 2.5 628 5024

353 274 283 3.5 274 2192

293 464 203 2.5 3712

mπ # configs Vol L (fm) # measurements
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Improvements in Measurements

4 sets of forward propagators per configuration ●     
shifted spatially

Coherent sequential propagators for 4 nucleon sinks ● 
and 4 antinucleon sinks ●

Save factor 4 in time
Gauge averaging cancels contributions from neighbors

Shorter source sink separation

Overall error reduction  ~ factor 4

12

48

0

16

32

10

26

42

58 6

0

16

32

48

54

38

22

Figure 1: The locations of the sources and the sequential sources for the positive and
negative parity cases. The numbers are the time locations. Red are the forward sources,
blue are the positive parity sequential sources and green are the negative parity sequential
sources.

4 Proposed method: Case 6

In this method we put down on the lattice 4 sources equally spaced. For the case of the
203×64 this means source at 0 16 32 and 48. We invert the quark propagator for each source
independently. This means four propagator inversions. These propagators are good for any
other project we do such as spectroscopy decay constant calculation pion form factors etc.
Then we set up positive parity sequential sources 10 points away from each source ( I use the
203 case as an example). Each source is made out of its corresponding forward propagator
only. For example the sequential source at t=10 is made out of the propagator with source
at t=0. The combined sequential source is the sum of all such sequential sources. Then
we do our standard set of inversions for the sequential propagators i.e. 4 inversions of the
6 component backward propagators (up/down and p=0/p=1). Finally we do the building
blocks using the backward propagator combined with each of the forward propagators in
each plateau area only. The result is 4 plateaus. We can repeat the calculation with
negative parity sequential sources located -10 time units from the propagator source. This
gives additional 4 plateaus for the cost of 4 half propagators. The result is 8 plateaus for
the cost of 8 full (i.e. 12 component) propagators. Doing the calculation with 64 time units
means that these propagators are twice as expensive as the propagators we currently do.
So it takes 16 propagators for 8 plateaus in current ”propagator units”. i.e. 2 propagators
per plateau as opposed to 3 propagators per plateau we are currently doing.

This technique has the advantage, over the previously described methods, that there is
no systematic contamination of the signal. The gauge invariant contributions that survive

3
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Statistical independence of measurements
Jackknife binning of correlation functions and matrix elements 
Sergey Syritsyn
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HYP smeared domain wall fermions - B. Bistrovic

Perturbative renormalization 
OMS

i (Q2) =
∑

j

(
δij +

g2
0

16π2

N2
c − 1
2Nc

(
γMS

ij log(Q2a2)− (BLATT
ij −BMS

ij )
))

· OLATT
j (a2)

ZO =
Zpert
O

Zpert
A

Znonpert
A Evolve to Q2 =  4 GeV2
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Overdetermined system for form factors

Calculate ratio

Schematic form
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Chiral extrapolation of GPD’s 

Fundamental problem - large pion masses

Covariant Baryon Chiral Perturbation theory gives 
consistent fit to matrix elements of twist-2 operators 
for wide range of masses                                        
(Dorati, Gail, Hemmert, Nucl Phys A798, 96 (2008)

HBChPT expands in

CBChPT resums all orders of 

16

Λχ = 4πfπ ∼ 1.17GeV, M0
N ∼ 890MeV

(
1

M0
N

)m

Haegler et al, LHPC,  Phys Rev D77, 094502 (2008)

ε =

{
mπ

Λχ ,

p

Λχ ,

mπ

M0
N ,

p

M0
N

}
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Chiral extrapolation of 

17

Chiral extrapolation O(p2) CBChPT (Dorati, et al, NP A798, 96 (2008)
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2 $
〈x〉u−d

q = Au−d
20 (t = 0)

Au−d
20 (t,mπ) = A0,u−d

20

(
fA(mπ) +

g2
A

192π2f2
π

hA(t,mπ)
)

+ Ã0,u−d
20 jA(mπ) + Amπ,u−d

20 m2
π + At

20t

∼ a

(
1− 3g2

A + 1
4πf2

π

m2
π lnm2

π

)
+ bm2

π · · ·

Global fit to  A, B, C  with 9 fit parameters
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of 
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Chiral Extrapolation of 

25

Bu+d
20 (t,mπ)

Chiral extrapolation O(p2) CBChPT +O(p3) corrections
Note: connected diagrams only                    (Dorati, et. al.)

Bu+d
20 (t,mπ) = A0,u+d

20 hu+d
B (t,mπ)+∆Bt,u+d

20 (t,mπ)+
mN (mπ)

mN

{
B0,u+d

20 ++δt
B t+δmπ

B m2
π

}
. . .
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Quark contributions to proton spin
Spin inventory for heavy quarks

1
2∆Σ = 1

2 〈1〉∆u+∆d

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

Total quark  contribution (spin plus orbital)

Spin Inventory

68% quark spin
 0% quark orbital
32% gluons

∼ 1
20.675(7)

∼ 1
20.682(18)

mπ = 897 MeV

Quark spin contribution
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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Quark contributions to the proton spin

29

0.2 0.4 0.6

m �
2 � GeV2 �

� 0.2

0

0.2

0.4

s
n
oit

u
birt

n
o
c

ot
n
o
el
c
u
n

ni
p
s

�

�
0.2 0.4 0.6

m �
2 � GeV2 �

� 0.2

0

0.2

0.4

s
n
oit

u
birt

n
o
c

ot
n
o
el
c
u
n

ni
p
s

∆Σu/2

∆Σd/2

π



Lattice08 7-18-08     J. W. Negele

Quark contributions to the proton spin
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Quark contributions to the proton spin

31

0.2 0.4 0.6

m �
2 � GeV2 �

� 0.2

0

0.2

0.4

s
n
oit

u
birt

n
o
c

ot
n
o
el
c
u
n

ni
p
s

�

�
0.2 0.4 0.6

m �
2 � GeV2 �

� 0.2

0

0.2

0.4

s
n
oit

u
birt

n
o
c

ot
n
o
el
c
u
n

ni
p
s

Lu

Ld

∆Σu/2

∆Σd/2

π
41% from u and d quark spin
~0% from u and d quark orbital L
        remainder from glue



Lattice08 7-18-08     J. W. Negele

Evolution of nonsinglet angular momentum

32
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Nonsinglet J has simple evolution         A. W. Thomas arXiv:0803.2775 [hep-ph]

Spin conserved, so large change in L

t = ln

(
Q2

Λ2
QCD

)

Lu−d(t) +
∆Σu−d

2
=

(
t

t0

)− 32
81

(
Lu−d(t0) +

∆Σu−d

2

)
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A20, B20, C20

First x moments:

|Au+d
20 | > |Au−d

20 |
|Bu−d

20 | > |Bu+d
20 |

|Cu+d
20 | > |Cu−d

20 |

Consistent with large
N behavior   [Goeke et. al.]
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                    Original Data
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                    New DataA20, B20, C20
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                    New DataA20, B20, C20
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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Comparison with 
Phenomenology

Ratios  A30 / A10  

GPD parameterization: 
Nucleon form factors, 
CTEQ parton distributions, 
Regge behavior, 
Ansatz
Diehl, Feldmann, Jakob, Kroll EPJC 2005
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Comparison with 
Phenomenology

Ratios  A30 / A10  
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Generalized form factors     
A10, A20, A30
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Generalized form factors     
A10, A20, A30
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2-d rms Radii for An0, Ãn0
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Summary

Mixed action calculations of generalized form factors:

Quark orbital angular momentum has unintuitive sign and 
contributes negligibly to total nucleon spin

Constraints on GPD’s complementary to experiment 

Measure transverse size 

CBChPT describes behavior to surprisingly high pion masses  

Improved statistics for light mass ensembles by factor 4:                
- understand systematics and improve statistics of higher masses        

46
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Outlook

Dynamical DW calculations with RBC and UKQCD  
Mixed action results compare well with DW calculations    
see Sergey Syritsyn’s talk - 5:40 

Flavor singlet sector

Calculate                          from                              
using improved gluon operators

Quark contributions from disconnected diagrams

Calculate renormalization and mixing coefficients Zij

47

A(g)
20 (0) + B(g)

20 (0) 〈P |T (g)
µν |P ′〉
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Backup slides
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Chiral extrapolation of gA

49
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Plateaus for gA

50

2

mf 0.005 0.01 0.02 0.03

mπ[GeV][21] 0.3313(13) 0.4189(13) 0.5572(5) 0.6721(6)

(2.7 fm)3 1.083(50) 1.186(36) 1.173(36) 1.197(30)

(1.8 fm)3 N/A 1.066(72) 1.115(58) 1.149(32)

TABLE I: gA and mπ (V = (2.7 fm)3 only).

algorithm [19] with trajectories of unit length. The mea-
surements were performed at the unitary points only,
mf = mval = msea. We use the mass of the Ω− baryon to
determine the inverse of the lattice spacing 1/a = 1.73(3)
GeV [20, 21]. The residual quark mass due to the finite
size of the fifth dimension is 0.00315(2). The non-zero
lattice spacing error is small in our calculation because
the DWF action is automatically off-shell O(a) improved.

Four measurements are carried out for the 243 ensem-
bles on each configuration. The number of Monte Carlo
trajectories used for measurements is 6460, 3560, 2000,
and 2120 for mf = 0.005, 0.01, 0.02, 0.03, respectively,
with 10 trajectory separations for mf = 0.005, 0.01 and
20 for 0.02, 0.03. The measurements are blocked into
bins of 40 trajectories each to reduce auto-correlations.
On the 163 ensembles we use 3500 trajectories separated
by 10 trajectories at mf = 0.01, and 0.03, and by 5 at
0.02. The data are blocked with 20 trajectories per bin.

The axial charge is calculated from the ratio of the ma-
trix elements of the spatial component of the axial vector
current and the temporal component of the vector cur-
rent, V a

t = ψγt(τa/2)ψ, 〈n′|Aa
i |n〉/〈n

′|V a
t |n〉 = gA. This

ratio gives the renormalized axial charge because Aµ and
Vµ share a common renormalization constant due to the
chiral symmetry of DWF. In our simulation the two con-
stants are consistent to less than 0.5% at the chiral limit.
In order to increase the overlap with the ground state,
the quark propagators are calculated with gauge invari-
ant Gaussian smearing [22] and we employ sufficient sep-
aration in Euclidean time, more than 1.37 fm, which
is the largest used so far in dynamical calculations of
gA [15, 23, 24], between the location of the nucleon source
and sink to minimize excited state contamination.

The plateaus of gA computed on volume V = (2.7 fm)3

are shown in Fig. 1. We checked that consistent results
are obtained by either fitting or averaging over appro-
priate time slices, t = 4–8, and also by fitting the data
symmetrized about t = 6. The larger volume data can
be symmetrized because the source and sink operators
are identical in the limit of large statistics. We note that
the length of our lightest mass run is already the longest
we know of for comparable simulation parameters. Re-
sults obtained from the fit using the unsymmetrized data,
presented in the figure with one standard deviation, are
employed in the analysis.

Figure 2 shows our result for gA. The results are also
presented in Table I. The (2.7 fm)3 data are almost inde-
pendent of the pion mass (squared) except for the lightest
point which is about 9% smaller than the others. A set
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FIG. 1: Plateaus of gA. V = (2.7 fm)3 and mf = 0.005, 0.01,
0.02, and 0.03, from top to bottom.
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FIG. 2: gA. Dashed and solid lines denote the fit results and
chiral extrapolation in infinite volume, respectively. The open
circle is extrapolated result at mπ = 135 MeV.

of the results obtained with a smaller volume, (1.8 fm)3

shows a similar downward behavior, albeit with relatively
larger statistical uncertainties. An earlier two flavor cal-
culation by RBC [14] with spatial volume (1.9 fm)3 and
1/a = 1.7 GeV showed a clear downward behavior, but
it sets in at heavier pion mass.

We suspect that this pion mass dependence driving
gA away from the experimental value is caused by the
finite volume of our calculation: in general such an ef-
fect is expected to grow as the quark mass gets lighter
at fixed volume, or the volume decreases for fixed quark
mass. More quantitatively, we observe in the figure that
the two flavor result with V = (1.9 fm)3 significantly de-
creases at m2

π ≈ 0.24 GeV2, while the 2+1 flavor results
with V = (2.7 fm)3 do not decrease even at m2

π ≈ 0.17
GeV2. Another trend of the FVE seen in Fig. 2 is that
all the 2+1 flavor, smaller volume data are systematically
lower than the larger volume data. Similar behavior was
observed in quenched DWF studies [8, 25]. However, for
pion masses close to our lightest point such a sizable shift
is not observed when V is larger than about (2.4 fm)3,
not only in the quenched case, but also the 2+1 flavor,
mixed action, calculation in [15], as shown in Fig. 2. On
the other hand, our results suggest that V = (2.7 fm)3

is not enough to avoid a significant FVE on gA when
mπ ≤ 0.33 GeV in dynamical fermion calculations.

In order to more directly compare the various results,
we plot gA against a dimensionless quantity, mπL, in the
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Plateaus for gA
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mf 0.005 0.01 0.02 0.03

mπ[GeV][21] 0.3313(13) 0.4189(13) 0.5572(5) 0.6721(6)

(2.7 fm)3 1.083(50) 1.186(36) 1.173(36) 1.197(30)

(1.8 fm)3 N/A 1.066(72) 1.115(58) 1.149(32)

TABLE I: gA and mπ (V = (2.7 fm)3 only).

algorithm [19] with trajectories of unit length. The mea-
surements were performed at the unitary points only,
mf = mval = msea. We use the mass of the Ω− baryon to
determine the inverse of the lattice spacing 1/a = 1.73(3)
GeV [20, 21]. The residual quark mass due to the finite
size of the fifth dimension is 0.00315(2). The non-zero
lattice spacing error is small in our calculation because
the DWF action is automatically off-shell O(a) improved.

Four measurements are carried out for the 243 ensem-
bles on each configuration. The number of Monte Carlo
trajectories used for measurements is 6460, 3560, 2000,
and 2120 for mf = 0.005, 0.01, 0.02, 0.03, respectively,
with 10 trajectory separations for mf = 0.005, 0.01 and
20 for 0.02, 0.03. The measurements are blocked into
bins of 40 trajectories each to reduce auto-correlations.
On the 163 ensembles we use 3500 trajectories separated
by 10 trajectories at mf = 0.01, and 0.03, and by 5 at
0.02. The data are blocked with 20 trajectories per bin.

The axial charge is calculated from the ratio of the ma-
trix elements of the spatial component of the axial vector
current and the temporal component of the vector cur-
rent, V a

t = ψγt(τa/2)ψ, 〈n′|Aa
i |n〉/〈n

′|V a
t |n〉 = gA. This

ratio gives the renormalized axial charge because Aµ and
Vµ share a common renormalization constant due to the
chiral symmetry of DWF. In our simulation the two con-
stants are consistent to less than 0.5% at the chiral limit.
In order to increase the overlap with the ground state,
the quark propagators are calculated with gauge invari-
ant Gaussian smearing [22] and we employ sufficient sep-
aration in Euclidean time, more than 1.37 fm, which
is the largest used so far in dynamical calculations of
gA [15, 23, 24], between the location of the nucleon source
and sink to minimize excited state contamination.

The plateaus of gA computed on volume V = (2.7 fm)3

are shown in Fig. 1. We checked that consistent results
are obtained by either fitting or averaging over appro-
priate time slices, t = 4–8, and also by fitting the data
symmetrized about t = 6. The larger volume data can
be symmetrized because the source and sink operators
are identical in the limit of large statistics. We note that
the length of our lightest mass run is already the longest
we know of for comparable simulation parameters. Re-
sults obtained from the fit using the unsymmetrized data,
presented in the figure with one standard deviation, are
employed in the analysis.

Figure 2 shows our result for gA. The results are also
presented in Table I. The (2.7 fm)3 data are almost inde-
pendent of the pion mass (squared) except for the lightest
point which is about 9% smaller than the others. A set
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of the results obtained with a smaller volume, (1.8 fm)3

shows a similar downward behavior, albeit with relatively
larger statistical uncertainties. An earlier two flavor cal-
culation by RBC [14] with spatial volume (1.9 fm)3 and
1/a = 1.7 GeV showed a clear downward behavior, but
it sets in at heavier pion mass.

We suspect that this pion mass dependence driving
gA away from the experimental value is caused by the
finite volume of our calculation: in general such an ef-
fect is expected to grow as the quark mass gets lighter
at fixed volume, or the volume decreases for fixed quark
mass. More quantitatively, we observe in the figure that
the two flavor result with V = (1.9 fm)3 significantly de-
creases at m2

π ≈ 0.24 GeV2, while the 2+1 flavor results
with V = (2.7 fm)3 do not decrease even at m2

π ≈ 0.17
GeV2. Another trend of the FVE seen in Fig. 2 is that
all the 2+1 flavor, smaller volume data are systematically
lower than the larger volume data. Similar behavior was
observed in quenched DWF studies [8, 25]. However, for
pion masses close to our lightest point such a sizable shift
is not observed when V is larger than about (2.4 fm)3,
not only in the quenched case, but also the 2+1 flavor,
mixed action, calculation in [15], as shown in Fig. 2. On
the other hand, our results suggest that V = (2.7 fm)3

is not enough to avoid a significant FVE on gA when
mπ ≤ 0.33 GeV in dynamical fermion calculations.

In order to more directly compare the various results,
we plot gA against a dimensionless quantity, mπL, in the
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CO3pt(T, τ ; P ′, q) =
X

!x,!y

e−i !P ′!y+i!q!x〈N(T, y)O(τ, x)N̄(0, 0)〉,

RO3pt(T, τ ; P ′, P ) = CO3pt(T, τ ; P ′, P ′ − P )×
„

C2pt combination
at T, τ, T − τ

«

→ 〈P ′ |O|P 〉, T →∞

Sufficient source-sink separation corresponding
to T ≈ 1.0fm

coarse T/a = 9
fine T/a = 12

Operator plateaux
coarse t ∈ [4; 5]
fine t ∈ [5; 7]
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