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Overlap fermions in the continuum

e Consider the continuum Dirac operator

Dop(w) = P {et /" Aut)dunl o, (P {er 17 Aut)dund gy )

e One flavour of massless quarks;
e Integration over repeated spacial indices assumed
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e Apply renormilization group blocking defined by operators a
and B:
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e ~5-Hermiticity, continuum limit etc. restrict the possible
blockings
e Blockings must be local

e Suppose that the original action is invariant under the
infintesimal chiral transformation

~ g — Y1 + ies)
- w() — (]. + ’1:6’75>¢0
e \What conditions does this impose on the blocked action?
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Or,
D1BvsB~'+B; 'v5B4D1 = D1(o 'B; 'v5sBa + BB~ 'a” ') Dy

(Ginsparg, Wilson 1982)
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o | write
o :”75B”75B_1 R :SOz_l
e This gives a generalised Ginsparg-Wilson relation

1
D~sS + SgvsD :§D(75R + Rgvs)D

e There is a chiral symmetry

w _>€'L'e’y5(S—RD)¢ E Haeie(Sd_DRd)’m

e And a topological charge

1
Qr :§Tr (755 + Savs — vsRD — DRys)
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e Now, consider the eigenfunctions of Dy with a mass A:

(Do + A)g(z) = (A + X))oy (z, A)
(Do + A)p—(z) = (A —iX)o—(z, A)
¢+(z,A) = 59— (2, A)
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e The eigenfunctions of v5(Dy + A) are

V5(Do + A)—= (¢+($ ) +e"Vo_(x,0)) =

S

M%m(w,» LN _(z, \)
75<DO+A>%<¢+<x A) — €1V_(z, A)) =

- u7§(¢+(wa A) — " No_(z, N)

: A+ A
= VA2 + \2: (A — ¢
VAZ+ N2

e Can we construct a renormalisation group blocking from the
eigenfunctions and eigenvectors?
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e A large and negative;

o =00

B(z,2') =Bj(z,2") = > ¢o(a,0)¢}(z,0) +

zero modes

in(A)\ 2
[ [o-@ ol @n (A7)

- ol (@) (A
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e \We obtain a new action

—E1D1¢1+fd/\p(x)1og[<2+2 i )A—q—%zﬂ

e VAZ4 N2

where

Dy =1+ 7ssign(ys(Do + A))

/ dAp(X) log [(1 + \/MA—+A2> 2;‘;] _

Ly 4, 12 6
qﬁ—ﬁ dzF;,+ ...+ O(1/A)

e The blocking produces a shift in the gauge coupling and a
redefinition of the Dirac operator.
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e If B and Dy are local, then D1 is local.

e |f the blocking is anayltic function of the eigenvalue, no
doublers or additive mass renormalisation and the same
number of exact zero modes as Dy, then D; is local (and, on
the lattice) has the correct continuum limit.
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e The Ginsparg-Wilson relation for this transformation is
DB '4B+ BvB 'D; =0

and the topological charge is

1 _ _
Qf = §Tr (B~ 'ysB + BysB™1)

Tr (B_175B) — Z ¢O(ZE7 0)75¢0T(337 O)+

iX 1+ e 2
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Zid1 4 (=N 2
iA 1+ einN) )
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Overlap fermions on the lattice

e Again set @ = ¢
e Need the Blocking transformation, B, and B_175B to be
local, and (prefably) their inverses to exist and be local

1—1L

voly) =(Do(y, y')) 2PE(Y, ') (D(2, z)) 21 (z)
Poly) =0r(@)(Di(a’,2))Po(e’,y)(Doly',y)

e Where (for example)

ey {405 Anterion
 [L —1 z! w)dw
J fd4y’P {ez fy/ Au(w)dw’u} p {e fy/ A,u( )d M} f(z — y’)?(a:’ _ y/)5a:,a:/

e Jacobian + >, ¢’/ Aud®u — [J = lattice artifacts

L
Po(y,z) =
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e \We can consider an eigenvector blocking for Wilson fermions

A (A +A)
A <1+ \/A+A|2>

N —

B =Bq = |pw) (9w

Dy =1+ vse(vs Dw)
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e The Jacobian and generalised Ginsparg-Wilson relation are

Re(A)+A

_ eco+cfa4F3,/—|—O(a6)
) — 6730475¢; E . Ee’ia%’%%
0= Dnv57575 + V5 DN
(Dn)

Y4
/DDy

e Recover the cannonical Ginsparg-Wilson relation with a
different blocking.

§5 = (Dn)*Po(Dy )/ >ys(Do) 2 PL(DFHY? =
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New solutions of the Ginsparg-Wilson operator

e We can also apply a blocking constructed from the overlap
eigenvectors:

1 1
Dy = i =
N = 50rs0) [2”"’””"”]

h (q B(%E + 675)] (1 + 7 B(%G + 675)] ’756))

e All operators of this form (for r, s, h, ¢ and ¢ anayltic and

chosen to maintain the continuum limit) are exponentially
local (see arXiv:arXiv:0802.0170)
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e For example, there (probably) exists an operator where the
eigenvalue density matches the continuum

1

Do =ql5(15€(v5Dw) + €(v5Dw)7s)]

2
1+ e)
( |v5€(vs Dw ) + 6(75DW)75\%
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Fixed point and overlap fermions

e Hypothesis: All lattice Dirac operators with an exact chiral
symmetry on sufficiently fine lattice spacing are (almost) linked
to the the continuum operator with a local and invertible
renormilisation group transformation |, B.

e I .
/d@bgd@oe_(%—¢oB)a(w1—B¢0)e YoDcyo g%Fw
C_g%allFﬁu_EWDL%%—O(az)
—e 9L

e Dirac operators without an exact chiral symmetry aren't.
e Overlap-type fermions have o = oo and an exponentially
local B constructed from the eigenvectors of one or more

(ultra-)local (Dirac) operators.
e Fixed point fermions in general have a # oo and an

exponentially local [«, B] constructed by iterating an ultra-
local [o/, BY].
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Conclusions

e The continuum theory can be written in terms of continuum
overlap-style fermions, changing the coupling of the Yang-
Mills gauge field.

e There is (almost) a local and invertible renormalisation group
transformation linking the continuum Dirac operator with the
lattice overlap Dirac operator.

e And a multitude of other Ginsparg-Wilson Dirac operators.

e | have derived an expression for a general Ginsparg-Wilson
Dirac operator.

e |s it possible to generate a classically perfect action by iterating
the Ginsparg-Wilson blocking?
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