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BaBar (Moriond 2006)

fD+ =
{

201±03±17 MeV [lattice]
223±17±03 MeV [CLEO]

fDs =
{

249±03±16 MeV [lattice]
279±17±20 MeV [BaBar]

√mD+ fD+
√mDs fDs

=
{

0.786±0.042 MeV [lattice]
0.779±0.093 MeV [expt]
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Fermilab/MILC, Phys. Rev. Lett. 95: 122002, 2005.

2005:
• The D and Ds decay constants were 

predicted by Fermilab/MILC to 10% 
before the experiments were done to 
that accuracy.
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Caveat:  We claimed a success, but as 
calculations become increasingly 
accurate, at some point we do not expect 
perfect agreement between the Standard 
Model and experiment. 

Where will that point be?
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• Uncertainties in fDs from experiment and in the Fermilab/MILC 
calculation have been reduced, theory has stayed low and 
experiment has stayed high.

• New calculation from HPQCD:

  (fπ, fK, and fD correct to 2%.)

• 3.5 σ in fDs.  

2008:

3

 2008 FRA Visiting Committee – Theoretical Physics 65

f
! A recent calculation by HPQCD (i.e., not by us)

finds the leptonic decay of the Ds meson to be
slower than measured (assuming SM only).

! Usually reported by comparing calculation and
“measurement ” of      .

! 3.8!

DDss Puzzle Puzzle

Fermilab/MILC 2004

HPQCD 2006

BaBar
CLEO
Belle

CLEO
CLEO

Fermilab/MILC ‘05

HPQCD ‘08

BaBar
CLEO
Belle

CLEO
CLEO

HPQCD, 2008

fK = 157(2) MeV  fD = 207(4) MeV

fK/fπ = 1.189(7)   fDs = 241(3) MeV
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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• Improved staggered (asqtad) light quarks,

• Clover/Fermilab O(a) improved heavy quarks.

• MILC 2+1 flavor Symanzik improved gauge 
configurations (Phys. Rev. D70:114501, 2004).

We are finishing a reanalysis of 
our existing data and preparing 
for new runs this year with four 
times the statistics.

Ensembles:
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1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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• Improved staggered (asqtad) light quarks,

• Clover/Fermilab O(a) improved heavy quarks.

• MILC 2+1 flavor Symanzik improved gauge 
configurations (Phys. Rev. D70:114501, 2004).

Partially quenched staggered 
chiral perturbation theory used 
to extrapolate to the chiral and 
continuum limits.

We are finishing a reanalysis of 
our existing data and preparing 
for new runs this year with four 
times the statistics.

Ensembles:
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The decay constants are defined by

The combination

is obtained from a combined fit to

The current renormalizations are obtained from
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The decay constants fB and fD from three-flavor lattice QCD J.N. Simone

1. Introduction

The D meson decay constants, when compared to precise experimental results, are a critical

check of the lattice methods needed for fB. In Ref. [1] we predicted fD+ = 201± 3± 17 MeV in
good agreement with the CLEO-c measurement fD+ = 223±17±3 MeV revealed days later [2].

In this work we present new results for the D and B meson decay constants. Precise determi-

nations of fB, fBs and the ratio fBs/ fB are needed to study the Standard Model picture of B-B̄ and

Bs-B̄s mixing. A progress report for the mixing matrix element study is presented in Ref. [3].

2. Simulation details

We use the MILC Collaboration three-flavor asqtad ensembles [4]. Details are tabulated in

Table 1. For these ensembles, ml denotes the mass of the two degenerate lighter sea quarks. A

single heavier sea quark has a mass mh near the strange quark mass. Upsilon spectroscopy tells us

the heavy quark potential scale r1 = 0.318(7) fm [5]. The number of valence quark masses, #mq,

used in this study is listed in the last column of the table.

The leptonic decay constant fHq for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= i fHq pµ . (2.1)

The combination φHq = fHq
√
mHq emerges from a combined fit to lattice 2-pt functions:

CO(t) =
〈
O
†
Hq

(t) OHq(0)
〉

(2.2)

CA4(t) =
〈
A4(t) OHq(0)

〉
, (2.3)

where OHq can be either a smeared or local operator.

The axial current renormalization is taken to be

Z
Qq
A4 = ρQq

A4

√
Z
QQ
V4
Z
qq
V4

. (2.4)

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11

0.0062 7.09 3.70 557 10

0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12

0.007 6.76 2.63 833 12

0.01 6.76 2.62 592 12

0.02 6.79 2.65 460 12

0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9

0.0194 6.586 2.13 631 9

0.029 6.600 2.13 440 9
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Staggered chiral perturbation theory.
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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Abstract

We present new results for the leptonic decay constants fB and fD+ determined in 2 + 1 flavor lattice QCD at lattice spacings a = 0.09, 0.12 and 0.15 fm. Results are obtained using
the MILC collaboration gauge configuration ensembles, clover heavy quarks in the Fermilab interpretation and improved staggered light quarks. Decay constants, computed at

partially quenched combinations of the valence and sea light quark masses, are used to determine the low-energy parameters of staggered chiral perturbation theory. The physical

decay constants are found in an extrapolation using the parameterized chiral formula.

1. Introduction

The D meson decay constants, when compared to pre-

cise experimental results are a critical check of the lat-

tice methods need for fB. In Reference [1] we predicted

fD+ = 201±3±17 MeV in good agreement with the CLEO-c
measurement fD+ = 223 ± 17 ± 3 MeV revealed just days

later [2].

In this poster we present new results for the D and B me-

son decay constants. Precise determinations of fB, fBs
and

the ratio fBs
/fB are need to study the Standard Model pic-

ture of B-B̄ and Bs-B̄s mixing. Results for the mixing matrix

elements will be presented at this conference [3].

2. Simulation details

Lattice details are tabulated below. The mass of the two

lighter sea quarks is ml. A single heavier sea quark has

a mass mh near the strange quark mass. Upsilon spec-

troscopy tells us the heavy quark potential scale r1 =
0.318(7) fm [4]. The number of valence quark masses, mq,

is listed in the last column.

a [fm] amh aml β r1/a configs # mq

0.09 0.031 0.0031 7.08 3.69 435 11
0.0062 7.09 3.70 557 10
0.0124 7.11 3.72 518 8

0.12 0.05 0.005 6.76 2.64 529 12
0.007 6.76 2.63 833 12
0.01 6.76 2.62 592 12
0.02 6.79 2.65 460 12
0.03 6.81 2.66 549 12

0.15 0.0484 0.0097 6.572 2.13 631 9
0.0194 6.586 2.13 631 9
0.029 6.600 2.13 440 9

The decay constant fHq
for a meson Hq is defined by

〈
0 | Aµ | Hq(p)

〉
= ifHq

pµ . (1)

The combination φHq = fHq

√mHq
emerges from a com-

bined fit to 2-pt functions

CO(t) =
〈
O†

Hq
(t) OHq

(0)
〉

(2)

CA4
(t) =

〈
A4(t) OHq

(0)
〉

, (3)

where OHq
is a smeared or local operator.

The axial current renormalization is taken to be

ZQq
A4 = ρQq

A4

√
ZQQ

V4
Zqq

V4
. (4)

The factors Zff
V4

are computed nonperturbatively while the

factor ρQq
A4 is known to one-loop order and is close to

unity [5].

3. NLO Staggered χPT

With staggered quarks the (squared) pseudoscalar meson

masses are split

M2
ab,ξ = (ma + mb)µ + a2∆ξ , (5)

where ma, mb are quark masses, the (sixteen) mesons are

labeled by their taste representation ξ = P, A, T, V, I and

∆P = 0.
At next to leading order in χPT the expression for the decay
constants is

φHq = ΦH
[
1 + ∆fH(mq, ml, mh) + pH(mq, ml, mh)

]
. (6)

With staggered quarks

∆fH = −
1 + 3g2

H∗Hπ
2(4πfπ)2

[
h̄q + hI

q + a2
(
δ′AhA

q + δ′V hV
q

)]
. (7)

Taste breaking effects arise at finite a from the meson mass

splittings and the δ′A and δ′V terms [6]. Finite a effects di-

lute the logarithmic behavior, however, the QCD “chiral log-

arithm” is recovered in the continuum limit.

The analytic terms are

p =
1

2(4πfπ)2
[
p1(ml, mh) + p2(mq)

]
(8)

p1 = f1(Λχ)

[
11

9
µ(2ml + mh) + a2

(
3

2
∆̄ +

1

3
∆I

)]
(9)

p2 = f2(Λχ)

[
5

3
µmq + a2

(
3

2
∆̄− 2

3
∆I

)]
, (10)

where ∆̄ = 1
16

∑
ξ nξ∆ξ and nξ = 1, 4, 6, 4, 1 for ξ = P , A, T ,

V , I. The O(a2) terms ensure that the Λχ dependence in f1
and f2 cancels that of ∆fq.

Equation 6 plus NNLO analytic terms parameterizes our

chiral extrapolations. We fit φHq to determine the param-

eters. Constraints (value and width) for µ, ∆ξ, fπ, δ′A and

δ′V come from χPT for lattice pions and kaons [7]. Coupling
g2
D∗Dπ is likewise constrained by the CLEO measurement.

From HQS we expect g2
B∗Bπ ≈ g2

D∗Dπ. Remaining parame-

ters Φ, f1 and f2 are determined in the fit.

To obtain physical results we set ∆ξ = δ′A,V = 0, mh → ms

and ml → (mu + md)/2. Then φd (φs) is found in the limit

mq → md (ms).

4. Extrapolations for D and B

We illustrate our chiral fits by considering the extrapolation

at the lattice spacing a = 0.09 fm.

Figure 1: B and D meson chiral fits for a = 0.09 fm. The

fits to the data points are shown in blue. The extrapolations

and resulting decay constants with physical values of mu,

md and ms are shown in red.

Figure 2: The same two B and D fits as in Figure 1 but

now at three fixed values of ml. Points at which mq '= ml
are now visible. The χ2/dof is 0.43 for the D system and

0.26 for the B system. Each fit has 29 data points.

Our final results are from two fits combining results from all

three lattice spacings. The χ2/dof = 0.94 for the D fit and is

0.36 for the B fit. Both fits have 105 degrees of freedom.

Figure 3: Lattice spacing dependence. The blue points are

from extrapolations at fixed values of a. Our final results

(magenta points) combine the three lattice spacings in sin-

gle fits. The contours show expections for leading αsaΛ dis-

cretization effects.

5. Results

The magenta points in Figure 2 yield our final results:

quantity value

φDs
0.353(2) GeV

3/2

φDd
0.285(3) GeV

3/2

RDd/s
0.809(7)

φBs
0.552(8) GeV

3/2

φBd
0.440(11) GeV3/2

RBd/s
0.796(17)

We have considered the following sources of uncertainty:

source φDs
φDd

Rd/s φBs
φBd

Rd/s
statistics 0.6 1.1 0.9 1.4 2.5 2.1

inputs a, mc, ms 2.7 2.4 1.0 2.7 2.4 1.0

Zcc
v and Zqq

v 1.4 1.4 0 1.4 1.4 0

higher-order ρA4
0.3 0.3 0.3 1.3 1.1 0.2

heavy quark discr. 2.7 2.7 0.2 1.9 1.9 0.3

light quark and χPT fits 1.3 1.3 1.3 2.1 2.1 2.1

static χPT 0.1 0.1 0.1 0.4 1.6 1.2

finite volume 0.1 0.3 0.3 0.1 0.3 0.3

total systematic 4.3 4.1 1.7 4.4 4.4 2.7

Combining systematic effects in quadrature we find:

fDs
= 252 ± 1 ± 11 MeV (11)

fD+ = 209 ± 2 ± 9 MeV (12)

fBs
= 238 ± 4 ± 10 MeV (13)

fBd
= 191 ± 5 ± 8 MeV (14)

We also consider ratios of B to D decay constants again

combining systematic effects in quadrature:

fD+/fDs
= 0.830 ± 0.007 ± 0.014 (15)

fBd
/fBs

= 0.796 ± 0.017 ± 0.021 (16)

fBd
/fD+ = 0.917 ± 0.025 ± 0.055 (17)

fBs
/fDs

= 0.947 ± 0.015 ± 0.058 (18)
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ΦD and ΦDs chiral extrapolation

7

Heavy-light Pseudoscalars

• for D doesn’t

make huge

difference

whether

medium

coarse kept or

dropped

• dropping

outliers

reduces fine

errors, but not

as much as for

B: ∼ 2% to

∼ 45%.

MILC meeting, June 25, 2008 – p.2

Slope is larger in the continuum 
limit.  Taste breaking effects 
suppress the logs at finite a.
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ΦB and ΦBs chiral extrapolation

8

Heavy-light Pseudoscalars

• updated data.

• remove outlier

boots more than

5σ68 from boot0.

• for B, rejects

∼ 200 boots,

reduce diagonal

covariance

elements by

∼30–90%

• quadratic fit w/o

medium coarse

MILC meeting, June 25, 2008 – p.2
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ΦD/ΦDs chiral extrapolation

9
Figure 2: An accepted fit to the ΦD/ΦDs

ratio.

error” range. If we choose the fit without medium coarse as the central value,
we would then have a rather asymmetric error range for this systematic.

Currently, for D’s I am getting a “light quark systematic error” of 2.6%
for ΦD, 1.2% for ΦDs

, and 1.6% for ΦD/ΦDs
. For B’s, I get 2.4% for ΦB ,

2.1% for ΦBs
, and 2.9% for ΦB/ΦBs

.

3
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Error budgets

10

ΦDs ΦDd RD ΦBs ΦBd RB

Statistics 3.1
1.0

3.8
1.5

1.0
1.0

2.1
2.5

3.1
3.4

1.8
2.2

Inputs r1, ms, ml 1.4 2.1 0.6 1.8 2.5 0.6
Input mc or mb 2.7 2.7 0.1 1.1 1.1 0.1

Z 1.4 1.4 <0.1 1.4 1.4 <0.1

Higher order ρA4 0.1 0.1 <0.1 0.4 0.4 <0.1

Heavy q discretization 2.7 2.7 0.3 1.9 1.9 0.2

Light q disc. & χ extr. 1.2 2.6 1.6 2.0 2.4 2.4
V 0.2 0.6 0.6 0.2 0.6 0.6

Total systematic 4.5 5.3 1.8 3.8 4.4 2.6

2007
2008

Improved this year.
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Error budgets

10

ΦDs ΦDd RD ΦBs ΦBd RB

Statistics 3.1
1.0

3.8
1.5

1.0
1.0

2.1
2.5

3.1
3.4

1.8
2.2

Inputs r1, ms, ml 1.4 2.1 0.6 1.8 2.5 0.6
Input mc or mb 2.7 2.7 0.1 1.1 1.1 0.1

Z 1.4 1.4 <0.1 1.4 1.4 <0.1

Higher order ρA4 0.1 0.1 <0.1 0.4 0.4 <0.1

Heavy q discretization 2.7 2.7 0.3 1.9 1.9 0.2

Light q disc. & χ extr. 1.2 2.6 1.6 2.0 2.4 2.4
V 0.2 0.6 0.6 0.2 0.6 0.6

Total systematic 4.5 5.3 1.8 3.8 4.4 2.6

2007
2008

Improved this year.
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Results

11

fD  = 207 (11) MeV
fDs = 249 (11) MeV
fB  = 195 (11) MeV
fBs = 243 (11) MeV

fD/fDs = .833 (8)(17),
fB/fBs = .803 (18)(21).
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Comparison of fDs with experiment

12

• For fD, good agreement between experiment, HPQCD and Fermilab/
MILC.

• For fDs,

• Agreement between HPQCD and Fermilab/MILC,

• 1.6 σ disagreement between Fermilab/MILC and experiment,

• 3.5 σ disagreement between HPQCD and experiment.
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Comparison of fD/fDs with experiment

13

• For now,  looking at fD/fDs doesn’t clean up the picture.

• A slight disagreement between HPQCD and FNAL/MILC develops.

• Experimental uncertainties are independent, and add in quadrature.
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Theory vs. experiment for fDs

14

• 3.5 σ discrepancy is dominated by experimental statistical 
error(!).

• Double HPQCD theory error bar, discrepancy ➝ 3.3σ.

• Triple HPQCD error (and include Fermilab/MILC 2005 value) ➝ 3.1σ.

• fDs should be easier than fD, but fD, fK, and fπ come out fine to 2%.

• What if the discrepancy is real (Kronfeld talk Friday)?

• Kronfeld and Dobrescu, effect could be caused by:

• Charged Higgs (in a new 2HDM) 

• Leptoquarks (of two ilks)
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Outlook

• Reanalysis of our existing data is being completed.

• Bringing down several of biggest uncertainties.

• New runs are starting to quadruple the current statistics.

• Should help with most of the uncertainties.

• fDs theory vs. experiment remains a puzzle.

• A good target for other fermion methods.
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