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The GEVP

matrix of correlation functions on an infinite time lattice

oo

Ci(t) = (0:(0)0;(t)) = e Ftppitpy;, i, j=1,...,N

n=1

wni = (wn)i = <n‘©:|0> = 'L/);, En < En+1
the GEVP is
C(t) va(t, to) = An(t, to) C(to) va(t, t0), n=1,....N t >t

Lischer & Wolff showed that

1 An(t, to)
EST = Zlog -t = E,+en(t,t
" 8N tra ) b ten(tno)
en(t,t0) = O(eiAEn(titO)) JAE, = | m;n Em — Enl.
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The GEVP
correction term

en(t,to) = O(e™ 25 (70)), AE, = | min Ep — Byl

» problematic when AE, is small

» no gain for the ground state 77

levels E,
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The GEVP

correction term

en(t,to) = O(e™ 25 (70)), AE, = | min Ep — Byl

» problematic when AE, is small
» no gain for the ground state 77 —

» L&W: “amplitude of e 2En (t=%) js small”
in particular at large tp

» Knechtli & S., 1998: e~ (En+1—En) (t—1t0)
> Knechtli & S., 2000: e~ AEn (t—t)

levels E,

» mostly: no statement about corrections

> now we say: ...
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The GEVP: a simplified situation

with only N states

N
C,'J('O)(t) = Ze_E"twni'l/)nj-

n=1

the dual (time-independent) vectors are defined by

N
(Umwm) - 5mna m,n S N. (Una djm) = Z(un)i'@[]mi
i=1
one then has
C(O)(t)“n = e_E”twm
C(O)(t) up = )‘510)(1:) tO) C(O)(tO) )
AO(t ) = e Bl=0) y (¢ 1) o u,

an orthogonality for all t

(um, C(O)(t) Un) = Omn pn(t),  pn(t) = e Frt
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The GEVP with N states

Qn = Z(Un E O Un)7

create the eigenstates of the Hamilton operator
In) = Qnl0), Hn) = Eq |n).
So matrix elements are
pon = (0|P|n) = (0|PQnl0)

generalization:

_PO(O) _ e,z
(P(2)0;(0)) (un); = (Qn(t)Qn(0))1/2

(P(£)0;(0)) va(t, to);  An(to + t/2,t0)
(va(t, t0) , C(t) va(t, 1))/ An(to + ¢, t0)
Corrections are due to the excited states

Cﬁl)( ) Z C_E"t/l/)nfwnj

n=N+1

Pon
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Perturbation theory

[Ferenc Niedermayer & Peter Weisz, 1998, unpublished ]

Avp, = ABv,, A=AOQ 1A  B=pBO) 4 g1,

We will later set

AO = O, AWM = cM(p),
B — C(O)(to), eBMY — C(l)(to)
(V,(10)7 B Vr(r(l))) = PnOnm
An o= A0 4 a®p2\@

vV, = V,(10) + ev,(,l) +é v,(12) ce
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Perturbation theory

A@,M) | ADO  — O {B(mvg) 4 Ba)VM IO ONON
A©L@) L ADyD = \O {B(O)ng) n B(nvgl)} AWM [B(O) M) 4 g, (0)] _

solve using orthogonality (v,(, ), © ) = Smn Pn

>
—
=
=
Il

ot (V,SO),A,,V,(,O)> . A, = AD _X\@pM)

( © A VSO))

1 — (1) p=1/2,(0) @) 1\ )
n D ohmon vy O NING
m=#n n m
© A ¢ ))2
@ _ -1 —1(’—”_ —2((0) ©) (,© g1),0
)\n an Pm )\(0 _)\53) Pn (Vn ,AnVn )(Vn ,B vy )

m#n

And a recursion formula for the higher order coefficients
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Perturbation theory

insert specific case and use (for m > n)

(P = AD)T = () (L - e (BB
= (AD) 1Y e KEE(tt)
k=0

we get

Rainer Sommer Efficient use of the Generalised Eigenvalue Problem



Perturbation theory

insert specific case and use (for m > n)

(0 XY = ()1 - e E )
= @)Y e KEEN()
k=0
we get
En(ty tO) = O(e_AENH’n t)» AEm,n =E, - E,,
Ta(t, to) = O(e BEvant)  at fixed t — to
771(t, l‘o) — O(efAEN+1,1 fOe*AEz,l (tfto)) + O(efAE’VH-rl t) )

to all orders in the convergent expansion
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Effective theory to first order

Gi(t) = G™(1)+wG™ (1) + 0@

o )\stat(t t )
BNt +1,10)

At 1) A (41, 1)
Atat(t, tg)  Astat(t + 1, to)

ESH’Stat(t, tO) — stat + O(e_AEiltflt,n t) ,

EST/m(t ) =
= Eg/m + O(te*AEi/Tlt,n t) .
Cstat( ) stat(t t ) /\itat(t,t ) Cstat( ) stat(t t )

N r) = (e ), [CY(8) = XN (£ 1) C/ 0 (1), (£ 1))

Numerics: only static GEVP needs to be solved

Rainer Sommer Efficient use of the Generalised Eigenvalue Problem



Demonstration in HQET

v

(1.5fm)3 x 3fm with pbc (apbc for quarks), quenched

L/a=16, L/a= 24, ie. 0.1fm and 0.07 fm lattice spacing, with
k = 0.133849, 0.1349798 (strange quark)

all-to-all propagators for the strange quark [pubiin |
50 (approximate) low modes and 2 noise fields
100 configs each

8 levels of Wuppertal smearing (Gaussian) [Giisken Low,Mitter,Patel,Schilling,S.,
1080 | after gauge-field APE smearing [Basak et al., 2006 |

Truncate to a N x N projecting with the N eigenvectors of C(a)
with the largest eigenvalues
[Niedermayer‘ Rufenacht, Wenger, 2000 ]
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Demonstration in HQET

a=0.1fm

aEfH’Stat(f, t(]) 0.45
0.445
curve: 0.44
E1 + ay e AEn+11t 0.435
0.43
0.425

0.42

E,5'%(t,t0) (lattice units)

0.415

041

0.405

0.4

AEp;1,1 agree with plateaux of

E,*® from GEVP for =6

' ! t 4), from 2><2

E,*®(t,4), from 3){3 —.—t

S‘a‘(t 4), from 4)4 —.—t

stat

(t,4), from 5x
plateau at0.4Q9 ——

E,®
S"al(t 5), Jfrom 2x2 (shlfted) —— |

t(fm)

Eﬁ,ﬁ’ftat(t, to) for large N’ and t.

18




Demonstration in HQET

a=0.07fm E,*® from GEVP for = 6.3
0.36
eff ;stat T T
aE;=" E, S, 4) from 2x2 —e—
1 (t’ t(]) S"al(t 5), Jfrom 2x2 (shifted) —e—
0.35 | it—— 4
E,*®(t,4), from 3><3 —.—t
curve: -
034 E,*®(t,4), from 4><4 ——
—AEyiiat ’ fit
Ei1 +aye +1, @ E,%®(t,4), from 5x5
S o33l plateau at 0.3045 —I— i
[
o
é 0.32 B
g
f 0.31 B
i g it d I{
= ﬁl I l
03 r Bl
0.29 4
0.28 . . . . . . .
0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8

t (fm)
AEpy1,1 agree with plateaux of Eﬁ,ﬁ’ftat(t, to) for large N’ and t.
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hqget

Demonstration in HQET

a=0.1fm E,* from GEVP for B = 6.3
0.9
eff ;stat T !
2EST t E,5(1,4), from 2x2 —
2 ( > 0) S"“(t 5), ?from 2x2 (shifted) —#—
fit
,"(t,4), from 3><3 =
curve: o
E,%?(t,4), from 4><4 f
—AE t fit ——
E> +aye N+1,2 7 oE,(1,4), from 5x5
c plateau at 0.677 ——
S
5 |
o
8
g
2 |
@ o~
w
—
|
T =
065 b : ‘ :
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

t (fm)

AEp.y1,» agree with plateaux of Eﬁ,ﬁ’ftat(t, to) for large N’ and t.




Demonstration in HQET

a=0.07fm E,* from GEVP for B = 6.3
0.75
aE;H,stat(t t0) ‘ ‘ L Erded), from 2@ o
E,77(:5) From 2K2 (shifted) —e—
07 F it T—
27(t.4), from 3x3 —e—
curve: N -
0.65 L E; 9 (t,4), from 4><fA e
—AE, t . I it ———
Ex+aye N+1,2 ? E,%(t,4), from 5x5
£ el plateau at 0.489 —+— |
3 -
8 |
& o055 i
g . L
= . I
& 05 L -- L N B
., i
w T °
0.45 4
0.4 Bl
0.35 L L L L i L
0.2 0.4 0.6 0.8 1 1.2 1.4 16 18

t (fm)

AEp.y1,» agree with plateaux of Eﬁ,ﬁ’ftat(t, to) for large N’ and t.




Energy levels

how well do different determinations agree?

B method N m rnAEn:
6.0219  plateau 6 3 2.3
corr. to E; 2 3 2.3
corr. to E, 2 3 2.3
6.2885 corr. to E; 2 3 2.3
corr. to E 2 3 2.2
6.0219  plateau 6 4 3.3
corr. to E; 3 4 4
corr. to E, 3 4 2.6
6.2885 corr. to E1 3 4 3.3
corr. to E, 3 4 2.7
6.0219  plateau 6 5 4.2
corr. to E1 4 5 5
corr. to B, 4 5 4
6.2885 corr. to E; 4 5 4.5
corr. to E, 4 5 3.7

Table: Estimates of energy differences. Errors are roughly 1 or 2 on the last
digit.
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Static B-meson decay constant

a=0.07fm w©" from the GEVP for B = 6.3
eff ,stat 0.088 " I j .
33/2po1 SRt 1) uwith 110 = 1, fom 262
it ——
. 0.086 e with t- t0 = 2, from 2x2 —=— |
(bare, unimproved) fit ——
0.084 ¢ with t - t0 = 3, from 2xf2 ——
curve: Lp M with t - 10 = 1, from 4x4
@ 0.082 [} e with t - 10 = 2, from 4x4 7
. = lu f with t - 10 = 1, from 5x5 (shifted) —=—
Fétat + 5 0.08 " with t - t0 = 2, from 5x5 (shifted) —=— |
s AE ¢ 3 plateau at 0.069!
an(t—tg)e N+LLT0 B hors 1
)
= 0076 g
5 N
> L ~J 4
0074 | 3 PR
0.072 T S 4
) S
007 | i . B I ]
T T T T
0.068 L . . . . .
0.2 0.3 0.4 0.5 0.6 0.7 0.8
10 (fm)

AEp;1,1 agree with plateaux of E,‘\ﬁ’ftat(t, to) for large N’ and t

systematical and statistical precision better than 1%
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Conclusions

Corrections to ES®, pef of GEVP understood
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Conclusions

Corrections to ES®, pef of GEVP understood
» corr. to EST: for t < 2ty can be shown to be exp(—(Ens1 — E,) t)
» large N (and good basis) important!
»> Matrix elements can be computed systematically, also excited state
ME's
corrections exp(—(En+1 — En) to)

> everything is applicable also to HQET (and other EFT)
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The end

thank you for your attention
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