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Volume a-1  (GeV)
mres

ml
  ml MD time units # wall sources
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Analysis Overview

Data from 24•	 3 × 64 × 16 volumes, (2.74 fm)3 , 1/a = 1.73(3) GeV

RBC and UKQCD paper, arXiv:0804.0473•	

Coulomb gauge fixed wall sources at t=5 and 59.•	

Periodic and anti-periodic boundary conditions used to generate P+A •	
propagators to remove “around the world” effects.

Masses of Ω, π, and K fix lattice scale, m•	 u= md and ms using SU(2) 
ChPT for chiral extrapolation (Enno Scholz talk).

Partially quenched pseudoscalar masses and decay constants calculated•	

m•	 πL for various valence masses given below
Light dynamical 

mass
Valence Mass

mx= 0.001 mx = 0.005 mx = 0.01
0.005 3.36 4.60 5.76
0.01 3.44 4.65 5.81



Chiral Perturbation Theory
Expansion in powers of •	

                                          
m2

PS

(4πf)2
p2

(4πf)2

SU(2) ChPT:  m•	 l is light and only pion masses enter in logs

SU(3) ChPT:  m•	 l and ms are considered light, and both enter logs

Example (Sharpe and Shoresh, 2000) with six free parameters •	

m2

P = χV


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16
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χi = 2B0(mi + mres)



SU(3) ChPT for mPS < 420 MeV
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FIG. 15: Combined SU(3)×SU(3) fits for the meson decay constants (left panels) and masses (right panels)

at two different values for the light sea quark mass, with valence mass cut mavg ≤ 0.01. Points marked by

filled symbols were included in the fit, while those with open symbols were excluded.
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FIG. 16: Combined SU(3)×SU(3) fits for the meson decay constants (left panels) and masses (right panels)

at two different values for the light sea quark mass, with valence mass cut mavg ≤ 0.03. Points marked by

filled symbols were included in the fit, while those with open symbols were excluded.
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FIG. 17: Leading order (LO) and Next-to-Leading order (NLO) contributions in the unitary meson decay

constant fit in SU(3) PQChPT as function of the light quark mass parameter (left panels) and the heavy

quark mass parameter (right panels). In the plots in the top panels the other quark mass parameter was

set to our highest value used in the fits (ml = 0.01 or mh = 0.04), while in those in the bottom panels the

remaining quark mass parameter was set to zero (ml or mh = −mres). NLOl denotes the NLO contribution

proportional to log!l and NLOlh the NLO contribution proportional to log(!l+!h)/2. The LO contribution

is always normalized to one. Vertical dashed lines indicate quark masses of ml = mud , 0.005, 0.01, 0.02,

0.03, and 0.04 (from left to right, left panels only show quark masses up to 0.02).

LO and NLO for SU(3) ChPT
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TABLE XVIII: SU(2)×SU(2) low energy constants obtained directly from the SU(2)×SU(2) fits com-

pared to those converted from the SU(3)×SU(3) chiral fits with a mass cut of mavg ≤ 0.01.

B f l̄3 l̄4

direct SU(2)×SU(2) 2.414(61) 0.0665(21) 3.13(.33) 4.43(.14)

converted SU(3)×SU(3) 2.457(78) 0.0661(18) 2.87(.28) 4.10(.05)

TABLEXIX: Comparison of fitted SU(3)NLO-LECs L
(3)
i at !" = 770MeV in units of 10−4 to phenomeno-

logically obtained values by Bijnens (see Table 2 in [78]) and dynamical Nf = 2+1 staggered lattice sim-

ulation (MILC), [65] and [66] (there, LECs were quoted at !" = m# , conversion was done according to

Eq. (B20).)

L
(3)
4 L

(3)
5 L

(3)
6 L

(3)
8 (2L

(3)
8 −L

(3)
5 ) (2L

(3)
6 −L

(3)
4 )

this worka 1.4(0.8)(–) 8.7(1.0)(–) 0.7(0.6)(–) 5.6(0.4)(–) 2.4(0.4)(–) 0.0(0.4)(–)

Bijnens, NLO ≡ 0 14.6 ≡ 0 10.0 5.4 ≡ 0

Bijnens, NNLO ≡ 0 9.7(1.1) ≡ 0 6.0(1.8) 2.3b ≡ 0

MILC, 2007 1.3(3.0)(+3.0−1.0) 13.9(2.0)(
+2.0
−1.0) 2.4(2.0)(

+2.0
−1.0) 7.8(1.0)(1.0) 2.6(1.0)(1.0) 3.4(1.0)(

+2.0
−3.0)

aFor reasons mentioned in Sec.VII B, we do not quote any systematic error for parameters obtained from

the SU(3) fits.
bThis value was derived from the quoted single values for L

(3)
5 and L

(3)
8 ; since we do not know the

correlation between those two, we cannot provide the error estimate.

Comparison of SU(3) ChPT LECs

Convergence of SU(3) for m•	 PS < 420 MeV poor

Because of poor convergence, do not attempt a systematic error.•	

Naively quote results for LECs from our fits•	

Generally in good agreement with others•	
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FIG. 18: A plot of our measured values for the decay constant, converted to physical units, versus the

degenerate valence pseudoscalar mass squared. The data for degenerate quarks is denoted by filled symbols

and for non-degenerate quarks, open symbols are used. The graph shows that we see small effects for non-

degenerate quarks. The results of SU(2) and SU(3) partially quenched ChPT fits to our data are shown,

and both fits agree well with the data. The unitary SU(2) chiral extrapolation is also given, along with our

value of f , and two of our data points lie on this curve, as expected. The value of f differs by ≈ 30% from

the decay constant measured at m! = 420 MeV. We also plot the SU(3) chiral limit curve, for which the

horizontal axis is the unitary meson mass for three degenerate mass quarks. None of our measured values

must lie on this line. The large difference between f0 and our measurements is apparent, showing the poor

convergence of NLO SU(3) ChPT, with LECs as determined from our data.

fPS comparison SU(2) and SU(3) ChPT



About Correlated Fits

Partially quenched data is very correlated•	

With 90 measurements, we can look at correlations of pseudoscalar •	
masses for 3 lightest, degenerate pseudoscalars

Writing Cij = σik ρkl σlj , we have Cij equal to









0.7673 0.0 0.0

0.0 0.7018 0.0

0.0 0.0 0.6466









× 10−3 ×









1.0000 0.9075 0.7882

0.9075 1.0000 0.9568

0.7882 0.9568 1.0000









× σ









2.77

0.2156

0.0143









Eigenvalues of correlation matrix show very small eigenvalues occur-•	
ring





























1.0000 0.9705 0.9157 0.9075 0.8496 0.7882

0.9705 1.0000 0.9818 0.9791 0.9437 0.8927

0.9157 0.9818 1.0000 0.9873 0.9767 0.9392

0.9075 0.9791 0.9873 1.0000 0.9884 0.9568

0.8496 0.9437 0.9767 0.9884 1.0000 0.9881

0.7882 0.8927 0.9392 0.9568 0.9881 1.0000





















































5.692

0.2713

0.0254

0.0107

0.000592

0.0000312



























Correlations for 6 Partially Quenched Masses

Eigenvalues now span 5 orders of magnitude•	

Strong correlations mean much more data re-•	
quired to resolve correlation matrix accurately



Fit Strategy

A correlated χ•	 2 is useful for a quantitative statement about how well 
our fit anzatz agrees with the data

Strong correlations in our data make such a statement problematic•	

As our dataset gets arbitrarily large, the covariance matrix will resolve •	
and the χ2 will become very bad, since NLO ChPT is only accurate to a 
certain level for given quark masses.

Can ask whether NLO ChPT is accurate at, for example, the 10% level •	
for 400 MeV pseudoscalars.

Even if NLO fits agree well with the data, how large are the NLO cor-•	
rections?

Important to include estimate of NNLO errors•	

For our data, NLO fits agree well for 400 MeV pseudoscalars, but NLO •	
terms are large, and convergence of series appears poor.



Adding Another Quantity to Fits

Can ask about ChPT behavior of a new quantity •	 �π+|s̄d|K+�

To lowest order, we have •	

                                   
�π+|s̄d|K+� =

m
2
π

2mf

= B0

Aubin, Laiho, Li and Lin have calculated this to NLO•	

It depends on f•	 0, B0, L5, L6, L8

To NLO, the K → 0 matrix element for 2+1 valence flavors is

�

0
�

�

�
Θ(3,3̄)

�

�

�
K0

�

=
2i

f
α(3,3̄)

�

1 +
1

2
δZxz

�

+
4i

9

α(3,3̄)

f 3

��

1 + RX(mη, mZ)− Rη(mX , mX)

�

�(m2
X)

+

�

1 + RZ(mη, mX)− Rη(mZ , mZ)

�

�(m2
Z)

− 6�(m2
xd)− 3�(m2

xs)− 6�(m2
zd)− 3�(m2

zs)

+

�

Rη(mX , mX) + Rη(mX , mZ) + Rη(mZ , mZ)

�

�(m2
η)

− RX(mη)�̃(m
2
X)− RZ(mη)�̃(m

2
Z)

�

−
32iB0

f

�

L8m
2
xz + L6

�

2m2
D + m2

S

�

�

, (23)

where the chiral logarithms �(m2) and �̃(m2) are defined in Appendix B, along with the

residues Rx(ma), Rx(ma, mb). The wave-function renormalization δZxz is given in Ap-

pendix C.

To NLO, the K → π matrix element (also for 2+1 valence flavors) is

�

π+
�

�

�
Θ(3,3̄)

�

�

�
K+

�

= −
2

f 2
α(3,3̄) −

16B0

f 2

�

L5mXmxz − 2L8

�

m2
X + m2

xz

�

− 2L6

�

2m2
D + m2

S

�

�

+
�

π+
�

�

�
Θ(3,3̄)

�

�

�
K+

�

logs
(24)

For clarity, the rather lengthy logarithmic contribution is given in Appendix D. For degen-

erate valence masses (mx = my = mz), the K → π amplitude simplifies to

�

π+
�

�

�
Θ(3,3̄)

�

�

�
K+

�deg.val.

=−
2

f 2
α(3,3̄) [1 + δZX ]

+
4

3

α(3,3̄)

f 4

�

m2
X

�

RX(mη)
˜̃
�(m2

X)− 2Rη(mX , mX)β(0, m
2
η, m

2
X)

�

+

�

−1 + Rη(mX , mX)

�

�(m2
X) + 2�(m2

xd) + �(m2
xs)

− Rη(mX , mX)�(m
2
η)

+

�

2m2
X

�

1− Rη(mX , mX)

�

+ RX(mη)

�

�̃(m2
X)

�

−
16B0

f 2

�

(L5 − 4L8)m
2
X − 2L6

�

2m2
D + m2

S

�

�

, (25)

where ˜̃�(m2) and β(q2, m2
1, m

2
2) are defined in Appendix B. These expressions will be used

10



I. FITTING RESULTS AND COMPARISON

Figure 1: Simultaneous fits to �π+ |s̄d|K+�, m2
PS

, and fPS

0 0.01 0.02 0.03 0.04
mz + mres

2

2.2

2.4

2.6

< 
π+  | 

_ s d
 | 

K
+  >

ml=0.005 mx=0.001

ml=0.005 mx=0.005

ml=0.005 mx=0.01

0 0.01 0.02 0.03 0.04
mz + mres

2

2.2

2.4

2.6

< 
π+  | 

_ s d
 | 

K
+  >

ml=0.01 mx=0.001

ml=0.01 mx=0.005

ml=0.01 mx=0.01

0 0.01 0.02 0.03 0.04
mz + mres

4.2

4.4

4.6

4.8

5

5.2

m
PS

2  / 
(m

av
g +

 m
re

s)

ml=0.005 mx=0.001

ml=0.005 mx=0.005

ml=0.005 mx=0.01

0 0.01 0.02 0.03 0.04
mz + mres

4.2

4.4

4.6

4.8

5

5.2

m
PS

2  / 
(m

av
g +

 m
re

s)

ml=0.01 mx=0.001

ml=0.01 mx=0.005

ml=0.01 mx=0.01

0 0.01 0.02 0.03 0.04
mz + mres

0.08

0.085

0.09

0.095

0.1

0.105

f PS

ml=0.005 mx=0.001

ml=0.005 mx=0.005

ml=0.005 mx=0.01

0 0.01 0.02 0.03 0.04
mz + mres

0.08

0.085

0.09

0.095

0.1

0.105

f PS

ml=0.01 mx=0.001

ml=0.01 mx=0.005

ml=0.01 mx=0.01

2

Plot results of •	
simultaneous 
fit to fπ mπ and 
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Can fit to pairs of •	
these quantities

10-15% shift in f•	 0
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not well fit.

Logs are largest for •	
fπ and it may have 
the largest higher 
order corrections.
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π2 /
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Table I: Comparison of the simultaneous fits of s̄d & m2
PS

vs. f & m2
PS

(as in Meifeng and Enno’s proceedings)

Fit B0 f0 L4 L5 L6 L8 χ2/dof

m2
PS

(fix L4, L5, L6) 2.377(33) 6.3(1.0) × 10−2 −6.7× 10−5 2.51 × 10−4 −5.7× 10−5 3.23(67) × 10−4 1.6(2.4) × 10−1

s̄d (fix L4, L5, L6) 2.374(81) 9.5(1.5) × 10−2 −6.7× 10−5 2.51 × 10−4 −5.7× 10−5 1.46(74) × 10−4 1.3(1.7) × 100

fPS (fix L4, L5, L6) 2.44(36) 5.26(43) × 10−2 −6.7× 10−5 2.51 × 10−4 5.5(9.8) × 10−1

s̄d and m2
PS

2.17(15) 7.56(88) × 10−2 −0.6(3.0) × 10−1 1.6(3.5) × 10−3 −0.3(1.5) × 10−1 0.9(1.8) × 10−3 5.0(5.7) × 10−1

s̄d and m2
PS

(fix L4, L6) 2.394(27) 7.24(78) × 10−2 −6.7× 10−5 2.5(2.9) × 10−3 −5.7× 10−5 1.4(1.5) × 10−3 9.3(9.2) × 10−1

m2
PS

and fPS 2.33(15) 5.44(44) × 10−2 −6.4(6.2) × 10−5 2.0(1.2) × 10−4 −5.3(4.4) × 10−5 3.52(41) × 10−4 6.4(5.6) × 10−1

simu (all) 2.13(16) 5.95(46) × 10−2 −1.10(90) × 10−4 2.6(1.2) × 10−4 −3.4(6.7) × 10−5 3.32(51) × 10−4 1.09(70) × 100

m2
PS

and f (M&E) 2.35(16) 5.41(40) × 10−2 −6.7(8.0) × 10−5 2.51(99) × 10−4 −5.7(8.5) × 10−5 3.9(1.6) × 10−4

3

Results of fits

f•	 0 larger for fits not involving fπ
f•	 0 ranges from 0.053 to 0.095



Preliminary NNLO Fits
2 Some NNLO results: December 18, 2007

Bijnen’s NNLO formula for m2
π
and fπ involve the following constants

Order Constants Number at order Total number
LO f0, B0 2 2
NLO Li, for i = 4, 5, 6, 8 4 6
NNLO Li, for i = 0, 9 10

Ki, for i = 17− 23, 25− 27, 39, 40 12
Two linear comb. of Ki not determined

Set K39 = K40 = 0 10 22

Table 2: Enumeration of the NLO and NNLO constants for fπ and m2
π.

From Bijnens [1], the NNLO analytic terms correcting m2
π
(for 2 valence quarks and 3 dynamical quarks) is
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2.1 NLO fit results using Bijnen’s Fortran code

The following figures give results from fitting to NLO using Bijnen’s fortran code. His code uses a decay constant which is√
2 smaller than ours. I have rescaled our measured value by

√
2 before calling his routines. Figures 3 through 7 show the

results. These are in good agreement with Meifeng and Enno.
These fits minizize χ

2, but not under a jacknife, so no errors are quoted.

5

2 Some NNLO results: December 18, 2007

Bijnen’s NNLO formula for m2
π
and fπ involve the following constants

Order Constants Number at order Total number
LO f0, B0 2 2
NLO Li, for i = 4, 5, 6, 8 4 6
NNLO Li, for i = 0, 9 10

Ki, for i = 17− 23, 25− 27, 39, 40 12
Two linear comb. of Ki not determined

Set K39 = K40 = 0 10 22

Table 2: Enumeration of the NLO and NNLO constants for fπ and m2
π.

From Bijnens [1], the NNLO analytic terms correcting m2
π
(for 2 valence quarks and 3 dynamical quarks) is

δ
(6)23
ct ∼ − 2χ

2
13 (K

r
17 + Kr

19 − 3Kr
25 − Kr

39)

+ χ1χ3 (K
r
19 − Kr

23 − 3Kr
25)

− 6 χ̄ χ13 (K
r
18 + Kr

20/2− Kr
26 − Kr

40)

− 9 χ̄
2 (Kr

21 + Kr
22 − Kr

26 − 3Kr
27)

+ 6χπχη (K
r
21 − Kr

26) , (3)

Also from Bijnens [1], the NNLO analytic terms correcting fπ (for 2 valence quarks and 3 dynamical quarks) is

f
(6)23
ct ∼ 2χ

2
13 Kr

19 − χ1χ3 (K
r
19 − Kr

23)

+ 3 χ̄ χ13 Kr
20 + 9 χ̄

2 (Kr
21 + Kr

22)

− 6χπχη Kr
21, (4)

2.1 NLO fit results using Bijnen’s Fortran code

The following figures give results from fitting to NLO using Bijnen’s fortran code. His code uses a decay constant which is√
2 smaller than ours. I have rescaled our measured value by

√
2 before calling his routines. Figures 3 through 7 show the

results. These are in good agreement with Meifeng and Enno.
These fits minizize χ

2, but not under a jacknife, so no errors are quoted.

5



NNLO Preliminaries

Using calculations of Bijnens, Danielsson and Lahde, PRD 73 (2006) •	
074509

Fortran code provided by Bijnens•	

Basic tests of NLO Fortran code versus other fit codes successful•	

First simple attempts to assess numerical stability and graph results•	

Used constrained minimizer, since there may be undamped directions •	
in parameter space with current data set

Add m•	 l = 0.02 ensemble and increase valence quark masses to 0.02
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2.2 NNLO fit results using Bijnen’s Fortran code

Using the 0.005/0.04, 0.001/0.04 and 0.02/0.004 ensembles and all average valence quark masses less than 0.02, a simple fit
has been done to our data, using Bijnen’s full NNLO SU(3) ChPT formula. The results are given in Table 2.2.

60 data points are included in these fits and there are 22 free parameters.

NLO NNLO
constant initial lb ub final initial lb ub final

f̃0 0.07 0.03 0.1 0.0378 0.0378 0.02 0.07 0.0619
f0 0.099 0.042 0.14 0.0534 0.0534 0.028 0.099 0.0875
B0 2.2 1.0 3.0 2.352 2.352 2.0 3.0 2.32

Li in units of 10−3

L0 0.0 -1.0 1.0 0.38
L1 0.43 0.31 0.54 0.31
L2 0.73 0.61 0.85 0.61
L3 -2.53 -2.9 -2.16 -2.65
L4 1.0 -10.0 10.0 0.11 0.11 -0.4 0.4 0.18
L5 1.0 -10.0 10.0 0.62 0.62 0.4 0.8 0.8
L6 1.0 -10.0 10.0 0.049 0.049 -0.1 0.1 -0.058
L7 -0.31 -0.45 -0.17 -0.19
L8 1.0 -10.0 10.0 0.47 0.47 0.42 0.48 0.42
L9 0.0 -0.1 0.1 0.0

Ki in units of 10−6

K17 0.0 -100 100 -6.8
K18 0.0 -100 100 -11
K19 0.0 -100 100 4.0
K20 0.0 -100 100 -0.38
K21 0.0 -100 100 -15
K22 0.0 -100 100 3.8
K23 0.0 -100 100 1.7
K25 0.0 -100 100 1.1
K26 0.0 -100 100 -1.7
K27 0.0 -100 100 2.2
K39 0.0 0.0 0.0 0.0
K40 0.0 0.0 0.0 0.0

Table 3: Values for NLO and NNLO constants. For NLO, all masses less than 0.01 were used in fit. For NNLO, all masses
less than 0.02 were used. These results are very preliminary.

11

Ve
ry

 P
re

lim
in

ar
y 

R
es

ul
ts

 - 
do

 n
ot

 q
uo

te



0 0.005 0.01 0.015 0.02 0.025
0.055

0.06

0.065

0.07

0.075

0.08

0.085

fπ − data and fit

average mval

f π

Using NNLO values in NLO fit to fπ



0 0.005 0.01 0.015 0.02 0.025
0

0.02

0.04

0.06

0.08

0.1

0.12

mπ
2 − data and fit

average mval

m
π2

0 0.005 0.01 0.015 0.02 0.025
−0.04

−0.03

−0.02

−0.01

0

0.01

mπ
2 − 2B0 × mval avg

average mval

m
π2  −

 2
B 0

× 
m

va
l a

vg

Using NNLO values in NLO fit to mπ



Summary

SU(3) ChPT fits our data well for pseudoscalar masses below 400 MeV•	

Accuracy near the kaon mass scale is not good, and is even worse for •	
ΔS = 1 matrix elements needed for non-leptonic kaon decays

Adding •	 �π+|s̄d|K+� into the simultaneous fits indicates higher order 
terms are important

Preliminary NNLO fits show LO parameters varying in range expected •	
from NLO fits to mπ fπ and �π

+|s̄d|K+�

New data on 32•	 3 will provide more data for NNLO fits and continued 
investigation into convergence of SU(3).


