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Time evolution of the system,
Relaxation, and
Transport problem,

……one of the final goads of theoretical Physics.

But…
It is very very difficult to solve dynamics,

especially for many-body system.
Lattice field theory is
quite powerful tool !! But.

Well defined only for Euclid time.

Euclid time is really a “time”?

Poisson problem
Boundary condition

Cauchy problem
Initial condition

Analytic continuation is indispensable to discuss time dependence.

Euclidian spaceMinkowski space



Finite temperature field theory
in real time formula was well established in ’80s.

Takahashi –Umezawa
Thermo-field Dynamics

•Operator formula
•Doubled field by tilder operation.

Niemi-Semenoff
Complex time path

•Path-integral
•Anti-chronological field
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Simulation of Nonequilibrium system !!

Schwinger-Keldysh type Stochastic Quantization
closed time path + Method



“Nonequilibrium system”
seems difficult to control

Finete temperature equilibrium system
with “real” time is enough for us



Complex t

Re t =x0

Im t = x4
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(Anti-)Periodic
Boundary Condition

Imaginary Time Formula

Real Time Formula

Probability distribution

Real time correlation

MonteCarlo Numerical simulation of
Lattice quantum field theory

Thermo-Field Dynamics
by Takahashi-Umezawa

Matsumoto et al;
Path-Integral by
Niemi-Semenoff; Niegawa

Parisi-Wu type
Stochastic Quantization

Sigh Problem

Wick rotation



Parisi-Wu Stochastic Quantization

• Euclidian Action

• Suppose stochastic process with an
additional fictitious time 

• Take the equilibrium limit in （→∞)

Then we can obtain quantum expectation

of Euclidian theory.



Complex t

Re t =x0

Im t = x4

- 

(Anti-)Periodic
Boundary Condition

Imaginary Time Formula

Real Time Formula

Time path tilts in forward direction
(Feynman causality,
Hamiltonian has spectra bounded

from below）

Converge stochastic
process in SQM

Our plan

KMS condition
Thermal equilibrium

(by Niegawa)

Nakazato and
Yamanaka

Small -i in real time path.

-i

-i

Wick rotation
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(Anti-)Periodic
Condition

Stochastic Quantization
Starts from Euclidian Action

We extend
Euclidian action to
complex plane

Contour dependent phase
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• Scalar field

ma    

• Lattice size

16Ｘ16Ｘ16Ｘ40， tilt = 0.05

40= 15 + 5 + 15 + 5,

• Stochastic process =0.00002

Take average for each 5000 steps Ｘ50times

• Annisotropic

spatial lattice size

= time-like lattice size×， =４

Numerical simulation

real
imaginary

real
imaginary

Courant condition
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We want to simulate numerically finite
temperature system with real time．

• Our results seem to converge even with
Minkowski time.

• Current correlation ⇒relaxation-like
behavior appears

conductivity ？

• Coupling dependence

• Need to check

– Contour dependence

– Tilt dependence

– Consistency with the results of imaginary time method


