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(^^;
the Glashow-Weinberg-Salam model 

(SU(2)x U(1) sector of the standard model without SU(3) color int.)

• a chiral gauge theory with SU(2)L x U(1)Y 

• gauge symmetry breaking via Higgs mechanism 

• baryon number violation due to chiral anomaly   

• etc. 

• no gauge-invariant regularization is known

(cf. dimensional reg.)

• non-perturbative definition is missing

but ...

Weakly coupled theory, 
Still, non-perturbative dynamics may be relevant 



previous attempts to put on the lattice ...

• Eichten-Preskill approach (symmetry/symmetry breaking) 

• Wilson-Yukawa model (Smit, Swift, Aoki) 

• Rome (gauge-fixing) approach (Testa et al, Golterman-Shamir)   

• domain-wall + Eichten-Preskill hybrid (Creutz)

• Mirror GW fermion approach (Poppitz)      etc.

in this talk ...

★ a gauge-invariant construction of GWS model on the lattice

• use of overlap Dirac operator (the Ginsparg-Wilson relation)

• cf.  U(1) chiral gauge theory with exact gauge invariance

• the first invariant / non-perturbative regularization of the model

• all SU(2) togological sectors with vanishing U(1) magnetic fluxes

Luscher (99) 



plan of this talk 

1. chiral lattice gauge theories based on overlap D / the G-W rel. 

2. gauge anomalies in the lattice SU(2)L x U(1)Y chiral gauge theory 

3. topology of the space of SU(2)xU(1) lattice gauge fields

4. our approach & results

• explicit construction of the smooth measure term 

• proof of the global integrability conditions 

[reconstruction theorem]

5. discussion

• an extention to the standard model (the inclusion of SU(3) )

• possible applications



overlap Dirac op. / the GW rel.

Neuberger(1997,98) 
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chiral operator

Luscher ; Hasenfratz, Niedermayer(1998) 

γ5D + Dγ5 = 2aDγ5D
chiral fermion
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Path Integral Measure depends on gauge fields !

ṽi(x) = vj(x)
(
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)

ji

c̃i = Q̃ijcj

det Q̃
complex 
phase !

Narayanan-Neuberger(1993) 



variation of effective action & gauge anomaly

δηΓeff = Tr
{

(δηD)P̂
−

D−1P+

}

+
∑

i

(vi, δηvi)

= iTrωγ5 (1 − D) − i
∑

i

(vi, δωvi) ηµ(x) = −i∇µω(x)

δηU(x, µ) = iηµ(x)U(x, µ)Γeff = ln det(v̄kDvj)

* different situation from Dirac fermions in Vector-like theories like QCD

1.

2.

3.

gauge invariance ?

integrability ?

locality ?

[ topology of the space of gauge fields
non-trivial due to Admissibility cond.  ]

Luscher(99) 

[ admissibility cond.  cf. Hernandez, Jansen, Luscher(98) ]

the gauge-field dependence must be fixed ...

[ gauge anomaly cancellations ]

measure term



1. explicit construction of the smooth measure term, which fulfills 
requirements of locality, gauge invariance & local integrability

2. proof of the reconstruction theorem (global integrability conditions)

Lη = i
∑

i

(vi, δηvi) =
∑

x

ηµ(x)jµ(x)

• SU(2)xU(1) gauge anomaly

• topology of space of SU(2)xU(1) gauge fields

key issues ...

applying this formulation to quarks and leptons ...

our results on the lattice GWS model :

ηµ(x) = η
(2)
µ (x) ⊕ η

(1)
µ (x)



gauge anomaly in the SU(2)xU(1) chiral gauge theory 
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cf.  Suzuki et al. (01) Kadoh-Nakayama-YK(04)

cohomological analysis in Γ4 x ∈ Γ4
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ηµ(x) = −i∇µω(x)

SU(2)3  gauge anomaly

ηµ(x) = η
(2)
µ (x) ⊕ η

(1)
µ (x)

SU(2)2  x U(1), U(1)3 gauge anomaly

pseudo reality of SU(2)
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v
(a)
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for a pair of doublets (a,b)

measure term vanishes identically



topology of the space of lattice SU(2)xU(1) gauge fields 

ε <
1

30
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finite volume case
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4 | 0 ≤ xµ < L} = L

4

mµν =
1

2πi

∑

s,t

lnU (1)
µν (x + sµ̂ + tν̂)

Q =
∑

x∈Γ4

tr{γ5(1 − D)(x, x)}|U(2)

[SU(2

m

Q

[U(1)]
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 U(1) ~ T^n

! Global SU(2) anomaly (single SU(2) doublet)
O. Bär and I. Campos, Nucl. Phys. B581, 499 (2000)

T
n[U(1)] × M [SU(2)]

Uµ(x) = eiAT
µ (x)g(x)g(x + µ̂)−1U[w](x, µ)V[m](x, µ)

Fµν(x) = ∂µA
T
ν (x) − ∂νA

T
µ (x) +

2πmµν

L2

Neuberger(01)   

admissibility condi.

U(1) gauge fields

topological charges

topological structure of SU(2) space
is not known yet ! 



v
(b)
j (x) =

(

γ5C
−1

⊗ iσ2

)

[vj(x)]∗

v
(a)
j (x) = vj(x)

a pair of doublets (a,b)

measure defined globally !

cf.  Nuberger(98)  Bar-Campos (00)  
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! topological sectors (⇐ the admissibility cond. )

mµν =
1
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∑
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µν (x + sµ̂ + t ν̂)

Q =
∑
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[SU(2
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 U(1) ~ T^n

! Global SU(2) anomaly (single SU(2) doublet)
O. Bär and I. Campos, Nucl. Phys. B581, 499 (2000)

non-contractible loops

Uµ(x) = eiAT
µ (x)g(x)g(x + µ̂)−1U[w](x, µ)V[m](x, µ)

U(1) degrees of freedom 

T
n[U(1)] × M [SU(2)]measure term smooth on

pure SU(2) theory

our approach

proof of the global integrability condition



! topological sectors (⇐ the admissibility cond. )

mµν =
1
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∑
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[SU(2
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 U(1) ~ T^n

! Global SU(2) anomaly (single SU(2) doublet)
O. Bär and I. Campos, Nucl. Phys. B581, 499 (2000)

measure term in the SU(2)xU(1) chiral gauge theory 
ηµ(x) = η

(2)
µ (x) ⊕ η

(1)
µ (x)

cf.  Luscher(98)   

local counter term! Wilson line contr.

Kadoh-YK (08)

★ explicit constr. with two simplifications  
• direct proof of gauge anomaly 

cancellation in finite volume

• separate treatment of the Wilson lines



1.                 are defined for all admissible SU(2)xU(1) gauge fields 
in the given topological sectors and depends smoothly on the 
link variables 

2.                 are gauge-covariant / invariant, respectively and both 
transforms as axial vector currents under lattice symmetries

3.  The linear functional                                               is a 
solution of the integrability condition, 

 

4. The anomalous conservation laws hold,

where                              and 

ja
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ja
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Reconstruction theorem

In the topological sectors with vanishing U(1) magnetic flux, if 
there exist local current                              which satisfy the 
following four properties, it is then possible to reconstruct the 
fermion measure ( the basis             ) which depends smoothly on 
the gauge fields and fulfills the fundamental requirements such as 
locality,  gauge-invariance, integrability and lattice symmetries:

ja

µ(x) (a = 1, 2, 3), jµ(x)

{vj(x)}



• a local counter term constructed non-perturbatively 

• the first gauge-invariant regularization of the EW theory

(cf. dimensional reg. )

• may be used in perturbation theory  

ex.  computations of higher order EW contr.  to muon g-2 

infinite volume case

the Glashow-Weinberg-Salam model on the lattice
finite volume case

• covers all SU(2) topological sectors with vanishing U(1) 
magnetic fluxes

• global integrability is proved rigorously

• some non-perturbative applications ?

ex.  a computation of the effect of quarks & leptons to the 
sphaleron rate at finite temp. (at one-loop)



possible applications of the lattice EW theory

a computation of the effect of quarks & leptons 
to the sphaleron rate at finite temp. (at one-loop)

introduction of Higgs field 
& Yukawa-couplings

−

∑

x

{

yt Q̄
−

φ̃ t+(x) + yb Q̄
−

φ b+(x) + c.c.
}

SEW = SG + SF +
∑

x

{∇µφ†∇µφ + V (φ)}

sphaleron on the lattice    

288 M. Garcfa Pdrez, P van Baal/Nuclear Physics B 468 (1996) 277-292 

(b) (e) 

lO~~y i 0 ~  

x x (a) (b) (C) 

Fig. I. The scalar field (top) and the energy density (bottom) in a plane through the centre of the electroweak 

sphalerons for (a) MH = oo at MwL = 2.53, (b) MH = Mw and (c) MH = 3Mw, both at MwL = 4.0. 

The energy density is normalized to its peak value (0.093, 0.025 and O.Ol6M4/aw, respectively) and the 

scalar field p to its expectation value v ( (b)  Pmin/V = 0.238 and pmax/V = 0.908, (c) Pmin/V = 0.165 and 

pmax/V = 0.718 ). 

positive, with almost identical energies.) Initially, a negative value for the trace of  one 

of the links mislead us to believe that we were dealing with dislocations. 

Putting all constraints in we found for MH = c~ the window of allowed values to be 

MwL ~ 2.5, aMw <~ 0.40, for MH = Mw the window is MwL >~ 3.8, aMw <<. 0.60 

and for M H  = 3 Mw it is MwL >~ 4.0, aMw <. 0.65. 

Fig. 1 gives the energy density profiles of the electroweak sphaleron at each of the 

three Higgs masses. We should not directly use Eq. (2),  but first average over all 

directions of the links connected to a point x (without affecting the total energy), in 

order to compute the energy density at this point. Note that for MH = cx~ the solution 

is very much more peaked in the core region and will have larger lattice artefacts. The 

behaviour in the tail region is similar to the case where Mw = MH. For MH = 3Mw 

this tail region is dominated by the decay of the scalar field. Also plotted in Fig. 1 

is the behaviour of p ( x ) / v  for MH = Mw and MH = 3Mw at MwL = 4. Because 

of finite volume effects the scalar field does not exactly equal its expectation value at 

the boundary. Likewise it does not quite go to zero at the centre, which is also due to 

finite lattice spacing errors. To be precise we find for MH = Mw, Pmin = 0.238v and 

3 M Pmax = 0.908v, whereas for MH = ~ w, Pmin = 0.165v and Pmax = 0.718v, see Fig. 1. 

The way we obtained the required configurations was by first constructing a sphaleron 

for the frozen-length Higgs model, starting at N = 8. All links at the boundary were first 

put to the identity, which serves the purpose of positioning the solution in the centre 

of the lattice and of lifting the energy of the finite volume sphaleron by a considerable 

amount. The latter helps avoid getting trapped in that solution. Centering the energy 

profile will reduce the probability of getting stuck in a saddle point with spurious 

unstable modes due to the breakdown of translational and rotational invariance. We then 

release the frozen boundary condition and compute the Hessian after cooling to verify 

that we have one unstable mode only. This way the maximal energy density occurs at the 

U (2)
µ (x), U (1)

µ (x), φ(x) (x ∈ L
3)

saddle point cooling
Perez- van Baal (96)

cf. Moore (96)

fermion fluctuation det.

• sum over matsubara freq.

• one-loop renormarizations

• dependence on the Higgs, 
Yukawa coupling 

• comparison to other methods

cf. Bodeker et. (00)

Mt =

(

(v̄kDvj) yt(v̄kφ̃uj)
yt(ūkφ̃†vj) (ūkDuj)

)

κF (v, λ, yt, · · · ) ≡
∏

q,l

∏

ωn

detM/ detM0



• covers all SU(2) topological sectors with vanishing U(1) 
magnetic fluxes

• global integrability is proved rigorously

even number of SU(2) doublets,  U(1) Wilson line parts

• explicit with two simplifications    cf.  U(1),  Luscher (98)

★ direct proof of gauge anomaly cancellation in

★  separate treatment of the Wilson line

• some non-perturbative applications ?

the Glashow-Weinberg-Salam model on the lattice

in finite volume

L
4

based on :
Y.~Nakayama and Y.K., Nucl. Phys. B597, 519  (2001)
D.~Kadoh, Y.~Nakayama and Y.K., JHEP 0412, 006 (2004) 
D.~Kadoh and Y.K.,  in preparation








