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Heavy Quarkonium production

Heavy Quarkonium systems provide a unique lab for studying the
interplay between perturbative and non-perturbative physics

Important to understand the production mechanism

Models for J/ψ Production

Color Singlet Model (CSM)

Color Evaporation Model (CEM)

NRQCD factorization approach

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Heavy Quarkonium production

Heavy Quarkonium systems provide a unique lab for studying the
interplay between perturbative and non-perturbative physics

Important to understand the production mechanism

Models for J/ψ Production

Color Singlet Model (CSM)

Color Evaporation Model (CEM)

NRQCD factorization approach

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Heavy Quarkonium production

Heavy Quarkonium systems provide a unique lab for studying the
interplay between perturbative and non-perturbative physics

Important to understand the production mechanism

Models for J/ψ Production

Color Singlet Model (CSM)

Color Evaporation Model (CEM)

NRQCD factorization approach

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Heavy Quarkonium production

Heavy Quarkonium systems provide a unique lab for studying the
interplay between perturbative and non-perturbative physics

Important to understand the production mechanism

Models for J/ψ Production

Color Singlet Model (CSM)

Color Evaporation Model (CEM)

NRQCD factorization approach

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Heavy Quarkonium production

Heavy Quarkonium systems provide a unique lab for studying the
interplay between perturbative and non-perturbative physics

Important to understand the production mechanism

Models for J/ψ Production

Color Singlet Model (CSM)

Color Evaporation Model (CEM)

NRQCD factorization approach

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Heavy Quarkonium production

Heavy Quarkonium systems provide a unique lab for studying the
interplay between perturbative and non-perturbative physics

Important to understand the production mechanism

Models for J/ψ Production

Color Singlet Model (CSM)

Color Evaporation Model (CEM)

NRQCD factorization approach

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Color Singlet Model

Color Singlet Model (CSM)
Einhorn and Ellis (1975)

QQ̄ pair is formed in the short-distance process in color-singlet state
and has the same spin and angular momentum quantum numbers as
the quarkonium

Amplitude to create Quarkonium is product of amplitude to create
the corresponding heavy quark pair, a spin projector and the radial
wave function at the origin obtained from leptonic width

Recent studies show the NLO and NNLO corrections to CSM
improve the fits at TEVATRON and RHIC
J.P. Lansberg, Eur. Phys. J. C 61, 693 (2009), Phys. Lett. B 695,
149 (2010).
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Color Evaporation Model

Color Evaporation Model (CEM)
H. Fritzsch (1977)

Initially introduced in 1977 and was revived in 1996 by Halzen
The cross-section for a quarkonium state H is some fraction FH of
the cross-section for producing QQ̄ pair with invariant mass below
the MM̄ threshold
where M is the lowest mass meson containing the heavy quark Q

σCEM [hAhB → H + X ] = FH

∑
i,j

∫ 4m2
M

4m2

dŝ

∫
dx1dx2fi (x1, µ)fj(x2, µ)

×σ̂ij(ŝ)δ(ŝ − x1x2s)

Good description of photoproduction data after inclusion of higher
order QCD corrections
Eboli etal, arXiv: hep-ph/0211161 (2002)

kT smearing in CEM improves the hadroproduction CDF data
Bodwin et al. arXiv:hep-ph/0504014 (2005)
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NRQCD Factorization approach.
Bodwin, Braaten and Lepage (1995)

effective theory based on a systematic expansion in both αs and v, which is
heavy quark velocity within the bound state

σ[H] =
∑
n

σn(Λ)〈OH
n (Λ)〉

σn are short-distance coefficients.

〈OH
n (Λ)〉 are long distance matrix elements that are formulated in terms of the

effective field theory NRQCD.

The NRQCD factorization approach to heavy-quarkonium production is by far
the most sound theoretically and most successful phenomenologically.
Butenschon and Kniehl, Phys. Rev. Lett. 106, 022003 (2011)
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Issue of production mechanism is of wide interest

J/ψ polarization measurements also provide test of production
mechanism

Other independent tests of quarkonium production mechanism
needed

SSA in charmonium production may provide one such test
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SSA and Quarkonium Production Mechanisms

Initial and final state interactions lead to non-vanishing SSAs
Brodsky, Hwang and Schmidt, Phys. Lett. B530, 99(2002), NPB
642, 344(2002)

Single transverse spin asymmetry in heavy quarkonium production in
lepton-nucleon and nucleon-nucleon collisions studied by considering
initial and final state interactions.
Feng Yuan, Phys. Rev. D 78, 014024 (2008)

Symmetry is very sensitive to the production mechanism.

Asymmetry is non-zero in ep collisions only in color-octet model and
in pp collisions only in color-singlet model.

SSA in charmonium production can be used to resolve the issue of
production mechanism.
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SSA at PHENIX experiment

First measurement of transverse SSA in J/ψ production from
polarized p p collisions at

√
200 GeV : PHENIX experiment 2006,

2008
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Modified Analysis → PHENIX experiment 2006 and 2008

No sizable asymmetry
Need to study SSAs in J/ψ production
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Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X

Transverse SSA in charmonium production can be used to study
Sivers effect.

First estimate of SSA in photoproduction (i.e. low virtuality
electroproduction) of charmonium in scattering of electrons off
transversely polarized protons using Color Evaporation Model
Rohini Godbole, Asmita Mukherjee, AM and Vaibhav Rawoot, Phys. Rev. D 85,

094013(2012)

In the process that we considered, at LO, there is contribution only
from a single partonic subprocess γg → cc̄

Clean probe of gluon Sivers function.

Improved estimates taking into account TMD evolution of TMD
PDF’s
Rohini Godbole, Asmita Mukherjee, AM and Vaibhav Rawoot, Phys. Rev. D 88,

014029(2013)
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Cross section for J/ψ production using CEM

Generalization of CEM expression for electroproduction of J/ψ by
taking into account the transverse momentum dependence of the
WW function and gluon distribution function

σe+p↑→e+J/ψ+X =

∫ 4m2
D

4m2
c

dM2
cc̄ dxγ dxg [d2k⊥γd

2k⊥g ] fg/p↑(xg , k⊥g )

fγ/e(xγ , k⊥γ)
d σ̂γg→cc̄

dM2
cc̄

Distribution function of the photon in the electron given by William
Weizsacker approximation (Kniehl 1991)

fγ/e(y ,E) =
α

π
{

1 + (1− y)2

y

(
ln

E

m
−

1

2

)
+

y

2

[
ln

(
2

y
− 2

)
+ 1

]
+

(2− y)2

2y
ln

(
2− 2y

2− y

)
}.
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We assume k⊥ dependence of pdf’s to be factorized in gaussian
form (Anselmino etal. Eur. Phys. J. A 39, 89 (2009))

f (x , k⊥) = f (x)
1

π〈k2
⊥〉

e−k
2
⊥/〈k

2
⊥〉 〈k2

⊥〉 = 0.25GeV 2

For the k⊥ dependent WW function
Gaussian form

fγ/e(xγ , k⊥γ) = fγ/e(xγ)
1

π〈k2
⊥γ〉

e−k
2
⊥γ/〈k

2
⊥γ〉.
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Single Spin Asymmetry

Expression for the numerator of the asymmetry

d4σ↑

dy d2qT
−

d4σ↓

dy d2qT
=

1

2

∫ 4m2
D

4m2
c

[dM2]

∫
[dxγ dxg d2k⊥γ d2k⊥g ] ∆N fg/p↑ (xg , k⊥g )

×fγ/e(xγ , k⊥γ) δ4(pg + pγ − q) σ̂γg→cc̄
0 (M2).

where q = pc + pc̄

Partonic cross section

σ̂0
γg→cc̄ (M2) =

1

2
e2
c

4πααs

M2
[(1 + γ −

1

2
γ2) ln

1 +
√

1− γ
1−
√

1− γ
− (1 + γ)

√
1− γ].

γ = 4 m2
c/M

2
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Gluon Sivers function

Parameterization for Gluon Sivers Function

∆N fg/p↑(x , k⊥) = 2Ng (x) h(k⊥) fg/p(x)
e−k2

⊥/〈k
2
⊥〉

π〈k2
⊥〉

S · (p̂× k̂⊥)

(Anselmino etal. Eur. Phys. J. A 39, 89 (2009))

Two choices for Ng (x) (Boer and Vogelsang Phys. Rev. D 69, 094025 (2004))

(a) Ng (x) = (Nu(x) +Nd (x)) /2 ,

(b) Ng (x) = Nd (x) ,

For u and d quarks,

Nf (x) = Nf x
af (1− x)bf

(af + bf )(af +bf )

af af bf
bf

af , bf and Nf are best fit parameters.
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Models for Gluon Sivers function

We have used two models proposed by Anselmino etal.
(Anselmino etal. Eur. Phys. J. A 39, 89 (2009), Phys. Rev. D 70, 074025 (2004))

Parameterization for Gluon Sivers Function

∆N fg/p↑(x , k⊥) = 2Ng (x) h(k⊥) fg/p(x)
e−k2

⊥/〈k
2
⊥〉

π〈k2
⊥〉

S · (p̂× k̂⊥)

Two functional forms for h(k⊥)

Model I

h(k⊥) =
√

2e
k⊥
M1

e−k⊥
2/M2

1

Model II

h(k⊥) =
2k⊥M0

k⊥
2 + M2

0

M0 =
√
〈k2
⊥〉 and M1 are best fit parameters.
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The transverse momenta qT and k⊥ have azimuthal angles φq and φk⊥

qT = qT (cosφq, sinφq, 0) k⊥ = k⊥(cosφk⊥ , sinφk⊥ , 0)

φk⊥ is the angle that transverse momentum of the parton k⊥ makes with
x axis.

The mixed product S · (p̂× k̂⊥) gives an azimuthal dependence

S · (p̂× k̂⊥) = cosφk⊥
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Expression for Asymmetry

Taking sin(φq − φS) as a weight, the asymmetry integrated over the
azimuthal angle of J/ψ is
(J. C. Collins et al., Phys. Rev. D 73, 094023 (2006).)

A
sin(φq−φS )
N =

∫
dφq [dσ↑ − dσ↓]sin(φq − φS )∫

dφq [dσ↑ + dσ↓]

AN =

∫
dφq [

∫ 4m2
D

4m2
c

[dM2]
∫

[d2k⊥g ]∆N fg/p↑ (xg , k⊥g )fγ/e(xγ , qT − k⊥g )σ̂0]sin(φq − φS )

2
∫
dφq [

∫ 4m2
D

4m2
c

[dM2]
∫

[d2k⊥g ]fg/P(xg , k⊥g )fγ/e(xγ , qT − k⊥g )σ̂0]

where

dσ =
d3σ

dy d2qT

, xg,γ =
M√
s
e±y
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QCD evolution of TMDs

DGLAP equations describe the evolution of densities as function of
Q2 at given energy scale or rapidity.

How does one evolve the TMDs?

Early phenomenological fits of Sivers function were performed either
neglecting QCD evolution or applying DGLAP evolution only to the
collinear part of TMD parametrization

fg/p(x , k⊥;Q) = fg/p(x ;Q)
1

π〈k2
⊥〉

e−k
2
⊥/〈k

2
⊥〉 〈k2

⊥〉 = 0.25GeV 2

∆N fg/p↑(x , k⊥;Q) = 2Ng (x)fg/p(x ;Q)
√

2e
k⊥
M1

1

π〈k2
⊥〉

e−k
2
⊥/〈k

2
⊥〉S

fg/p(x ;Q) is DGLAP evolved PDF.
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TMD evolution

TMD factorization has been derived and implemented
J.C.Collins, Foundations of perturbative QCD
Ayabat, Roger and Collins, PRD83, 114042(2011)
Ayabat, Collins, Qui Rogers, arXiv:11106428[hep-ph]

TMD evolution describes how the form of distribution changes and
also how the width changes in momentum space

A strategy to extract Sivers function from SIDIS data taking into
account the TMD Q2 evolution proposed by Anselmino, Boglione
Melis, PRD86, 014028(2012)

In our earlier work, we estimated SSA in electroproduction of J/ψ
production based on this strategy

Rohini Godbole, Asmita Mukherjee, AM and Vaibhav Rawoot, Phys.
Rev. D 88, 014029(2013)
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Q2 Evolution of TMD’s

The energy evolution of a general transverse momentum dependent
distribution(TMD) F (x , k⊥,Q) is more naturally described in
b-space.

F (x , b;Q) =

∫
d2k⊥e

−ik⊥.bF (x , k⊥;Q)

F (x , b,Qf ) = F (x , b,Qi )Rpert(Qf ,Qi , b∗)RNP(Qf ,Qi , b)

Rpert : perturbative part of the evolution kernel
RNP : non-perturbative part of kernel
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The perturbative part is given by

R(Qf ,Qi , b) = exp

{
−
∫ Qf

Qi

dµ

µ

(
A ln

Q2
f

µ2
+ B

)}(
Q2

f

Q2
i

)−D(b;Qi )

where dD
d lnµ = Γcusp

The non-perturbative exponential part contains a Q-dependent factor
universal to all TMDs and a factor which gives the gaussian width in
b-space of the particular TMD

RNP = exp

{
−b2

(
gTMD

1 +
g2

2
ln

Qf

Qi

)}
Q2-dependent TMD’s in momentum space obtained by Fourier
transforming F (x , b,Qf ).
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Analytical Solution of Approximated TMD Evolution
Equations

Anselmino, Boglione and Melis, PRD86, 014028 (2012)
R(Q,Q0, b) drives the Q2-evolution of TMD’s
In the limit b →∞ , R(Q,Q0, b)→ R(Q,Q0)
b integration can be performed analytically and Q2 dependent
PDF’s can be obtained
Q2-evolved PDF in Anselmino et al’s ”approximate, analytical”
approach

fq/p(x , k⊥;Q) = fq/p(x ,Q0) R(Q,Q0)
e−k

2
⊥/w

2

πw2
,

fq/p(x ,Q0) is the usual integrated PDF evaluated at the initial scale
Q0

w2 ≡ w2(Q,Q0) is the “evolving” Gaussian width, defined as:

w2(Q,Q0) = 〈k2
⊥〉+ 2 g2 ln

Q

Q0
· .
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TMD Evolution of Sivers Function

TMD evolved Sivers function is

∆N f̂q/p↑(x , k⊥;Q) =
k⊥
M1

√
2e
〈k2

S〉
2

〈k2
⊥〉

∆N fq/p↑(x ,Q0)R(Q,Q0)
e−k

2
⊥/w

2
S

πw4
S

,

Width of the Gaussian function evolves as

w2
S (Q,Q0) = 〈k2

S〉+ 2g2 ln
Q

Q0
·

1

〈k2
S〉

=
1

M2
1

+
1

〈k2
⊥g 〉

.

〈k2
⊥g 〉 = 0.25 GeV 2 g2 = 0.68 bmax = 0.5 GeV−1
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Exact Solution of TMD Evolution Equations

Exact solution can be obtained numerically: Anselmino 2012
TMD evolution of TMDs is driven by

R(Q,Q0, b) ≡ exp

{
ln

Q

Q0

∫ µb

Q0

dµ′

µ′
A(µ′) +

∫ Q

Q0

dµ

µ
B

(
µ,

Q2

µ2

)}
·

where b is the parton impact parameter,

b∗(b) ≡ b√
1 + b2/b2

max

, µb =
C1

b∗(b)
·

with C1 = 2e−γE where γE = −0.577, b∗ → bmax

A and B are anomalous dimensions, which are given at O(αs) by

B(µ;
Q2

µ2
) = αs(µ)

CF

π

(
3

2
− ln

Q2

µ2

)
A(µ) = αs(µ)

2CF

π
·
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Parameter sets for analytical and exact formalisms

Parameters used to estimate the asymmetry using the formulation
provided by Anselmino et al.
TMD-e1 : extracted at Q0 = 1.0 GeV for the exact solution of TMD
evolution equations

Nu = 0.77, au = .68, bu = 3.1 ,

Nd = −1.00, ad = 1.11, bd = 3.1 ,

M2
1 = 0.40 GeV2, 〈k2

⊥〉 = 0.25 GeV2 ,

g2 = 0.68 GeV2, bmax = 0.5GeV−1

TMD-a : Parameters fitted to analytical solution

Nu = 0.75, au = .82, bu = 4.0 ,

Nd = −1.00, ad = 1.36, bd = 4.0 ,

M2
1 = 0..34 GeV2, 〈k2

⊥〉 = 0.25 GeV2, ,

g2 = 0.68 GeV2, bmax = 0.5GeV−1
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CSS Evolution at NLL

Echevarria, Idilbi, Kang Vitev,Phys.Rev. D89 (2014) 074013
The perturbative part is given by

R(Qf ,Qi , b) = exp

{
−
∫ Qf

Qi

dµ

µ

(
A ln

Q2
f

µ2
+ B

)}(
Q2

f

Q2
i

)−D(b;Qi )

A=Γcusp , B=γV , dD
d lnµ = Γcusp

fq/H(x , b;Qf ) = fq/H(x ,Qi ) exp

{
−
∫ Qf

Qi

dµ

µ

(
A ln

Q2

µ2
+ B

)}(
Q2

f

Q2
i

)−D(b∗;Qi )

× exp
{
−b2

(
gpdf

1 + g2

2 ln Qf

Qi

)}
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Sivers function

f ′⊥g1T (xg , b;Qf ) = −2g sivers
1 f ⊥g1T (xg ;Qi )b exp

{
−
∫ Qf

Qi

dµ

µ

(
A ln

Q2

µ2
+ B

)}

×
(

Q2
f

Q2
i

)−D(b∗;Qi )

exp
{
−b2

(
g sivers

1 + g2

2 ln Qf

Qi

)}

The expansion coefficients with the appropriate gluon anomalous
dimensions at NLL are

A(1) = CA

A(2) = 1
2CF

(
CA

(
67
18 −

π2

6

)
− 5

9CANf

)
B(1) = − 1

2

(
11
3 CA − 2

3Nf

)
D(1) = CA

2 ln
Q2

i b
2

c2

Choosing the initial scale Qi = c/b, the D term vanishes at NLL.
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Most recent parameters: Echevarria, Idilbi, Kang Vitev PRD89(2014)
Obtained by performing a global fit of all experimental data on Sivers
asymmetry in SIDIS from HERMES, COMPASS and JLAb
We call this set TMD-e2

Nu = 0.106, au = 1.051, bu = 4.857 ,

Nd = −0.163, ad = 1.552, bd = 4.857 ,

〈k2
s⊥〉 = 0.282 GeV2, 〈k2

⊥〉 = 0.38 GeV2 ,

g2 = 0.16 GeV2, bmax = 1.5GeV−1

(1)

This set was fitted at Q0 =
√

2.4 GeV.
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Gluon Sivers functions in the TMD-e1 at Q = 3.0 obtained using gluon
and quark anomalous dimensions respectively, in the evolution kernel.
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JLab and HERMES with parameterizations TMD Exact-1,
TMD Exact -2 and TMD a

Jlab,
√
s=4.7 GeV
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COMPASS and eRHIC I with parameterizations TMD
Exact-1, TMD Exact -2 and TMD a

COMPASS,
√
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eRHIC II with parameterizations TMD Exact-1, TMD
Exact -2 and TMD a

eRHIC,
√
s=158.1 GeV
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Asymmetries with parametrization (b) : JLab
(
√
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The integration ranges are (0 ≤ qT ≤ 1) GeV and (−0.25 ≤ y ≤ 0.25)

QCD Evolution Workshop, May12-16, 2014, Santa Fe, NM



Introduction Transverse Single Spin Asymmetry in e + p↑ → J/ψ + X TMD Evolution Approximate Analytical vs Exact Solution Estimates of Asymmetry Summary

Asymmetries with parametrization (b) :HERMES energy
(
√
s = 7.2 GeV)
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The integration ranges are (0 ≤ qT ≤ 1) GeV and (−0.6 ≤ y ≤ 0.6)
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Asymmetries with parametrization (b) :COMPASS energy
(
√
s = 17.33 GeV)
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Asymmetries with parametrization (b) :eRHIC energy
(
√
s = 31.6 GeV)
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Asymmetries with parametrization (b) :eRHIC energy
(
√
s = 158.1 GeV)
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y and qT distribution for all c.o.m energies using the TMD-e2 fit and
parametrization (a) of the gluon Sivers function.
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drift of the asymmetry peak towards higher values of rapidity

general decrease of asymmetry values with increasing c.o.m energy
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Summary

Transverse SSA in electroprduction of J/ψ using Color Evaporation
Model for J/ψ production is estimated.

Sizable asymmetry is predicted at energies of JLab, HERMES,
COMPASS and eRHIC experiments when TMD’s are evolved using
DGAP evolution

Substantial reduction in asymmetry when TMD evolution is taken
into account
Asymmetries given by the TMD-a and TMD-e1 fits are similar
Expected as both use the same kernel(except for the approximation
on the b dependence) and were fitted to the same data.
Asymmetries given by the TMD-e2 fits are however, consistently
smaller than the former- approximately between one-third to
one-half the size of the asymmetries given by TMD-a and TMD-e1
Overall, the asymmetries obtained with TMD evolution taken into
account are of the same order of magnitude. The difference amongst
them is much less than the difference between them and DGLAP
asymmetry
The predictions are stable and the asymmetry remains large enough
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