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High-energy scattering and Wilson lines
m High-energy scattering and Wilson lines.
m Evolution equation for color dipoles.
m Leading order: BK equation.
NLO high-energy amplitudes
Conformal composite dipoles
NLO BK kernel in QCD.
NLO hierarchy of Wilson-lines evolution.
Evolution of 3-Wilson-line baryon operator
Conclusions
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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DIS at high energy
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Formally, » means the operator expansion in Wilson lines
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Four steps of an OPE

m Factorize an amplitude into a product of coefficient functions and
matrix elements of relevant operators.

m Find the evolution equations of the operators with respect to
factorization scale.

m Solve these evolution equations.

m Convolute the solution with the initial conditions for the evolution
and get the amplitude
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):
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Formally, = means the operator expansion in Wilson lines
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Rapidity factorization

7 - rapidity factorization scale
Rapidity Y > n - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n
Ul = Pexp {ig/ dx A" (x+,xL)]
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Spectator frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’s / %«4"  Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave]x
[ z — y: free propagation |
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High-energy expansion in color dipoles

o

T — : — : D — — . : D—

The high-energy operator expansion is

T{]}J« .]V } /d2Z1d2Z2 IL Z17Z27-x7y)Tr{Ug] ngn}
+ NLO contribution
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High-energy expansion in color dipoles

+...
n - rapidity factorization scale
Evolution equation for color dipoles
itr{U’?UT”} = / dzz&[tr{U"UT”}tr{U"UT"}
dn 7Y 272 (x—2)%(y —2)? ) Y

— N{UTUI"}] + aKnpotr{UTUS} + O(a?)

(Linear part of Knpo = KNLo BFKL)
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities n; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(m — 1) Kevol ®
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Evolution equation in the leading order

d_ . . -
d—nTr{UnyT} = KLoTr{U,Uf} + ... =

d A ~ A
% (TI'{ U, U;[ }>shockwave = <KLOTr{ UU ;[ }>shockwave

U = Te(i"U"UT} = (UUH) = (UU)" + ag(m — ) (UUTUUN™

= Evolution equation is non-linear
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Non linear evolution equation

() = 1= {00 (1)}

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y — 2)?

) = {i(e,2) +0(z.y) ~ e, y) ~ Ux, e, ) )

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d -~ asN, d*z (x —y)? 5 3 " . .
i) = 55 | o Tt o) + ) () - U @ ) |

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, c4m ~ 1)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d - _aNe [ dPz(x—y)* (- - 5 5 .
) = 53 | G D) + () — Uley) — Ul () |
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: oy < 1, 5m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: a5 < 1, a5 ~ 1, a,A'/3 ~ 1)
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Why NLO correction?

m To check that high-energy OPE works at the NLO level.

m To check conformal invariance of the NLO BK equation(in N'=4
SYM)

m To determine the argument of the coupling constant of the BK
equation(in QCD).

m To get the region of application of the leading order evolution
equation.
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Hign-energy OPE In the next-to-leading order

E Y <M

—'\7 | — ,,,,,‘ A
DIS structure function F,(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Photon impact factor in the LO
A £ 0N N o () AV Pad’z 1o Fm Frin
(=)' T{P)V @) )V ()} = 7 L (21, 2)u{UL U}

212
4 07 1
1;1719(21712) = Tk le;s(ﬁ “C)3 OxtdyY (k- C)(K-C) — Eﬁz(ﬁl Q)]

1 )
K = N (‘ITI —x*ps +x)—x4y (=

NLO impact factor is calculated recently (G.A. Chirilli and 1.B, 2013)
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NLO impact factor and conformal Mdbius invariance

2 n ;
NLO o, A 3 e’'s i
(g yiznz,zn) = -1 X 555 |In—23 - +C
T 212423 4 2

The NLO impact factor is not Mébius invariant < the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of n~2 for usual OPE)

A~ A~ 1» A A~
(Te{U2 UL} = Te{U7 U1}

)\ 2 ZZ2 ~ ~ ~ ~ ~ ~ aZZ
+ 53 4o Z%;Z%B [Te{T" 07 UI'T" U2 U} — N Te{U? UI"}] In 2 23 + 0(\?)

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles

T{OO()} = / 212 X0z, ) Tr{ 07 D7y

1 A A NN A
+ / drd?d s NP (21,22, 23) [ETr{T" Ur o un Uiy — te{ U7 U1}

3722
A 2 2, eMas? .
PNO = - 02 a2 e T2D B 22 irgoc
2 213923 213423

The new NLO impact factor is conformally invariant
= Tr{U! UI"} ot is Mdbius invariant (in A\ = 4 SYM)

We think that one can construct the composite conformal (in A/ = 4 SYM) dipole
operator order by order in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local operator,
the composite local renormalized operator in must be corrected by finite
counterterms order by order in perturbaton theory.
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Definition of the NLO kernel

In general

1 o A Ay PN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn
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Definition of the NLO kernel

In general

1 P PN PN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
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Definition of the NLO kernel

In general

1 P PN PPN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
2KnioTr{ 0,0} } = d—nTr{UxU; } = aKLoTr{U U} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(@2KnLoTr{ U, U1 }) = %(Tr{f]xf];}) — (Ko Tr{ U, U] }) + 0(a?)
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Definition of the NLO kernel

In general

d

ymild {001} = K oTr{ U U1} + 2Ky o Tr{ U U} + 0(c)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(0 KnLoTr{U U }) = d (Tr{U Ul = (asKLoTr{U,U}) + 0(a3)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)

= H prescription in the integrals over Feynman parameter v
+

V

Typical integral

/" 1 1 1 (k—p)
dv - {7} — In————=
Jo (k — ]J) v Ap (1 —=v)lvly Pl i
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Gluon part of the NLO BK kernel: diagrams

1

. ; .
) " i B (i . (1X)

(x) (Xt L (it B (X1v) o xv)




Diagrams for 1—3 dipoles transition

xvi) . (xvi) B (xvin (XIX) ; (XX)

(XX1) o (XX1l) (XX

(xXxv) - (Xxviy o (v * (XXIX) < (XXX)




Diagrams for 1—3 dipoles transition

%q%‘.- 9 '_.-' o \
(XXXI) . (XXXIl) “ (XXXl ‘ (XXXIV)
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"Running coupling” diagrams

“ vy
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1 — 2 dipole transition diagrams
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NLO evolution of composite “conformal” dipoles in QCD

[. B. and G. Chirilli
ai[tr{U uiyeme — 2 2o ([uf{v, UL e {U. UL Y — Now{U,, U 1 ]eomP
da z2Y%Sla = on2 <3 21Yz; Yz c zuYz% Sla
2 2 2 2 2
Z aiN, i3 — 2 z 67
% 2122 {1+ s ”(blnzfzuerb 132 zzzln%Jrifi)]
213323 4 213323 o 9 3
ay [d’z { { o 7-2323%3 + :%4—%3 - 4’%2'24 In 12323%3}
4m2 | 2, 2(223%23; — 254233) BaZl3
x [te{ U, ij pr{U, U:t HU., UT} — u{U, Ui U, Ujg Uz Ui} — (24 = z3)]
1%21%4 Z%21%4 1%2?%4 Z%3Z%4
+ 5= 21n +(1+ 3 ) In 5
Z13Z24 223 Z23 ZI3Z24 — 223 Z23 223 223

X [tr{Um U;}tr{ U23 U;}tl‘{ U24 U;fz} - tI‘{ UZ[ UL UZs UZT,Z UZ4 U;,Lg} - (Z4 - Z3)]}
11 2

KnrLo Bk = Running coupling part + Conformal "non-analytic" (in j) part

+ Conformal analytic (N = 4) part

Linearized KnLo Bk (for composite dipoles) reproduces the result for the
forward NLO BFKL kernel for Green function of two reggeized gluons.
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NLO hierarchy of evolution of Wilson lines (G.A.C. and I.B., 201

Figure : Typical NLO diagrams: self-interaction (a,b), pairwise interactions (c,d),
and triple interaction (e,f)




Self-interaction (gluon reggeization)

d a? [d*z4d%zs ’ , ,
— (U, = s oAt o {U!Id v — yee
dr]( l)u 8t Zis 4 ( 5 4 )
4 1y ;o
% ({211 _ T}fadefbdf (,uUltb)’_j (2124’2215) In 314 Z14 [ {td £IU); — lfﬂdf(taUl {td NG })U_D}
214215 s
2N, [d? z 67 7w’
s a4 (Uab Uab)<t¢1U]lb>U{ [7 11’12]4,“ 4+ 5 ?]
4
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Pairwise interaction

2

d G [ a?
—(U1)(U2)u = d°zad zs(Ap + Ay + A3) + 3

dn 8

/ Pz4(By + NoBy)
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Pairwise interaction

A = [(t“UDi(Uat) + (U1) (1 Un ]

/) 7 ’ 7 4 ]1 [2
x [repte vt g —ug) (- K- o+ v 2]
245 %45 %5

K = NLO BK kernel for N' = 4 SYM

Ay = 4(Us — U™ (Us — Up)*

2
. z
{l[fad’g,(l‘dUlla)ij(l‘eUg)kl — fade(l‘aUlldl)ij(Uzl‘el)kl]./1245 In Z%
15
2
. , , , z
iU (1 Unt® ) — % (Ui ) (1 Unt Y] J2154 In f}
25
214, 225 215, 245) (215, 225 225,245
Jias = J(z21,22,24,25) = (2 5 2)*2( > 2)(2 5 )+2(2 5 2)
214%25%45 214215225245 214%25%45

I. Balitsky (JLAB & ODU) Rapidity evolution of Wilson lines



Pairwise interaction

.A3 = ZUXM { [fade (Ull‘a)ij(tdteUz)kl 7fade(taU1)ij(U2teltdl)k[]

2
z

X [71245 In =1 4 (Ja145 — Jo1s4) In < }(Us Uy
s Z25

+ i[fad g(l‘dl‘eU])ij(Uzta)k[ 7fade(U] t¢ td )l:,'(laUz)]d]
2 2

{32145 In =2 + (J1245 — J1254) In *} (Us —Up)* }

s s

Jioas = J(21,22,24,25)
(224:225)  2(204,25)(215,205) | 2(225,25) (214, 224) 2(214,224)(2157225)

2 2 2 2 2 2 2 2.2 2 2 2.2 2 2
224%25%45 224%25%15%45 214%24%25%45 214815224225
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Pairwise interaction

2 2
Bi = 2In 4
2 22
. 214, 2 1
8 {(U“ = Uil (1 Unt)y(Uat D + £ (U °) (1 U] {% - T}
214224 214
. 214,72 1
+ (U4 _ Uz)abl [fbde(Ulte)ij(taszd)kl + fade(thl)ij(teUztb)kl} [( 124 Z224) _ ZT}}
14224 24

By, = [2U5 — Uf" — U] [(1UL)yi(Uat”)ia + (Urt?) (1 Un i)

(214, 224) (11 67 7 11
(4375 + 5 -5

1 2 1 2
lnzﬁ—l— nzﬂ]}

[ 2 2 2 2
3722 o 24 I
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Triple interaction

2(z14, 234) (225, 235
j12345 = j(ZI7Z27Z37Z4aZ5) = - ( 2’ 2)(2 2’ )
214225734235
 2(z14,245)(225,235) | 2(225,25) (214, 234) | (214, 205)
2.2.2 .2 2.2.2 .2 2.2 .2
214225235245 214725734245 214%25%45
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Triple interaction

d

%(UI)U(U2)kl(U3)mn
2 2
e’ Z
= iz~ /d224d2Z5 {712345111 e
27 s

X f (U (U (Ust )un(Us — U1)™ (Us — Un)™

— (U1t (Uat")a(t°U3) i (Us — U1 )™ (Us — Up)*" ]
2

214
+ J32145In 5+
a5

X ade [(Ulta)ij(thz)kl(tCU3)mn(U4 — U3)Cd(U5 — Uz)be
— (V1) @ (Uat”)ia(Ust)mn (U§° — US)(US” = US")]

2
+ Ji324sIn 5+
225
X bde [(l‘aUl)U(Ugtb)kl(tCU3)mn(U4 — Ul)ad(Us — U3)Ce
— (U1t (°U2) (U3t ) (Us — U )™ (Us — U3)*] (1)
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Rapidity evolution of the baryon “tripole”

Baryon operator
Bioz = & ey Ui (r ) U () Uji(r3,) = Uy - Us - Us,

Evolution equation in the LO (A. Grabovsky, 2013)

d 3 =2 =2
—Bjy3 = asz/‘“[ 2 5 In <aa2r£22)
dn 8 FATH T4174

1
x(—Bis + 6(31443324 + B244B314 — B3asB214)) + (1 <3 3) + (2 < 3)
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Composite “conformal” baryon operator in the NLO

General prescription:

O('Un/ _ OJr 1()0
2 0n |, Ty, m(ﬁ@%)

F.oT. AT
im'in im'in

(cf. “Conformal JIMWLK” by Kovner and Lublinsky, 2014)

Composite “conformal” baryon operator

22 =22
con 2_, r ar
B]23 = B3 + d°r. L= In = 1.2
8 2 rir2 F2r2

41742 41742

1
X(—Bi23 + —

6(31443324 + B244B314 — B344B214)) + (1 <3 3) + (2 <> 3)
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NLO evolution of baryon operator (

2
— LO- % / dFodFy ({IZICZ (UOUﬂUg) - (UonTU4) - Us
T
+L6, [(UoUﬂUz) : <U1 UOTU4) Us+1r (UoUﬂ) <U1 UOTUz) Us - Us
3 1
—1[31443234 + B4sBi34 — B3aaBio4] + 53123

+M¢, [(U0U4TU3) : (UZUOTUI) ~Us + (UonTUz) ‘ <U3U4TU0) 'U4}

+Z12B355B125 + (all 5 permutations 1 «» 2 «» 3)} + (0« 4))

5 g (M (F8) (L L) - 7By, (T2
T 813 5 6 =2 =2 =22 =222 =2
T s Tys 15 To1725 H

3
X (2(31553235 + BassBiss — BassBias) — 93123> +(1+3)+2« 3)> :
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NLO evolution kernels

Here

2 2 - 22 2 - 2 - 22 2
C NLO BK r12 1257114 12 r15°r4
L12:K12 + =2 2= 2= 21n = 2= 2 + =2 2= 2= 21n = 2= 2 bl
47157 T457T24 F45°T12 4ry5° 457714 F45°T12

2 2 = 22 2 > 2 2 22 2
jC — gNLO BK r12 1 257714 r2 | r15°124
12 =Kz +4~2~2~2n~2~2_4~2~2~2n~2~2’
r15°745°124 T45°112 12577457114 r45°112

- 2 - 2 S 2 S 22 2
7 12 [( 735 s >ln <r25 14 >
2= 5555 a5~ S as —
8F152Fas? | \Fas>P3a®  Tas’Faa? Fas2F12?

= 2 = 22 2 = 2 = 22 2

ris 257134 r3 r3s=ri2
A (BERY LA (B ),

T'45°Tr14 1357124 r14°r34 57113
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NLO evolution kernels

- 2 2 o 4o 4o 4o 2
e — Fi2 In 752 Ths i3t N rlz 1 (735 45 12"
12_16_’ 272 27 2 47 222 167 ) 2 27 67 27 4
F25°745%T14 3547142124 152745224 F15°7250T14° T34
) 4 2 S 22 2o 4
3 In <715 7352745734 > n 3 In <st 7357 14 )
167527457342 Pas2PastF a4 Past 1673527452 F24? Fi54T242 342
2 2 4= 2 > 4= 2o 2
13 In (rzs 142734 > n 13 In <r25 Fl14“734 )
1673527452 7142 Fi521352 s 1675274527342 Fi52P352 st
S 22 2 2 S 22 25 2
r3s=ri2 ln< 1”15 735 V24 >+ rz3 12 In <r25 ri2=ria >
87152725 Tas52 34 Pas?Pas? 122342 ) 8F152Ths? Fas’Faa? 1527232 Fas?
2
F14%Fa3° <r15 7152723 s )
87152 F452Faa’ 342 Prs*714% 7342
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO BK kernel in for the evolution of conformal composite
dipoles in N' = 4 SYM is Mdbius invariant in the transverse plane.

m The NLO BK kernel agrees with NLO BFKL equation.

m The correlation function of four Z? operators is calculated at the
NLO order.

m It gives the anomalous dimensions of gluon light-ray operators at
“the BFKL point”j — 1

m NLO photon impact factor is calculated.
m NLO hierarchy of Wilson-line evolution is derived.

m NLO evolution of baryon operator (> odderon contribution) is
obtained.
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