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Where does the spin of the 
proton come from?
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Quark Orbital Angular Momentum 

from connected insertion (~ valence)



Status of Proton Spin

• Quark spin ΔΣ ~ 20 - 30% of proton spin 

(DIS, Lattice)

• Quark orbital angular momentum?       
(lattice calculation (LHPC,QCDSF) ~ 0)

• Glue spin ΔG/G small (COMPASS, STAR) ?

• Glue orbital angular momentum is zero 
(Brodsky and Gardner) ?              
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Hadron Structure with Quarks and Glue

• Quark and Glue Momentum and Angular Momentum in the 
Nucleon
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Momenta and Angular Momenta of Quarks and Glue 

 Energy momentum tensor operators decomposed in quark and

glue parts gauge invariantly  --- Xiangdong Ji (1997)

 Nucleon form factors

Momentum and Angular Momentum
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Renormalization and Quark-Glue Mixing
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Mixing
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Lattice Parameters 

• Quenched 163 x 24 lattice with Wilson 
fermion

• Quark spin and <x> were calculated 
before for both the C.I. and D.I.

• κ = 0.154, 0.155, 0.1555 (mπ = 650, 
538, 478 MeV)

• 500 gauge configurations

• 400 noises (Optimal Z4 noise with 
unbiased subtraction) for DI

• 16 nucleon sources
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Disconnected Insertions of T1 (q2) and T2 (q2) for u/d  Quarks

fig_4a.pdffig_4a.pdf



Gauge Operators from the Overlap Dirac Operator

Overlap operator 

Index theorem on the lattice  (Hasenfratz, Laliena,  
Niedermayer, Lüscher)

Local version (Kikukawa & Yamada, Adams, Fujikawa, 
Suzuki)

Gauge field tensor
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Glue  T1 (q2) and T2 (q2) 
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CI(u) CI(d) CI(u+d) DI(u/d) DI(s) Glue
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Renormalized results:   Zq = 1.05, Zg = 1.05



Quark Spin, Orbital Angular Momentum, 

and Gule Angular Momentum
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Summary of Quenched Lattice Calculations  

• Complete calculation of momentum 
fractions of quarks (both valence and 
sea) and glue have been carried out for a 
quenched lattice:
– Glue momentum fraction is ~ 33%.

– gA
0 ~ 0.25 in agreement with expt. 

– Glue angular momentum is ~ 28%.

– Quark orbital angular momentum is large for 
the sea quarks (~ 47%). 

• These are quenched results so far.
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Uncertainty of Quark Spin Calculation

• Recent calculation of strange quark spin 
with dynamical fermions

 R. Babich et al. (1012.0562)

 QCDSF (G. Bali et al. 1206.4205) gives 

much smaller than that of of quenched result.

 C. Alexandrou et al. (arXiv:1310.6339)
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24^3 x 64, a =0.115 fm 

La ~ 2.8 fm            

mπ ~ 330 MeV

La ~ 4.5 fm               

mπ ~ 170 MeV

64^3 x 128, a =0.085 fm 

32^3 x 64, a =0.12 fm 

2+1 flavor DWF configurations (RBC-UKQCD)

La ~ 2.7 fm   

mπ ~ 295 MeV

(O(a2) extrapolation)

La ~ 5.5 fm            

mπ ~ 140 MeV

48^3 x 96, a =0.115 fm 

La ~ 5.5 fm   

mπ ~ 140 MeV

32^3 x 64, a =0.085 fm 



Quark Spin from Anomalous Ward Identify

• Calculation of the axial-vector in the DI is 
very noisy

• Instead, try AWI

 Overlap fermion --> mP is RGI.

 Overlap operator for                           is RGI.

 P is totally dominated by small eigenmodes.

 q(x) from overlap is exponentially local and is 
dominated by high eigenmodes.

 Directly check the origin of `proton spin crisis'.

21

0

2
2

8

f

A

N
Z A mP G G   


  

5( ) 1/ 2 Tr ( , )ovq x D x x 



Preliminary Results
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Glue Helicity ΔG

• Jaffe and Manohar

• Collins, Soper; Manohar

• X.S. Chen, T. Goldman, F. Wang; Wakamatsu; 
Hatta, etc. 
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Glue Helicity ΔG

• X. Ji, J.H. Zhang, Y. Zhao; Y. Hatta, X. Ji, Y. Zhao 

• Therefore,  
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Challenges and Summary 

• Continuum limit at physical pion mass and 
with large lattice volume (5.5 fm) with 
chiral fermions are being carried out. 

• 483 x 96 and 643 x 128 lattices with 
large number of eigenvectors (~ 2000)

• Decomposition of proton spin into quark 
spin, quark orbital angular momentum, 
glue helicity, and glue orbital angular 
momentum on the lattice is feasible.
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CI(u) CI(d) CI(u+d) DI(u/d) DI(s) Glue

<x>
0.416     
(40)

0.151
(20)

0.567
(45)

0.037
(7)

0.023
(6)   

0.334
(56)

T2(0) 0.283
(112)

-.217
(80)

0.061
(22)

-0.002
(2)

-.001
(3)

-.056
(52)

2J
0.704
(118)

-.070
(82)

0.629
(51)

0.035
(7)

0.022
(7)

0.278
(76)

Renormalized results:   Zq = 1.05, Zg = 1.05
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moment



Momentum fractions <x>q, <x>g

Angular Momentum fractions Jq, Jg


