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IV. DEFINITIONS OF THE TMDS

As explained in Sect. II, our calculations are based on
the formulation of TMD-factorization explained in detail
in Ref. [26]. A repeat of the derivation is beyond the
scope of this paper. However, in order to put our later
calculations into their proper context, we will give an
overview of the basic features of the formalism in this
and the next section. We refer the reader directly to
Ref. [26] for pertinent details.

A. Soft Factor Definition

We have already stressed in Sect. II C that the defini-
tions of the TMDs in Eq. (7) are not the often quoted ma-

}

6

trix elements of the form ~ (P|¢) Wilson Line 9| P) with
simple light-like Wilson lines connecting the field oper-
ators. Using such definitions in a factorization formula
leads to inconsistencies, including unregulated light-cone
divergences. Also, soft gluons with rapidity intermedi-
ate between the two nearly light-like directions need to
be accounted for in the form of soft factors. Therefore.
before we can discuss the definitions of the TMDs that
will ultimately be used in Eq. (7), we must provide the
precise definition of the soft factor. In coordinate space
it is an expectation value of a Wilson loop:

~ 1
Swoy(br:ya,ys) = F<0|W(b'r/2- 0o;ng)l, W(br/2,00;1.4)adW (=b1/2, 00; 28)sc W (—=b1/2,00;1.4) 410N 5.1.-

We have used the vectors in Eq. (6) to define the direc-
tions of the Wilson lines so that, as long as y4 and yp
are finite, the Wilson lines in Eq. (8) are non-light-like.
The subscripts a, b, ¢ and d are color triplet indices, and
repeated indices are summed over. The “(0)” subscript
indicates that bare fields are used. The soft factor con-
tains Wilson line self-interaction (S.I.) divergences that
are very badly divergent and are unrelated to the orig-
inal unfactorized graphs. They must therefore be ex-
cluded, and we indicate this with a subscript “No S.I.”.
We emphasize, however, that this is only a temporary
requirement because all Wilson line self-energy contribu-
tions will cancel in the final definitions. Another poten-
tial complication, pointed out in Refs. [19, 20], is that
exact gauge invariance requires the Wilson lines to be
closed by the insertion of links at light-cone infinity in the
transverse direction. However, the transverse segments
will not contribute in the final definitions of the TMDs
(at least in non-singular gauges), so we do not show them
explicitly in Eq. (8). Again, the final arrangement of soft

[runsub

i/ (@, bri s yp — yB)

(8)

factors will ensure a cancellation.

Rather than appearing as a separate factor in the
TMD-factorization formula, soft factors like Eq. (8) will
be part of the final definitions of the TMDs. Their role
in the definitions will be essential for the internal consis-
tency of the TMDs and their validity in a factorization
formula like Eq. (7).

B. TMD PDF and FF Definitions

Now we turn to the definitions of the TMDs them-
selves, starting with the unpolarized TMD PDF. The
most natural first attempt at an operator definition is
obtained simply by direct extension of the collinear inte-
grated parton distribution, though with the Wilson line
tilted to avoid light-cone singularities. The operator def-
inition is

=’I‘rc/m—_e_ixp+w_(Pli/_)f(w/2)W(w/2._oo, nB)TZ;W(—w/zoo.nB)wf(—w/2)|P)c,Nos.1_. (9)

27

This definition does not account for the overlap of the
soft and collinear regions. so we refer to it as the “un-

subtracted” TMD PDF. Here w = (0,w~,br) and yp is
the physical rapidity of the hadron. As usual, the struck



QCD E\Iolulnon £>: THB)

QCD 'euolalfon o (YOMMJ k‘a a _C_§ equd{‘fm a/\J \Luo
f'QnoJm«ﬁilaLM gr.aup ( _&ff) equdll!?ul

@LE(“MH/[‘/?) J KU"T/ r,\ A//CS szcﬁ (4)
? ¥ |

C8 ;c_quahm.:'
Nﬁ_! Derw«kae wrl. Q»W %] eququu o a Ju‘.‘uaL“m otk -}’,L.
e bnlu\s J%M o f—: on '3' or Y. & 'ﬂlfou{_k L gﬂ
| ‘(-'ao‘ors So ‘HU\ ‘(:IDM 'HL . J&Q{n{ Lm e'e F;J Lwe FZL L;] JﬂwL

Cowl(;u -(zj‘!%

[-;:ﬂtg(br/yn-')‘m> ™ 'I‘*Q" g(le+oO/7’w>J

kb, p) - o i
I 9§(b117n,-°°) 0 Q gﬁbr,d-o"n’n)
28 b)) D Yin A8 (or s0m) Y
CBG gﬂudﬁms g
. .« JE(_LIIP} = ".\‘K (3(}”) ) LZ) - K’ is f'e.normjhgé ‘)a | ac“l a

ddnp T Lo | |

_ A resalh e oan addibve  aondb

dimension . | | |

SRRV, J;vugm@ arsez fom \'r:mlmlﬁ
Amgums ﬂg atd fhobe Y B
Ao 1) Jepml}zfd-r. |

-—-—I

@



. d La Ff;g: Jl""?) _ {F(3(~H /‘T/ra.) (3) - Doesnt «lquh\rof\. b.rlas Cor
[\ \(K (‘a(l"”

us;m}j W & B :m&ua W) n @) ad < " o A
ck r’ctlm)ﬁa\'!w\. o can s‘lOQ

felyn 3 )= Helon 1) - Lo hlgn) )

NoLe: . Euolujrfon eiﬂak% are. in b space ,

—_— T

Solubrons
- e ,-“', :EX/B,-/ , RT, ﬁv\:‘_
da e diteni: r?«a)@‘"[(i”g}
_ E(X,b-‘/ro;?) = E(X,bT)rn,s) QX\O[ S%}{F(%(r.))j’/r,z)]
. A A
- T{O’T/]" ) = ’V:U": / r°> T S{fg Xﬁ(a(r‘))
| ,‘o



lmeleme&iné Evolakon.

We S#arx Wil o b b’r (,e,.gl\ LT Co"fnem) regfon. In ravfoa.
e THDs Saib% o ot fomdim so thf

ot 4 S5 op 1) o
with {}()?,r) o cllresr ]?o"()

M loue,sl orclm‘ C;/F(_;_,L.,lr, ?) = 6J'FS(%-4 + (7(0{5_)

NQA Slep - 4b com L.'m_ ‘“o, Per#urLakda ,’nérm\({on m[ smjf L'r
wf“x nen - Fel‘urLL'Je mgm 7.[1m a# &I?Z BT uln’at\ s /b be
Ll wied Jhiou S L (xrd-' MM“ = by mau\fng presaip fron



* machin% pres c(IPJﬁoA,

Poblen :  Fonchons Bl Kby, ), Flby, ) ae  nor-perhobabie
for  dome by (Hhoeke wd  abldl )

waﬂl; d 40 Le a.ue l’o wh L #\zac F:Mo‘“wu ag q anclron o( L r
So M FOI gﬂ AT ‘%46 are Perlurufda mlwlq‘. 'e_
g_iﬂg_ noh = pef {'“fL‘\kUL co(lechbns . ‘

- - e
by (V) = b bt Max. ishma ab b perhilabin
( | 4 l’_’fl )/1 ‘H.eol.a 0 bo Le "f«tslcci.
b .

b'l' — (OOH;M( pimii | Pe(lmrt)a"ion Hvaolxa is ok )f-) LV—% LT
B — 0 (noa- Fe!Llr(mL've ﬁ'm.’# ) -.:~> E‘ —

T b

iad

k(b 1, g(r)) = K(L,‘ , ﬁ,j(r)) t ['!Z(h,rlgm)- yt("mf‘;j(r))‘(

[

e

.
= K(b“ro,g(r-)) S-”_l 4(rY) = 9, (&)
e

3,,\(51) v fon- Pe("ﬂfLatNg
+ unitersal (Saw, rall TMD;)

o (3'1\ U,T) - ‘Z 31 L:’ ( LanJrn EA.al)



D(Meﬁsfoo% )w ~ _':_. . We | chesse ,10 = _C_i_ §O 'ﬂm[

‘?Or e,ac‘f\. \Ia.Que 0() LT / /’40 s a r‘-urLa[-Iue, scaje._

ary et.

!

| (ROO3) y Kanﬁckw & }\\aclolsba (2006 Cnd
6§ to N* Wk b, = 0.5 eV
D. 13 +0.00 GeVE Wb ba = Ce V™!

imilac am\u&sfs for ?(Y/ bs P 3)

[

(” )= Floby, ps) { Flobe 1rt) }

F(xbe, 1, 3)

o

—_E(x,l’“/(,jo) ex [ (,,Mﬂnr ‘ F (Gbr 1)
f 5 ?("Ibnr'm

’ axf{ n\];-i‘( Kb, F) - ﬁ(u,r))J ” Vl

= E(x,,,r,f,) exp{ﬂ \g (,‘,r) exP[j X,by) - fln_g

/4.
= E(ffb*;ro/}.) eAp 5—/; r) ‘ = n—\]‘ h(‘g(r)

r uE
exgm K (b, ) - jif ﬁ«»—\% g )
: po

~






™MD Keenel lZ(L-,T, - )

Recall e Jc(m{jﬂ'oa
K(, 1-;[") L'l (T/Yn/’&)’ji'ﬂﬂg(led'w/Ynﬂ

93‘1
11 ?gbe, Yn, -00) _ M 9 50’1/ 2/ )
S0y ta =) 9 Yn 2.5 (by 140 %) 9 m

.agram #ml conHu{: a{ (}(v(s ..afe

0 AN @17

Yo

) WV, couktlems



E\/olua 0N o’( L¢ Vi?lluf Dfa{(j\‘_ﬂe‘

PRI WP e

ﬂﬂ (=4} Z.YB

V)

-4l ﬂAz(",-e ’) 3)
g |

Jof' nA . nB
BT (et ie) ((£ong +T€ ) (-2 +it)

| . "2(7’5.-)/8)_ |
I aSJ_"’!. 4
D 2 _
(g - ap i) (Lo € ) (g e )
CLEP b 40 UHP UHP

.E\'m_fmjﬁ mids i jcéraﬁ cloma fo gdlle Cin LW

| - —2(,‘/&~Yu)
=+ 5& SM Eil 1+ € |
D-2 + 2, (4 -2
NN VAIDIE S +re)(,2+_ezy"- gﬁe)
- 247 24*
L * (- Yp) ¥ 2
! Séf_z_hz ji‘—‘ . (uel ’ e -
[+ R 27 Y
@,T) f (‘*1_616%1}) (‘e*l— eth!i‘L>
2

E«aﬁj«‘r&% 'Hc l* fnlﬁ(S(J, e s,vl'

= - (\/ﬁ- A )Co ’1(‘/&- Va ) SA:;)Z:_‘ éz
2



E\Ialua‘l'{tm o[ ‘"-0, 'Real Dfame AY

=
ng ng = (0,4, 0) (b~4-2e)
Yn "Yn _;)
nA. = ( € -~ / O
"a fon S N
¢ v""“"’w:\‘,a
[ ‘\ s -
?'j‘“to G nafle (1) 27{5([3) Q(U)
W BT (ng kv ie) (4ngk - T€)
P-2 t (= n -t :
-, LJ-zJ(!AL st ey L U s ) e ()
934 (2r) (ZW) (“‘:C n+ lq,-ehu'é (w“-e)
L2 (8T Sw;\: ! 2§ (W) B0
240 ] e Om) (L g i)
0-2 t - 3 ctn 1 +
- _34 5 Jau e e g glate -l ) o(L)
0 i
@r) (2r) (‘lj 6'7'7“4L: 4Tk )9‘ [Faie
I j Iy &NJ‘;’ 2 2x S (kL -k Yo (L)
D=2 - - Ya L
prf He (L e

|

E\Iaﬁxak «}L. minus a'n‘t&raf, us.{'\a J{., UL anc N

-‘»
L >- Ju 1 z
__SJ Ly j_.__ LIy L —
'L"K’)v LR ﬂ\k ' (_k* e n + _"'; e"')
[ 2—‘4\.*

2 =Y Yn \ A
o G e o



phs.

m

i
L
. P )
| e
S $
u o
~ M
-5 i
N rvf_
x |
(4 v.ar
.3
'-d <
Wf\il\.
s
<
7§
p S =
S
LS

/
mncd/

% =
| 'W~
“\l\h I
M
’ !
? -
: 3
Q
b
<
ﬁl- FLL.I
<
. S
i~ et ~ )
.-  od .lnm fN
2| - —D
Tl &
oS
+ -
rl‘\lu -
4 )
N\ e




Pulrlr'mg §}r all k‘f&u\ug

Recall : SR (ki) = 1 JJ'Z*JL_
| are Mc (Z;?I')D

No S.T.
’fa\w‘& o Tourier Yransform |
T~ 2 2 .é 1 i-l:.r._b.
Kk(b”” ) = 9, Ce (47 ) jAp-zLT o T
4 iy
~ 2 2 1 € - 2 ¢
R ) v = TRl (et 1 S )
4’ L} 4o €
~ N € ’;,E,.E, ¢
KU;T, r) _ ‘}:CF (a7 r ) 54"‘2 by £ -1 ﬁlCF (Qwﬂ)
47 s 4t [(-t) €
Percorm lbi B .'/IJQXJ us.”/g
L, iL1-L1 1 e+d -4 &
SA"'“u, ¢ - (.’zr_ ) T Ci-e-%)
()" ar M («)

Cloyr) = - ﬂi [,@n(r%T) dal s mg}

ya*



