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hadrons

@ defined to be those particles which experience the ‘strong nuclear force’

@ these days we have a strong suspicion that this force is QCD, and that hadrons
are made up of dynamically confined quarks and gluons

@ QCD is a gauge field theory
=z — a 1 rha !
L=q(iv"0y —m)q+gqyitag A} — 7 F0 FY
@ just one parameter of its own - the coupling ‘constant’, ¢

©® quark masses also appear but they don’t really ‘belong’ to QCD
@ the (s are the generator matrices of the group SU(3) ta, tp] = if apctc

this doesn’t look too bad - quite like QED which we have few problems with
in fact it is an enormously challenging problem to find solutions

© for now | will just point out that gis not a small “number” so probably the
just p P Y
perturbation theory (expansion in ) so useful in QED won’t work here

@ there are small numbers though - the quark masses (my,g do(1) MeV)
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hadrons

@ fall into two categories based upon spin

135

21212

® most famously the stable proton and the long-lived neutron

@ fermionic baryons J =

@® bosonicmesons J = 0,1,2...

® none are stable, but the lightest, the pion plays a fundamental role in
nuclei
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charmonium - the ‘easy’ case

@ one set of hadrons that are particularly simple are the charmonium mesons

4
@ each box represents an observed particle
{
© particles fall in groups - ‘gross structure’ }
o L ‘ ,
@ splitting within a group - ‘fine structure
@ reminds us of quantum mechanics of atoms
@ a reasonable description of the spectrum of
i i

charrpc?nlum comes from so!vmg a | {-

Schrodinger equation assuming a potential

between a charm quark and an anti-charm

quark

m, = 2m.+ E,
@ == o+t 1tt+ 1+! o++ 2! s
1 n 2
L2 LY () = By
C
2 o
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charmonium potential model

@® acommon ‘guess’ for the potential is ﬁ

8

V(ir) =1 —+ br
short distance/ " r

one gluon exchange

long distance

confinement §
solve the Schrodinger C ) —
equation with this potential C D) L=2
giving the gross energy level - y L=1
structure 7 —0
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charmonium potential model

@ non-relativistically reducing diagrams like this——
give rise to fine-structure producing
terms in the hamiltonian that are suppressed
by inverse powers of N

| 1 . ~
! q ’ ' Q Oyperbne intactionO

Z . L Ospin-orbit irstetionO

@ splits up the levels just as in the experimental spectrum
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charmonium

charmonium (and the heavier bottomonium) seem to be well enough described
as quantum mechanical problems

we seem to have avoided much of the complexity of field theory (suspicious?)
hadron spectroscopy might be an easy subject ?

let’s examine the lighter meson spectrum...

@ start with things that appear to be generally true - symmetes
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symmetries of light hadrons

@ experimentally it is found that the strong interaction is invariant under the parity

[} ] —

operation (sends ;| r

@ provided one assigns an intrinsic parity to hadron states
® eg.Plp) = +|p)
Plt)= 1)
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symmetries of light hadrons

@ certain light hadrons, through their masses (and couplings to other states),
appear to sit in definite representations of SU(2) ©isospinO|7, I.!

@ e.g.the proton and the neutron have approximately the same mass, with no

other baryon having a similar mass <zform an isospin doublet H?> = }%, :I:%>

©® we observe three different charged pions, all with roughly the same mass

<zform an isospin triplet ‘7= = [1,+1) ‘7" =1,0)

@ there is a single isolated meson state with mass 50 MeV, which we call the !

<zthis is an isospin singlet In! =10, 0!

© experimentally it is found that the strong interaction is to an excellent
approximation isospin invariant, so that for example, an isospin | meson cannot
decay into a set of mesons having total isospin 0 through the strong interaction

@ (the electromagnetic interaction is not isospin invariant)

@ e.g the strong interaction cross-section for ! *p scattering is the same as that for

I'n "
Ppl = (141 |5+ 5= 5+ 3!
) =L -1) @k -1 =13, -2) i
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symmetries of light hadrons

@ an operation known as charge conjugation exists, which turns particle states
into antiparticle states, up to a phase

@ itis possible for neutral bosons to be eigenstates of this operation
® eg.C|y) = —|v),and we say the photon has nedatizeg paityO

® eg.C| 0> = +|! O> whee we can determine tbiearg paity@om the expt
obsevation of" I ~~

© experimentally we find that the strong interactions are invariant under the
charge conjugation operation

@ by merging an isospin transformation and charge conjugation one finds an
(invariant) operation on charged & neutral boson states

G! Ce "™

@ without going into details this defines a conserved ‘G-paity for meson states
@ e.g.gyﬁi | =" |7t |

® for a neutral boson G = C (-1)
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approximate symmetries

@ furthermore, there appears to be an approximate SU(3)symmetry if we look at
a broader selection of hadron states

@ extra conserved quantum number: strangeness
® eg K*" K has strong interaction decay (# d 023 s)
e conserved strangeness process: K*(S=1)" K(S=1) I(S=0)
® eg K" !l has weak interaction decay (# d0-'0s)
e strangeness not conserved: K(S=1)" (S=0) [(S=0)
® (broken) symmetry clearly seen in baryon masses:
® representations of SU(3) include singlet®octetsdecuplets ...

A A AT Bt

@200 MeVI
S=-1
S=-2
S=-3
wi»
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labelling a meson

@ so then a neutral non-strange meson state can be labelled by the (strong-
interaction conserved) quantum numbers [G JPC

@ celectrically charged non-strange mesons are not eigenstates of C
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experimental hadron spectrum

@ there are a small number of hadrons that cannot decay through the strong
interaction

@ they instead decay electromagnetically or weakly with a relatively long
lifetime

® egm hasc# d8m, K*hasc# d4m, m"$$

® charged particles and photons ionise matter and so are ‘easy’ to detect

© the other hadrons are short-lived resonances and are detected via their ‘stable’
decay products

® eg%" M with c#t dO(fm)
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resonances in pp

@ say we've got a beam of pions that we fire at a proton target
@ one possible reaction is Tp" TP

@ observe the angular and invariant-mass distributions of the two pions
T | T k
2 T(6,m*)!" =1 f(m*)P,(cost)

m ! . !

m® = (p1 + p2)"(p1 + p2)

T

@ e.gsay the pion state is 7' TI° - the reconstructed invariant mass might look like

*p - *pa°
2085 t . . . .
e two possible isospins contribute

P9 =11,+1) ® |1, 0)
a|l,+1) + b|2,+1)

Q 400 600 800 1000 1200 «_m
Invariant mass (MeV) D
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resonances in pp

@ there isn’t a peak at the same position in 7' 17" - since the strong interactions are
isospin invariant, we can eliminate the isospin 2 possibility

@ <zwe have an isospin | resonance, X (X*,XY)

@ the G-parity of this resonance can be inferred immediately
® G=GG=(1)(-1)=+1
@ hence the neutral member X% has C = -1

@ information on the spin of the resonance comes from the angular distribution of
pions

@ experimentally this is found to behave like cos?& when mi  d770 MeV
cos?& = |R=1(cos &)]? <zJ=1

@ the parity of two particles in a relative L-wave is P|P2(-1)4 so that with

Pi = -1 & using the parity invariance of strong interactions we have
Px=-1

® this is the rhomeson |6 &1+ 1
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invariant mass dependence of a resonance

@ the rho meson appeared as a bump-like structure in the two-pion invariant mass
@ in many cases resonant bumps can be described by some variant of the Beit-
Wignetformula: ' 1
' " 2 l 2
(E" Eo)*+ ;T '
@ at the quantum mechanical amplitude
. —1
level A(B)= (B! Eo+idl)
f
E) | | |
©® admitsa S|mple non-relativistic interpretation:
—i1 Bt
A(t) = dE ‘ , "ot _Ft
E! Ey+iil

Pt)! e 't
© ‘relativistic’ version corresponds to a simple pole of the Smatrix

elastlc (S) — —mol’

TBw (e s —mé+ imol
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not always so simple - pp isospin 0

@ angular independent piece (R=o(cos &) <z J=0) |

@®  scalar,isoscalar channel 1€ &0t 0 $ 4

@ not clear what is going on here

® tempting (and many are tempted) to fit ' ‘
the data as a simple sum of Breit-Wignefns | t
@ | this is not allowed ! ; f I
@ unitartyis a strong constraint on elastic ' . {' t
scattering ImT = [T |* { “fNH
o Tgh\;\?ggl) (s =m;) = i - already saturates \+1+ ”‘ } J
unitarity +
04 08 OB 1 1.2 14 16 1.B 2 2.2

m,. (Gev/c’)
@ there are ways around this to deal with this case where multiple esonances
overlap

® method is rarely unique & hence

@ analyses of this type candtlkar contvesial @en with vgrhigh quality
data
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sometimes very simple - pp isospin 2

@ for elastic scattering can express the T-matrix via a

single phase (

T(s) = €“(9) sin §(s)

@ resonance peak when T = i<z ( =!/2

@© clearly no resonances with isospin 2 and J=(0,2,4)
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higher mass resonances

® mmL=2has|'“=2"" “tensor meson” |
"1l
f2(1270)
L
also has other decay channels ) 1
branding factions '
atn— 2n0 (71 T34 )% ' )
KK {46 +0.4 )% ‘ i *
2t 2~ {28 £0.4 )% ' - ¥y 1
nn {40 +0.8 )x 10— . . P
. . By b

4" [ 30 +10 )x 1073 (ssssssnsnsree®’ kil ++

M, (GeV/c”)
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PPP

@ to access negative G-parity states we'll need at least three pions

@® inthe! *!-19channel the invariant mass shows two resonances below | GeV

® in the charged ! "I -! -channel, there is quite a lot going on

e |
L sy O P eI 40000 [
R ks WO - A 35000 -
- v dofpriniing 30000 -
so | 25000 [
- 20000 F-
il I 15000 F-
: 10000 f-
# J 5000 -
; ! ! ! ! ! 0 E

S i St - e o 1.0 2.0 3.0

Min '] GeV/c?
@ getting spin information here is a non-trivial task - leads into a model of
hadron production

® isobar model of gel wave analysis
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PWA in isobar approximation

@ in high energy scattering, meson production is dominantly peripheraIA

@® peaked in the forward T~
direction

- @bt

pP P

@ coherent production of many meson resonances - model the decay to three
pions as going through a two body state
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PWA in isobar approximation

I(W,t,s1,angles)

2
‘ZC;, (W,t)Ap(s1,angles)
b = J¥LM"[isobar].

Ap(s1,angles) D3 (93) (L0; SA|JA ) FL(p1)Fs(p3) AS* (s1)

= 20w

p D A
@ isobar propagator () 9(s0)) is supplied in advance, fitting returns G,(\\,t)
th 2"*1* D-wave pT 471" G-wave pn
50000 ' ' : 50000 : : ' ' ' 1600 ! ! ! ! |
U I ® charged
Eﬁ rEE TmT 1400 o neut?al

40000 — ¥- ? — 40000 — - = '
N.‘_':’_ [ J. i NU * NU 1200 — a
= ] = ® highwave =
330000— }T % = & 30000 - s ® lowwave [ E 1000 4:
[¥a]
S & © highwave § . & 8004 !
(=] 4
20000 # 8 lowwave | £ 200004 E = L S
2 2 > 600
@ @

10000—{ . '-.;_ n Y 0000 = 2 2 N 3 4004 % % d E

Ny g 200
0 | T T T p— 0—4—%— 0 | T
08 10 12 14 16 18 20 08 10 12 14 16 18 20 16 1.8
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patterns in the meson spectrum

© no clear resonances with | =2

@ no clear resonances with |S| =2

@ no unambiguous resonances with J’¢ = 0-, 0*, |-, 2*
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(non-dynamical) quark model

@ we can explain the presence of 1=0,] & | S| =0, mesons and the absence of
others by a simple proposal

@ all mesons are made from a quark and an anti-quark qq

® upquark ! }I: s, I3 = +%>
. lr — 1 . 1
® upanti-quark @~ [ = 57]3 = —3
I 1 1
® down quark d~ -l :§,|3:—§
, d 1 o 1
® down anti-quark ~ || = 5 |3 = _|_§
® strange quark S | |S =" 14

® strange anti-quark g |S = +1"

® we can't make | =2, | S| =2 in this way ( would require at least C]@]@ )
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isospin | spectrum

A

|
7 Jf2
P 1470 4o 1450
/4 U
P YTTTT o7
T 1300
T “
di1 1260
TP
T |
TP !
|
)
p 770
|
T 140
0—-1— = O—I-—i- 1—|—+ 1—|—— 2"‘ =" 2—+
\Lid4
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isospin | spectrum vs. charmonium

A 4

|
DD ok
.............. T e
7. 3638 P ap 1450
/AN 4
bl TATT )
T 1300 (g2__1320)
!
4 &
a; 1260
&g
T ! )
g KK
.....................
)
s i 0
_ T
s 140
0" ot+t 1+t 1+! 2t+ 2! & &+t 1 otr+ 1+t 1+t— 2*t* g+
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dynamical quark model

@ goes beyond the ‘group theory’ exercise and assigns physical meaning to the
quarks

® they are degrees-of-freedom with spin-2 moving with relative orbital angular
momentum, L .

® then total quark-antiquark spin, (* =0,1) = (+='2)<q+="2)

® so that the meson spinis *<d. = J

® using atomic physics style notation, state defined by 2**' L;

® fermion-antifermion pair has P = P(-R)(-1)- =(-)**' and C=(-1)-*

pseudoscalar 7T

1 _
- »=1 351 =1 vector :

1 _
Lo B0 T : by
- _ 3 — ++ . .
=1 Po12=1(0,1,2) scalaramaltenso:;i”(),l,Z
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dynamical quark model cont...

@ also expect radial excitations with same 2**! L jbut with a node in the radial
wavefunction,

¢

>

24

2“\ v
> T \/\ —> T

e.g.T(1300) as radial excitation of 11(140) ?

@ another interesting feature is that we can’t make J°< = 0~, 0%, |-*, 2*- in this
model

© there seems to be remarkable qualitative agreement between the model and
the experimental spectrum, except the pion looks unraturight

@ obtaining a quantitative description of the spectrum requires a further set of
dynamical assumptions like those in the potential model of charmonium
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‘constituent’ quarks

@ these potential-based quark models usually require the light quarks to have
masses in the Schrodinger equation, My 4 do(350) MeV and the strange quark to

have a mass ms do(550) MeV
® then we havegnd2m,g & mp d3mua & m= d2mud +Ms

@ these degrees-of-freedom are often called ‘constituent quarks’ to distinguish
them from the ‘fundamental’ quarks that appear in the QCD lagrangian which
have myqd do(1) MeV

@ itis not undestoodfrom first principles why these appear to be appropriate
degrees-of-freedom for describing the light meson resonance spectrum

@ furthermore we seem to be lacking within the quark model a good explanation
for the lightness of the pion: i C 2 g

@ we can go some way toward answering both of these questions by considering
an important symmetry of the QCD lagrangian
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spontaneous breaking
of chiral symmetry,
the light pion,
constituent quarks
& other strong coupling phenomena
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chiral symmetry of QCD

@ consider the QCD lagrangian, excluding explicit quark masses
L=aq!'" qll g FtaqAT ! SRS R

1 1
spin-'2 fermions have two helicity states, we’ll call them L& R qL 2
2

(1" 's5)q
(1+ 5)q

the lagrangian does not couple them
L=Lr,+Lr+Lg
LI =q iVMaqu + g qL Y taqL Aﬁ

this is the chial symmetrof massless QCD

‘real’ QCD has two flavours of quark that are believed to be nearly massless -
consider these to form a doublet field (u)
q —

d
then we have a global U(2)symmetry in flavour space ¢q ¢ = ¢ UUd=¢q ¢

@ U(2)matrices can be expressed as exponentials of hermitian gneator matices

U — € - aTa [TaaTb} — -abcTc SU( ) .
LAlidd
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chiral U(2) symmetries

@ notice that since (and Qrare totally decoupled, we have a separate U(2)

symmetry for each —ialT. s 1 iad T
qu =¢ "t q dr = € "F "Qf
@ alternatively we can take orthogonal combinations applied to the ( fields
| " .
q = e IaVT q 6_” vTa = e—l! %Ta%(l—"f’)e il aTa2(1—|— S)a .
af = aR
1 " 5
q — 6_” %Ta q, 6! ia%Ta75 = 6! iaf, a2(1 B ) ZO‘RTa%(l"‘WB)
af =1 ag

@ the lagrangian is invariant under either of these - we say that there are separate
@® vector U(2)

® axial U(2)

@ Noether’s theorem tells us that where there’s a symmetry, there’s a conserved
current ) ' ) o
® vectorcase: V) = W( il q5) = 14

. oL _
©® axial case: Aﬁ = 8(8”qi)(' zT V54 ) = qTa’Yu%q
OV = OrAL =0 i
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chiral U(2) symmetries

@ can also define conserved ‘charges’, which act like generators of the U(2) group
at the level of fields:

U,q(x)] =1 T%(x
Q6= Fxve) <[Qv ()] q(>>

@4 = [ a3
@ under parity transformation: PQ4P' 1 =1 Q4 PQLP ! = QY
@ does this symmetry have any consequences for the meson spectrum?
@ consider aositive p#ly meson state X of energy EHIX! =E|X!

PIX! = 4+|X!
@ our theoy has amaxial (bial) symmejrso %Q% —i[H,Q%] =0

® and hencé{Q3 | X! = EQ3|X! so thee®a stateQ%|X ! demeate withX)

@ this state has negativeiyaP (Q%|X )) = PQ4P' P|X ) = —(Q%|X))
@ so the axial symmetry predicts parity partners in the meson spectrum
Wi
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parity partners?

@ experimental spectrum doesn’t
seem to show parity doubling!

\
|
7 Jf2
P warof T
bl TATT mn
T 1300
4 &
TP

<©
ott 1+t 1t— ot+ o+
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a loophole

we must have overlooked something

one possibility is that although the lagrangian has the chiral symmetry, the
vacuum state does not

@ we know from other bits of physics that this can happen - consider the
ferromagnet

@ there is an attractive spin-spin interaction between neighbouring spins - this
is rotationally symmetric

@ any small perturbation causes the spins to all align in one direction - this
lowest energy state is not rotationally symmetric

© we call this a spontaneous breaking of a symmetry

© we will propose that this happens in QCD & see what consequences it would
have

® we'll guess that Q%’O! 0
Qvl0)=0

@ so that the axialSU(2)symmetry is broken while the vectolJ(2)is unbroken

@ turns out that thigtains the isospin symmyete obsee in the spectruin
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spontaneously broken axial SU(2)

@ in enealan axial current can produce a pseudoscalar (0" from the vacuum

<O|AZ(CI:)|| b(q)> = if! q'unabe! iqér

@ the axial current is still conserved in the Noether sense aﬂAZ =0
O “A4(X)[" () = f rm2#Pe~"1% = O

@ a consequence of spontaneous breaking of the axial SU(2) is that fi "0
® hence we ost haven =0

@ we get massless pions as a consequence of spontaneously broken chiral
symmetry
@ this is a specibc case of Goldstiveeém - br eab spontaneouslyoken

cgeneator of a global symmethee will be a massless boson with those qua
numbes
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a hucleon consequence

@ consider the nucleon matrix element of the axial current (occurs in e.g. neutron
beta de@) (n(p')| 4}, (2)Ip(p)) = € B(p") [.7594(4°) + Gu151(0")] u(p)

@ and since the axial current is conserved
0=a(p)[d' s94(a”) + ¢! sh(q”)]u(p)
using the Dirac equation for the free nucleons
0= a(p')! *ulp) 2mngala®) + ¢*h(q”)
at (=0 there are two possible solutions:
® 0:(0=0, h(OFconst
® h(g" 0)" -2muoa(0)cf

@ experimentally ga(0)'0 , so only the second solution is acceptable
® what causes a pole at 7" 0?

win
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a hucleon consequence

consider an effective interaction between a nucleon an a pion

g N NiT - Tys N
in such an effective theory there will be a tree-level diagram contributing to the
matrix element of the axial current

@f”qéi (V2if .q,) a< )a(f Or B! 5U) €77

o

\/égﬂN ! 5U

(n(p)|A, (@) |p(p)) = "% a(p') [v.1594(¢7) + quy5h(q”)]ulp)
@ this diagram contributes to the second term

2
h(q2_>0) s f!q.g! N
@ and from the conservation of the axial current h(¢f" 0)" -2my ga(0Y¢f
® hencefi g n = mn ga (0) - the Goldbeeg-Teiman elation
® expementally workather well (better than 10%)
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vacuum condensates

@ what is happening to the vacuum that is causing it to be non-invariant under
axial SU(2)ransformations!?

@ atlow energies (or long distances), the QCD interactions are really strong, we
believe strong enough that the vacuum Plis up with quark-antiquark pair

@ we know that Lorentz symmetry and parity remain good symmetries so the
vacuum should be invariant w.r.t. these

@ a possibility is  10/gg/0" = 10|0,0r + gr0L|0"
@ since it couples L & R it breaks the chiral symmetry

@ it remains symmetric under the , L =, rvector transforms though
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chiral condensate & the pion

@ we suggested that spontaneous chiral symmetry breaking manifested itself as
fi"O, m=0

we can demonstrate a connection to the chiral condensate

begin with a Ward identity (an expression of the chiral symmetry of the
agrangian) op (O[T {A}(x) . 1T 50(y) }10)

= —it(z — y)(0| e ({7, q¢}T") |0)
@ let’s propose that the chiral symmetry breaking causes only an isosinglet )
condensate !O‘Uu + dd|0" !O‘(ji g ’O" — Uaij v =luu" =ldd"

@ then the trace is easy to compute, giving overall = —|! 4(X — y)V! ab

by fourier transforming we get a momentum space relation p”@ab( ) — plad

by Lorentz symmetry Gab( ) = pF(p?) ,so p°F(p?) =v and Fmust have
apoleatp® 0

ab . " gcab
o GM (p) = Pu p2 - looks like there’s going to be a massless boson

here
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chiral condensate & the pion

@ the contribution of a single particle state of mass M to the pseudoscalar
correlation function takes the form

H(p) = / d*ze' P (0|T{igT™ 5q(z) - igT"! 5q(0)}|0)
Sy o
p2 1 m?2 v

@ the matrix element <0]AZ(0)\7rb(p)> is related to H and Gvia the LSZ
reduction formula:

(1A O °(p)) = ZH*(n) *GP(p) = — 3 (0° — m?) épu]% -
P "gu + &b
2z

@ and we've proven what we assumed before, that there is a massless pion with a
non-zero decay constant.
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explicit symmetry breaking

@ actually the quarks have finite, but small, masses - they enter via a term in the

lagrangian — 1l am.:.qa.
grang L_!qlqu7 — m, O
0 My
@ we can include the effect of this as a perturbation to the chiral limit results

@ easy analysis uses the quark equations of motion
fam26%e™P X = (00" A} (2)[7°(p)) = (Olig m, T*}54(x)|7°(p))
m = %(mu+ mq) (])- 2 + %(mu! mq) (])' !01 = %(mu+ mg)l+ (my ! mg)T>

f-m26%e P> = (my + mq)(0ligT 2v5q(x)|7°(p)) + 0= (My + mMg)s*°Ze P>
fﬂmgr - (mu + md)Z

@ since this is a perturbative treatment of the quark mass, we’ll use the zeroth-
order result for the condensate <fau + dd>

Y

<Wu + (g;l> pion @ts a masbut one
propotional to the squaroot of

m721' = (my + mq)

2f7% the quark massnot at all Ik a
quark model win
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effective theories of pseudo-Goldstone bosons

@ another consequence of spontaneous chiral symmetry breaking:

©® Goldstone bosons couple to each other by powers of the momentum
@ consider the following function of pion fields U(7) = exp[%Tawa]
@ since the generators are Hermitian, U is unitary <zU U = 1
@ then if we try to write a lagrangian featuring this field, the lowest dimension
term will be proportional to
PToP tro,U 0"U
@ expanding in powers of the pion field f% Oumaltma + ... )
@ so a conventionally normalised kinetic term is obtained if L = %tr! MUT! HU

@ higher powers of the pion field give interactions: L., = f% Tpmh OumaOF a + . . .
® pion four-point interaction, with ‘coupling’ »?

12

@ extending this can develop a perturbation theory in small momenta of pions
® chiral perturbation theory

win
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chiral symmetry breaking and constituent quarks

@ don’t have a model-independent formalism here, best we can do is try to write
down a toy theory that has the right ingredients (fields and symmetries)

® chial symmeyrof ermion Pelds
@ stiong coupling betweemtfions

@ NJL (Nambu—Jona-Lasinio) model is a good example

Ly =q(it #", —mg)g— Gq' ,t*g aql “t“q+. ..

@ if Mo=0 this has chiral symmetry
@ the interaction term is local between two “colour” vector currents
@ we can increase Gto make the model strongly coupled
@ model isn’t renormalisable so we require a cutoff, - - in terms of this we can
define a dimensionless coupling g =- #G
@ an approximate, non-perturbative, self-consistent solution for a fermion
condensate and an ‘effective quark mass’ can be defined
B m
g = AN ‘))4 o mé+i" m, = Mo, — 3G (qu)
@ evaluating the integral we get . 3g> ! m? 2 HP
¢ = Moy, 4—7T2mq 1-+41In 1+.m—5
win
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chiral symmetry breaking and constituent quarks

@ this effectivedrmion masappears in fermion propagators (within the
approximate solution) - it takes into account the condensate of fermion pairs
through which fermions must force themselves

@ how does this effective mass depend upon the coupling?

mq(MeV) -------------------------------- :
s00 | : 2 ! H¢
—_— g m2 | 2
mq moq ﬁmq 1 | 2q In 1+ —g

200

oo (1" g

250F

0.5 T I,I 1.|5 — 2 ;|:4| 2 cno b
mo =0 975

My =5 MeV 150f
appeas reasonable thahial 4.t
symmetfr beaking might give -

A= 1GeV rise to effctivé@constituentO

guark masses

1.5
A1id4
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strongly coupled gluonic field
® ,

so we’ve seen one result of the strong-coupling or non-perturbative nature of
QCD in the formation of quark condensates
@ we expect there to be others,

@ e.g. gluons couple strongly to each other

ul
»Cgauge ! 4 ul F
a — a a abcpb pcC
Fo,= 1AL =LA+ of “°AAD
@ then we might expect there to be a spectrum of [y —
collective gluonic excitations 40 4
@ possible even in a theory without quarks
® ‘gluodynamics’ or ‘pure Yang-Mills B ¢
® particles are called OglueballsO 0 Feag
. | e
1 SGeV 10
Wi
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gluebalis

@ bosons made only from the gluonic field 0" -

@ spectrum of pure SU(3)ang-Mills has been
extracted using computerised lattice calculations | 2

@ glueballs in full QCD are significantly more i o
complicated (2 —

© they have the same quantum numbers as

. . | o+
ISOSpIN O mesons

@ in a strongly coupled theory there is nothing to |
stop them mixing with the ‘quark-based’ states

@ some people have suggested that there is one
more isoscalar scalar meson between | & 2 GeV
than there ‘should be’

1 q o
® quark model expects two: 07 (0u 4 dd) + sin 0'ss

—sinf+=(ou + &) + cost &s

@ some claims that there are three: f(1370), f(1500), f((1710)
ff;?son Lab
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hybrid mesons

@ possibly a better chance to see gluonic excitations in experiment comes from
‘hybrid mesons’ - states that have both quarks & excited gluonic field

@ ssignal is exotic J©

® with Jg; & 40" we can have ngc X Jgplge like 0, 0%, I-+,2™-...

® we've got no model-independent theoretical knowledge of these states

@ major new experimental effort forthcoming at Jefferson Lab
® GlueX

= i 20 Cryomodules

5 New
Cryomodules

lookingdr nev expemental and thestical membesr
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Lattice QCD
as a tool for
hadron spectroscopy
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Lattice QCD & the path integral

@ a quantum field theory can be expressed in terms of a mathematical object
called a ‘path-integral’

- i [d*x C[! (x)]
Z = De(x)e J&xA X N
|

— e.g. L[] =1k 11 L2

Ofunctionai®gal over all
possible pPeld conRgans

@ familiar quantities can be expressed in terms of path-integrals, e.g. the
propagator in the free scalar field theory

() (X)) = Zl/Dga o(y)p(x) e 4w Lle

@ in rare cases like this one we can perform the (Gaussian) functional integral
exactly

@ more generally this method lets us write down a functional integral for any
N-point function that is true non-perturbatively, although we can’t necessarily
perform the integral exactly

win
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Lattice QCD & the path integral

© for QCD we have 1
ZQCD — DquDA ei fd4x q(iv*o,! m)g+g q’YMtanZ! ZFZVFC’L“/

&2y

inPnite number of degs of #edom -
Peld sength ateely pointin a
continuoysPbnite spacetime

@ what if we could make the number of degrees of freedom finite?
@ then we could try to compute the path integral numerically
@ this is the tactic followed in lattice Peld theor

@ consider spacetime to be a grid of points of finite extent separated by a finite
spacing
L

&
<

ja

in the limit 2" 0,1 $ we should recover QCD

win
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Lattice QCD practicalities

@ how can we do this practically?

©® write a discretised version of the action that in the limit &' O becomes the
QCD action C_Iin‘jqj + discetisation of gaegat

@ there are a very large number of possible constructions of the ‘Dirac matrix’

© as a simpler example consider the discretisation of the simple derivative in
one-dimension df  f(z+a)— f(z —a)

2

dx 2a +0(@)
o d : —f (x +3a)+27f (x +a) — 27f (x —a) +f (x — 3a) +o(al)

dx 48a

® different discretisations of the fermion action lead to many of the jargon
terms you’ll hear

® Wilson, Clover
® Staggered, Kogut-Susskind, asqtad
® Domain Wall, Overlap

win
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Lattice QCD practicalities

@ an important computational simplification comes if we can make ¢4/9 % £ real
©® then we can treat it like a probability distribution function

@ this can be achieved by moving to Euclidean spacetime
Ll if z‘/d%L Lo /d%ﬁ

® theneg (g QyCIy>—/DquDAu Ok Gy € °

aveace of ;0. 0,0y, wer all peld

conbgations with weight S[A.G.A ]
@ since the action is bilinear in the fermion fields we can integrate them out
exactly so that we don’t need to include them directly in the computation

/Dqu e 9Qi 4 = detQ

@ a natural way to include the gluon fields is to make SU(3)group elements
Uy (gj) — oA LX) these act like parallel transporters of colour
between neighbouring sites - Othe gluons live on the links of the latticeO

boa
ZCU:{ZU ﬂ

X)
win
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Lattice QCD practicalities

@ physically interesting quantities for spectroscopy include things like

(@7 ) g(Z 1) i, D) q(7.)) = DU Quy [U]'Qyx[U] detQ[U]e” Soevee I

@ now det Q[UJe Se=ulV] s like a probability weight <zwhy not generate gauge-

field configurations according to this weight & save them (an ensemblghen

(T AN (@ 1) - T, ) (1) = Y Quy [UT'Qy 4 [U!
{u}

@ once the gauge-field configurations are saved, we have only to perform
inversions of the Dirac matrix, Q[U], to give the fermion propagators

@ how big is this matrix?
® lattice size might be 24x24x24x48 = 83,000
® a fermion has 4 Dirac components
® there are 3 colours in SU(3)
® <z (Q could easily be Imillion x Imillion - HUGE
® can reduce this down to Imillion x 12 by fixing / = b, t=20
® will need a big computer Opoint to aII(pxnagatorQL,,

ff;?son Lab
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quenched approximation

@ one way to reduce the computational cost is to set the determinant to |

/Z = /DU detQ[U]e_égaugo[U] N /DUe_égaugc[U]

@ what does this do to the theory?

@ consider the Dirac matrix to be a sum of a free part and an mteractlon
Q=Q" — VU]
@® then we can write Q = Q) (1 — A4&V) ,where ! = (Q”)"" is the free
fermion propagator
® hence
det Q = det Q) &det[1! A &V] = det Q¥ expltrlog(1! A &V)] = det Q* exp [Zy r(A&y) }
@ the terms in the exponential can be expressed graphlcally as
@ so the fermion determinant can be considered as a set of gauge field
interactions generated by closeddrmion loops
@® the quented appmximation coesponds to neglectitmseddrmion Ioops6
win
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meson two-point correlator

© for example
C(p.t) = P (q(X t)l'q(X, 1) - 4(0,0)I'q(0, 0)) = 7 Q, o[UIIQq , [UIT
7 {(uy =
© where the fermion propagators come from the connected Wick contraction of
the fermion fields

@ once we've computed this quantity on all configurations of our ensemble, we
have an ensemble of values of C(p,t)the average gives our estimate of the
quantity and we can quote a statistical error (from the variance) due to the
finite number of configurations in our ensemble

log(C(t)) / { * 20 cfgs
: }}?}}%?f???????i
? ;-i*?‘??? |
pHe
*5??‘
Lk
L .
. t w»
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meson two-point correlator

© for example

C(p.t) = e™{(q(x, )l'q(X, t) - (0, 0)'q(0, 0)) = e Q, 5[UITQ ; [UIT
7 {(uy =
© where the fermion propagators come from the connected Wick contraction of
the fermion fields

@ once we've computed this quantity on all configurations of our ensemble, we
have an ensemble of values of C(p,t)the average gives our estimate of the
quantity and we can quote a statistical error (from the variance) due to the
finite number of configurations in our ensemble

©® C(p,t)contains information about the spectrum of mesons with the quantum
numbers of (! (:

@ insert a complete set of states 1 — - IN@)XN (b
vg ZEn(O)
— €| ENt [ 1] (]
C.0 = ) -5 00T N (F)" N ()| #0)q(0)|0
N

. . ~ o ’ZN ’2 —mpn t

@ in particular at zero three-momentum C(0,1) = Z oM e

N
N
wi»
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meson two-point correlator

@ the presence of a decaying exponential and not an oscillating exponential is
because we'’re working in Euclidean space-time

clearly as t" $ only the lightest state will contribute

a handy quantity for visualisation is the effective mass

d .
Me = ! p log C'(0, 1)

T my
t—oo
@ heading toward a plateau at large times?

Mefr| =

0.9 -

the red data is flat even from short times
not clear that the black data gets there?
0.8 -

black data uses simple local operator:

G(0)7i759(0)

gets contributions from many excited

] ﬁﬁﬂi%i ctates
05 ! 1|0 ' zlo I 3IO t I
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meson two-point correlator

@ how did we get the red data, which increased the overlap on to the ground

state!?

@ we smeared the operator over space:Z F(‘f’) %—k 07YiV54+ « 0

4
F(X)is a gauge-invariant approximation to a rotationally symmetric gaussian

=
© ideais that the ground state wavefunction (at least with heavy quarks) looks
something like a gaussian - we’re maximising the overlap

© the excited state wavefunctions have nodes so there’ll be cancellations,
reducing their overlap

Wi»
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setting the scale

© (excluding quark masses) QCD has one scale which is dynamically generated

2

@ it appears, e.g. in the running coupling B2 (k) = g
_ 2 kZ
1+ 5472 (33! 2Ny)log 37
@ in a lattice simulation, setting its value is equivalent to setting the value of the
lattice spacing, a
@ usual to do this by comparing a lattice computed value to a dimensionful
experimental quantity
® e.g. we could compare m, =m,a with the experlmental mass
- me = 770MeV
_ My p
4 = expt .
P
® this isn’t so wise since the rho mass depends strongly on the quark mass
and we’re unlikely to have this low enough
@ more usual these days to use some property of charmonium or
bottomonium since they’re expected to be less sensitive to details of the
light quarks - typicall{plong-distard@m®@nated quantities
wir
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quenched approximation

@ one aspect of the quenched
approximation is that the running
of the QCD coupling isn’t
correct

. 2
x 201\ — g
(k) - g2 k2

@ so scale setting via a long-
distance quantity runs to an
incorrect short-distance ¢

TABLE L. | The QCD coupling ay(6.3 GeV) from 1 X1
Wilson loops in simulations with different u/d and s sea-quark
masses (in units of the physical s mass), and using two different
tunings for the lattice spacing. The first error shown is statis-
tical, and the second is truncation error which we take to be

O(1a3) [11].

a (fm) m, 4 my 1P—- 18 28 — 18
1/8 oo o 0177 ()EG) 0.168 (0@ » quenbed
1/8 0.5 o0 0.211 (1)(9) 0.206 (1)(8)
1/8 13 13 0231 (212 0226 2)(11)
1/8 0.5 13 0234 ()12 0233 (1)(12)
1/8 0.2 13 0234 (D12 0234 ()(12) _
1/11 0.2 L1 02383 023 1)a3) light dynamical
scale setyb / (1P-1S) [/ (2S-1S)
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quenched non-unitarity

@ a more serious problem with the quenched approximation is that it does not
correspond to a unitary (probability conserving) field theory

@ recall the meson two-point function, we found that it could be expressed as

- Zn |
C(0,t) = g |2rTN1| e ™" which is positive definite
N
N

. . 4e-02
© consider the following quenched results: ;0,1 . _isos) | o = 21207) = 230(7)

2e-02 [ light - s
. : le-02 quark L 5
@ correlator is clearly negative at .

lightest quark masses “1e-02

. . . . -2¢-02 - EI ~ B
@ violating unitarity lse.02 |- T

C 1 L b ST T Ty
«*** Ega*®
=
= - &= -

2.5-03
2.0e-03 |- {m,r — 290(6) m, = 438(6) | m, = 764(5)
1.5e-03 |- B B heavy

1.00'03 — I~ - — - quark
5.0e-04 - - B

0 = SO+ 0004 2900000004
-5.0e-04 [~ = - [
-1.0e-03 |- $ ]

] II 11 1 |

-1.5e-03

NN I T N T T O T A
2468101214 2 4 6 8101214 2 4 6 810121416
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meson spectrum

computing limitations ultimately prevent calculation with realistically light quarks

@ time to compute det Qand to invert Q grows very rapidly as we reduce the
quark mass

@ instead calculate with a range of quark values and try to extrapolate

@ quark mass not usually quoted, instead use pion masat this quark mass

© theresalsothea' Oand L' $ limits - assume we can take the &' O limit with
multiple simulations and simple extrapolation
m(a)
m (a — O) ®--..... e I I
e a(fm)
Wi
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light meson spectrum (idealised)

@ dothea' 0 extrapolation for each quark mass simulation and plot the masses
versus mr? . (in 0SBpicture mn? <emg)

mp 1 I I | |
GeV | g
12 T —
§ T .
1.1 ﬁ _é_% -
» ! ]
1 ¥ ' -
8
09 E 8 u
0.8 -
: 1 : | J | : | |
Gr'TU 0.2 0.4 0.6 0.8 1 mrr2
GeV?
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light meson spectrum (idealised)

@ looking at the data there’s the temptation (followed by many) to extrapolate
linearly in my? (Or a paver s€es in nY)

@ anything wrong with that?

mp T | T I J I |
GeV | R
o’
1.2+ o’ N
j‘*‘% .
L s
; ﬁ‘f
B ‘F" i
[ 8 |
““g
09| 'E"'! .
R
i ““ i
0.8 1¢‘ _
0‘,7 1 I 1 I 1 I 1 | |
0 0.2 0.4 0.6 0.8 1 mrr2
GeV?
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light meson spectrum (idealised)

@ Yes! It ignores some important physics.
@ consider the mass of a two-pion state = 2 mp

Mp

' ' I ' 1 |

GeV | 2m / 5
121 ,-" . B
; g T |
L1} / |

/ & ”3‘1%
d / E .
8
1 / l% .
! 2
/B
0.9} )E 8 |
0.8+ J —
’ /
/
W ¢ | ¢ | J | |
G'TU 0.2 0.4 0.6 0.8 1 mrr2
GeV?
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light meson spectrum (idealised)

@ at light quark masses the rho can decay into two pions

@ occurs through the imaginary part of the diagram 7T ................
@ the real part contributes to the mass P P
................ Tr
mp i ! | T |/
GeV i 2m /
12 /
/
/
11 /

fit by a chiral eféctive thegifeaturing
M, %& 1 fields
requires as input the couplings gosm

& gopin (from expt.)
09}

Obiral extapolationO
0.8

==
i /
G-’}' 1 ! I. 1 l 1 .I. 1 J 1 .|

0 0.2 0.4 0.6 0.8 I m2
Ge\/? Wi»
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excited states?

@ recall that a two-point correlator is related to the spectrum by .
C(0,t) = ZN " omu

@ hence in principal one can extract information about excited states by fitting
C(t)as a sum of exponentials

@ this tends to not be very stable, especially on noisy data
@ particularly bad if the state masses are not widely spaced
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e.g. excited vector states in charmonium

© very difficult case

. 3770 near degstates (I

’ , are tough to bt ’ >
3686 3686

—-—

even wae on
a cubic lattice

3097 3097
D D

¢

1" T~ =(1,3,4...) "

@  cubic lattice states are not labeled by a spin - instead they take the label of the
irreducible representation of the cubic rotation group

© these contain multiple continuum spins _
® e.g.in two spatial dimensions w\] (9) — eI‘J 0
® so under the allowed !/2 rotations, spin O & 4 are indistinguishable
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variational method

@ powerful technique to extract excited states:
@ use a basis of interpolating fields with the same quantum numbers
@ form a matrix of correlators & ‘diagonalise’

N

R

-

</
rrrr>r>rrrrr T rTTor

[
(¢ D
N I I N
I —
¢ ) m
3000
A1l T1 T2 E A2
0,4.. 1,3,4.. 2,3,4.. 2,4.. 3.
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