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Optics effects of RF Cavities
Luca Serafini     INFN-Milan  and  University of Milan

• Ponderomotive focusing by non-synchronous RF waves 
accelerating fields in multi-cell cavities have counter-propagating wave 

components (standing waves) and/or higher spatial harmonics (standing and 
traveling waves) which are non-synchronous with particles             net  
ponderomotive focusing arises from coupling between 1st order transv. particle 
oscillation and gradient of e.m. energy density               2nd order focusing in 

field gradient (relevant at low energy and high field!)

• Envelope description and Transport Matrix of RF focusing  
Cell-to-cell averaging allows analytical calculation of focusing gradient, while 
change of variable ( z  --> γ(z) ) gives analytical solution for transp. matrix of a 
generic RF cavity (field expansion in spatial harmonics)
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Optics effects of RF Cavities

• Transport Matrix directly measured by RF kicks on 
misaligned beam

impact on beam transport at low energy, strong focusing may lead to beam 
steering difficult to correct (cavities are not localized)

decelerating beams: interference between ponderomotive focusing (slightly phase 
dependent) and adiabatic anti-damping

• Beam focusing by counter-propagating e.m. waves
(TEM01 laser pulses)
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Following Hartman and Rosenzweig
Phys. Rev. E 47 (1993) 2031

On-axis expansion of the TM010-π standing mode
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E0 = peak field
k ≡ 2π/λ = ω/c
an =  spatial harmonic coefficients
functions of cavity geometry
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Following Hartman and Rosenzweig

• The first order transverse motion is oscillatory under the 
action of a radial force (electric + magnetic component of 
backward wave)

• Being the reference (synchronous) particle defined by

Fr =

*

sin kz + ∆ϕ( )cos kz( )+ cos kz + ∆ϕ( )sin kz( )= sin 2kz + ∆ϕ( )= sin kz +ωt + ∆ϕ( ) Backward wave
of fundamental*
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Following Hartman and Rosenzweig

• In general,  if the first order oscillatory motion is perturbative

A1
γmω2 << 1

• We can average the 
momentum imparted by
the force over one oscillation

period (substit. x0

with x)
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Following Hartman and Rosenzweig

• Obtaining the average force, which comes out to be always 
inward (net focusing) !

• Applying same procedure to our linear RF transverse force
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Following Hartman and Rosenzweig

• Assumptions

• The associated focusing gradient is of second order in the field
amplitude, typical of ponderomotive focusing

η φ( )

∆γcell
γ

<< 1

“averaging” “average force perturbative w.r.t.
first order transverse motion”

• Both conditions are easily fulfilled if   T > few Mev 

η=1 for pure
TM010 π mode
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Envelope Equation with
adiabatic damping and second order focusing
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Solenoid magnetic field

Normalized focusing gradient

RF ponderomotive focusing
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Envelope Equation with
adiabatic damping and second order focusing
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Envelope Equation (laminar beams) becomes 
simple harmonic oscillator (freq.  Ω) in Cauchy space

Rosenzweig, Serafini, Phys. Rev. E 49 (1994) 1599

Serafini, Rosenzweig, Phys. Rev. E 55 (1997) 7565
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same transformation for single particle trajectory (Bsol=0)
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Transport matrix for secular envelope

dotted: secular envelope
solid: real envelope phase advance

(log. damping from Cauchy space
to trace space)
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Transport matrix for secular envelope matched to 
injection/extraction out of the cavity

(entrance/exit RF kicks)
RF kick matrix



Newport News, VA, USA - March 2005 “ ICFA Workshop on Energy Recovering Linacs: ERL-2005”

Transport matrix for a
pure π mode (no spatial harmonics)

adiabatic damping +
ponderomotive RF focusing

det M = γi
γ f

Same as in Chambers, SLAC-rep 1965, unpublished
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Optics effects of RF Cavities
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Optics effects of RF Cavities
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Envelope Equation with space charge
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Ponderomotive Focusing with TEM01 laser 
pulses
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Ponderomotive Focusing with
TEM01 laser pulses*

K x = 4α
γw0
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α  = 1.22 
λ

w0 P[TW]  

K RF  = α 2k2/(8 γ2)

L. Serafini
"Ponderomotive Focusing using Laser Beams"

AIP CP  335, 1995, pag.666
* L. Serafini, Ponderomotive Focusing using Laser Beams
AIP CP 335 (1995) 666
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