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GPD’s in Lattice QCD
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• GPD’s and generalized form factors ( GFF’s).

• Summary of LHPC hadron structure program.

• Some preliminary lattice results.
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GPD’s and Generalized Form Factors (GFF’s)

• Experimentalists measure matrix elements of light cone operators

〈P ′S ′ |Oq
Γ|PS〉 =

〈
P ′S ′

∣∣∣q (
−x−

2

)
Γ P exp

[
−ig

∫ −x−/2

x−/2 A+(y)dy
]
q
(

x
2

)∣∣∣ PS
〉

• They can be written in terms of generalized parton distributions ( GPD’s)∫
dx−

2π eix−p+x 〈P ′S ′ |Oq
Γ|PS〉

= U(P ′, S ′)
[
Hq(x, ξ, ∆2)Γ + Eq(x, ξ, ∆2)iσ·∆

2M

]
U(P, S)

• Eight GPD’s in all: H , E, H̃ , Ẽ, HT , ET , H̃T , ẼT

• Using OPE, light cone operators replaced by tower of local twist two operators

〈P ′S ′ |Oµ1···µn
Γ |PS〉 =

〈
P ′S ′

∣∣q(x)iD(µ1 · · · iDµn−1Γµn)q(x)
∣∣ PS

〉
• They can be parameterized by generalized form factors (GFF’s), i. e.〈

P ′S ′
∣∣Oµ1µ2

q

∣∣ PS
〉

=

U(P ′, S ′)

[
Aq

20(Q
2)γ(µ1∆µ2) + Bq

20(Q
2)

iσ(µ1α∆α

2M
∆µ2) + Cq

2(Q
2)

∆(µ1∆µ2)

2M

]
U(P, S)

• Nine GFF’s in all: Ani, Bni, Cn, Ãni, B̃ni, ATni, BTni, ÃTni, B̃Tni
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	Equivalence of GPD’s and GFF’s

• GPD’s and GFF’s are formally equivalent by Mellin transformation e. g.∫ 1

−1 dx xn−1Hq(x, ξ, Q2) =
∑n−1

i=0, even Aq
ni(Q

2)(−2ξ)i + δn, evenC
q
n(Q2)(−2ξ)n∫ 1

−1 dx xn−1Eq(x, ξ, Q2) =
∑n−1

i=0, even Bq
ni(Q

2)(−2ξ)i − δn, evenC
q
n(Q2)(−2ξ)n

• Choice of GPD’s vs. GFF’s depends on physics.

GPD: PDF’s and transverse PDF’s

GFF: elastic form factors and nucleon spin

• In Euclidean lattice QCD, only GFF’s can be computed directly.

• Many GFF’s are familiar experimental quantities:

– Aq
10(Q

2) = F q
1 (Q2), Bq

10(Q
2) = F 2

2 (Q2)

– Ãq
10(Q

2) = Gq
A(Q2), B̃q

10(Q
2) = Gq

P (Q2),

– J q = 1
2 (Aq

20(0) + Bq
20(0)), 1

2∆Σq = Ãq
10(0)

– Lq = J q − 1
2∆Σq

–
〈
xn−1

〉
q

= Aq
n0(0),

〈
xn−1

〉
∆q

= Ãq
n0(0),

〈
xn−1

〉
δq

= Aq
Tn0(0)
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	Summary of LHPC hadron structure program

• Long term program to compute all n ≤ 4 GFF’s in dynamical lattice QCD.

• Current pion masses mπ ≈ 350 – 750 MeV and lattice spacing a ≈ 1
8 fm.

• Status of the calculation

Matrix Operator GFF

Operators elements renorm. extraction Analysis

qΓµq Done! Done! Almost done Starting

qΓ(µDν)q Done! Done! Almost done Starting

qΓ(µDνDρ)q Done! Done! Almost done Starting

qΓ(µDνDρDσ)q Not yet Done! Not yet Not yet

• Only isovector flavor combinations for GFF’s in this round.

• Finite perturbative renormalization needed to quote results in MS scheme.

〈P ′S ′ |Oµ1···µn
Γ |PS〉MS = Z 〈P ′S ′ |Oµ1···µn

Γ |PS〉latt

• Lighter pion masses mπ ≈ 250 – 350 MeV finished by next year.
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	Perturbative renormalization of twist two matrix elements

Tree level: Z = 1, One loop HYP corrections: < 10%.

B. Bistrovic, Ph. D. Thesis, MIT, 2005
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	The Nucleon Electromagnetic Form Factors

• Brodsky-Lepage predicted F1 ∼ Q−4

and F2 ∼ Q−6 as Q2 →∞.

• Older L/T separation experiments ob-

served predicted behavior.

• New polarization transfer experiments do

not see expected scaling.

• One Photon Exchange approximation

may not be justified.

• Softer scaling also possible

(hep-ph/0212351)

Q2

log2(Q2/Λ2)

F2(Q
2)

F1(Q2)
∼ const

Phys. Rev. Lett. 88, 092301 (2002)
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Nucleon F2/F1 on the Lattice (I)

• Only I = 1 form factors computed so far

to avoid disconnected diagrams. F I=1
1 =

F1p − F1n but F1n, F2n not known accu-

rately for Q2 & 1 GeV2.

• Our normalization is F2(Q
2) → κ as

Q2 → 0.
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Nucleon F2/F1 on the Lattice (II)

• F I=1
2 /F I=1

1 → κp−κn as Q2 → 0.

• PDG: κp = 1.792847351(28)

• PDG: κn = −1.91304273(45)

• So, comparison of I = 1 with p−
n could be OK with proper chiral

extrapolation.

PRELIMINARY
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	Nucleon axial charge gA in a finite volume

• gA is strongly suppressed by finite volume when mπL < 4.

• Graph from hep-lat/0409161 (QCDSF). mπ = 717 MeV, curve is LO χPT.
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NLO χPT (with ∆) extrapolation of gA

• Fitting formula proposed by Hemmert et al. hep-lat/0303002.

• Two free parameters: gA
NN and gA

∆∆.

• Other parameters fixed by phenomenology: fπ, gA
N∆, m∆ −mN , B9 − gAB20.
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	Transverse quark distributions
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Aq
n0(−∆2

⊥) =

∫
d2b⊥ei∆⊥·b⊥

∫ 1

−1

xn−1q(x,b⊥)

〈
b2
⊥
〉q

(n)
= −4

Aq′
n0(0)

Aq
n0(0)

lim
x→1

q(x,b⊥) ∝ δ(b2
⊥)

• Higher moments An0 weight x ∼ 1.

• Slope of Aq
n0 decreases as n increases.

• Slope of Au−d
10 (0) = -0.93(4) (GeV)2.

• Slope of Au−d
30 (0) = -0.13(3) (GeV)2.

• Will this continue at light pion masses?

D. Renner (LHPC/SESAM)



�



�
	Summary and outlook

• Large scale computation of isovector matrix elements (n ≤ 3) is done. Data analysis

is proceeding rapidly. Expect published results soon.

• Isoscalar and strange matrix elements are O(10)−O(100) times harder to compute

due to statistical noise. We’ll make our first serious attempt this year.

• Perturbative renormalization complete. Bojan Bistrovic (MIT)

• Reaching higher Q2 is high priority for nucleon form factors.


