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We will be talking about ...

@ Deep Inelastic scattering
@ Parton model Lecture 1
@ Transverse momentum of partons Lecture 2

—_
@ 3D kinematics (i.e. kinematics with partonic transverse momentum)

@ Integrated distribution and fragmentation functions (transversity and all
that ...)

@ Transverse Momentum Dependent distribution and fragmentation functions
@ Unpolarized SIDIS cross section Lecture 3

@ Phenomenology of TMD's: extracting the Sivers distribution function from
SIDIS experimental data.

Simultaneous extraction of transversity and Collins functions from SIDIS

and e'e” scattering experimental data. Lecture 4

@ TMDs in Drell-Yan processes
@ DGLAP evolution equations and TMD evolution scheme

Lecture 5




TMD distribution functions
In Drell-Yan processes



TMD’s In Drell-Yan processes

distribution
function

Factorization holds
Two scales: M2 and q T,
withqgT << M2

Very low q T are generated
by parton intrinsic

h, | _
transverse momenta \ sz /
function

The cross section is given by _ nd O
the convolution of two O preti-Yan = fq (x, kl]) L] fq (x,kD) Ho

distribution functions (no
fragmentation functions )

Incoming hadron




Universality:
SIDIS versus Drell-Yan TMD's

. . . Brodsky, Hwang, Schmidt;
Crucial role of gauge-links in TMDs (g )is. elitsky, i, Yuan:

Boer, Mulders, Pijiman

process-dependence of Sivers functions

DIS:
"attractive”

D-Y:
“repulsive”




TMD’s in Drell-Yan processes

O preti-van = J4 (X, k) U f2(x, k) U G-t

proton-proton
(nucleon-nucleon)
Drell-Yan

proton-antiproton
(nucleon-nucleon)
Drell-Yan

proton-pion
(nucleon-pion)
Drell-Yan

<

~<

<

the total cross section, g, is suppressed by
the antiquark parton distribution function
\(antiquarks from proton sea).

the total cross section, o, is NOT suppressed
by parton distribution functions
\(antiquarks are valence partons in the antiproton

the total cross section, o, is NOT suppressed
by parton distribution functions

(antiquarks are valence partons in pions).

[
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Unpolarized Drell-Yan processes

1d 3 1
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sin? 6 cos 2q§)

In the Collins-Soper frame
~— [ and /' are back to back,
.while the ZCS axis is the
“bisector of Pa and -Pb
O is the polar angle of £,
® is the angle between the
hadron and the lepton plane.

The unpolarized cross section is already very interesting:
the naive parton model predicts A=1, u=0, v=0, but ...



Unpolarized Drell-Yan processes

Decay angular distributions in pion-induced Drell-Yan
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TMD’s Iin unpolarized
Drell-Yan processes

o=f/(x)0 £ (x)067"

O-Drell—Yan = fq ('x’ kD) L fé(x’ kD) U Ol\-qq—)fﬁ { _ _
o =h"(x,k)OhY (x,k,) 069"

In unpolarized Drell-Yan processes one can study
< the unpolarized parton distribution function
< the Boer-Mulders distribution function

RECENT WORK:
Z. Lu, I. Schmidt, Phys. Rev. D81, 043023 (2010)
V. Barone, S. Melis, A. Prokudin, arXiv:1009.3423



Boer-Mulders distribution function
from unpolarized Drell-Yan processes

V. Barone, S. Melis, A. Prokudin, arXiv:1009.3423

1 do 3

~ 5 = 0T 3) 1 + Acos? 0 + psin 26 cos ¢ H(v/2) sin? 6 cos 2¢

hi® ® hi? Unpolarized Drell Yan processes
vV X - 2 probe the antiquark Boer-Mulders
i ® [ function, which is not accessible in

SIDIS.
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Boer-Mulders distribution function
from unpolarized Drell-Yan processes
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TMD'’s in single polarized
Drell-Yan processes

0 = fl?q(x»km) L flq(x,km) 0~

O-re—an:f(x)Df_DOA-qq_)fﬂ _ _
prefzion ’ o =h!(x, k) O (x, k)06

In single polarized Drell-Yan processes one can study:

< Sivers parton distribution function

RECENT WORK:
M. Anselmino, M. Boglione, U. D’Alesio, S. Melis, F. Murgia, A. Prokudin,
Phys. Rev. D79 (2009) 054010

*Boer-Mulders distribution function

Predictions could be obtained by using transversity
as extracted from SIDIS and e+e-. | should work on that !

< Transversity and Boer-Mulders distribution functions

PRESENT and FUTURE EXPERIMENTS:
RHIC, COMPASS, J-PARC, PANDA, PAX



Sivers distribution function in
single polarized Drell-Yan processes
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Sivers distribution function in
single polarized Drell-Yan processes
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Sivers distribution function in
single polarized Drell-Yan processes
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Sivers distribution function in
single polarized Drell-Yan processes
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TMD’s Iin doubly polarized
Drell-Yan processes

Aqq - T U:hlq(x:kg)mh?(x,km)D@-qaaﬁﬁ
O preti-van = J, () U f2 U G4~ _
0= ﬂ?(xakm) |:| ﬂ?(x,km) |:| O"-qq—»ff

In doubly polarized Drell-Yan processes one can
study

vordd U VST Sk T DU FiA0

FUTURE EXPERIMENTS: COMPASS, J-PARC, PANDA, PAX

channel to
study
transversi

zﬁgm%%m%u&'%ﬂégg gtlggl}is F. Murgia, A. Prokudin, -ty ,

Phys. Rev. D79 (2009) 054010




The dream experiment:
Drell-Yan with polarized antiprotons

H. Shimizu, G. Sterman, W. Vogelsang, H. Yokoya
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Conclusions

+3-D exploration of the nucleon is starting as we speak:
* Collect as much high-quality data as possible
* Reconstruct the nucleon 3-D structure by “global”
analyses

<Drell-Yan processes are very clean probes and offer the
chance to pin down the transversity distribution
function

<ldeal machines:
 X-range including valence-region
* Q% and M? high enough to control higher-twist
corrections
- P_and q_ ranges large enough to see

transition from TMD’s to collinear
factorization.
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Parton evolution equations

From Michelangelo Mangano
“Introduction to QCD”




Parton model summary

Assuming the parton picture outlined above, we can describe the cross-section for the

interaction ol the virtual photon with the proton as follows:

1
9 P - P . ! . Fq ey
ay = [] dr Z e; Jile) anlv g — g x) (133)

where the 0 subscript anticipates that this desceription represents a leading order approximation,

In the above equation. f(x) represents the density ol quarks of Qavour ¢ carrving a Iraction o of
| il I A | VIIE

the proton mommentuan. The hatted cross-section represents the interaction between the }Jh{zt{m

and a free (massless) quark:

. I = . , dYy . oy
ooy q; — qi) = My(v"q — q')|" ———— 2m)'6 (0 =g —p)
I

= Vo2 ) (131)

Using I.rf =l +q. where 235 the proton momentumn., we gef
(P =22P q+q°=22P q—Q° (135)
I 5 » .
Mo Ol — xp, [ 136
f.u.r'z‘ ol P g ) (136)

'L . . .
where @, = )_{:;'T is the so-called Bjorken-x variable. Finally:
A 9 oy 1

oo(v'q —q) =

2m f‘.—'”(ﬂ? . 5 DT §|-’”f1‘2 . o
 flur Q7 Z'”’-‘i Jilwo;) € (g, (137)

i

TMDs - Lecture 5 M. Boglione - HUGS 2012



Parton evolution

Let us now study the QCD corrections to the LO parton-model description of DIS. This study will
exhibit many important aspects of QCD (structure of collinear singularities, renormalization
oroup invariance) and will take us to an important element of the DIS phenomenology, namely

H{‘EIHH}; ‘»"i{]]flti{lll:ﬂ. ‘L-I‘L"{‘! start {IT'{]HI T'{‘!H] CHNES101] {‘{]T'T'{‘!{‘ti{lllﬁ L th{‘! Born ]{‘!"«"{‘E] Process:

4

{

2[ - P+ ¥ p (138)
ook /

/ /

'p 'p

The first diagram is proportional to 1/(p —k)? = 1/2(pk). which diverges when k is emitted
parallel to p:

o fl—1
—p

pk=p"E" (1 —cos8) () (139)

The second diagram is also divergent. il & is emitted parallel to p'. This second divergence turns
out to be harmless, since we are summing over all possible final states. Whether the final-state
quark keeps all ol its energy, or whether it decides to sharve it with a glion emitted collinearly, an
imclusive final-state measurement will not care. The collinear divergence can then be cancelled

by a similar divergence appearing in the final state quark sell-energy corrections.

TMDs - Lecture 5 M. Boglione - HUGS 2012



Parton evolution

The first divergence is more serious, since rom the point of view of the incoming photon
(which only sees the quark. not the gluon) it does make a difference whether the momentum
is all carried by the quark or is shared between the quark and the gluon. This means that no
cancellation between collinear singularities in the real emission and virtual emission is possible.
So let us go ahead. caleulate explicitly the contribution of these diagrams, and learn how to deal

with their si nj,;ll]m'it 105,

First of all note that while the second diagram is not singular in the region k- p — 0.
its interference with the first one is. 1t is possible. however, to select a gauge for which the

interference of the two diagrams is finite in this limit. You can show that the right choice is

o I;t.,'rlnnf + I;t,:xlnf,'r :
D cues(k) = =g + —— —— (140)

Notice that in this gauge not only k- e(k) = 0. but also p' - e(k) = 0. The kev to settine to

the end of a QCD calculation in a finite amount of time is choosing a proper gauge (which we

just did) and the proper parametrization of the momenta involved. In our case, since we are

imterested in isolating the region where k becomes parallel with p. it is uselal to set
¢ ! . ;
'Etlln'l — ':] — ‘::I“,H + I_}'“.” -+ ':__III:IJ_:II” . ':] 11 :|
with k| -p=»Fk, -p'=0. 3is obtained by imposing

II,:':_):”:?-_}{:] —:]Il.ra-,rf—l—f:'i (142)

TMDs - Lecture 5 M. Boglione - HUGS 2012



Delining f{i = —ft';‘). we then get

(143)

Iftl_[:':;1_.' I .
! ' 2P+ 2l —=w)p-yp/

! ¢ (11 -
P, + (k) (144)
(k1) is therefore the gluon momentum vector transverse to the incoming quark, in a frame
where 4% and g are aligned. &y is the value of this transverse momentum. We also get
5
ks ,

op = d’p-;f:m and k-p' = (1—z)p-p (145)

As arvesult (p—Fk)* = —k7 /(1 —=2). The amplitude for the only diagram carryving the initial state

singularity is:
M, = igA}; alph)r ﬁé{#)u{m (146)

(where we introduced the notation a = g = a,~"). We indicated by ' the interaction vertex
with the external current . It is important to keep I arbitrary, becanse we would like to get
results which do not depend on the details ol the interaction with the external probe. It is

important that the sineular part of the QCD correction. and therefore its renormalization. be

process independent. Only in this wav we can hope to achieve a true universality ol the parton

densities! So we will keep I generie, and make sure that our algebra does not depend on its

[orm, at least in the p- & — 0 lmit. Squaring the most singular part ol the amplitude, and

:-illHIlIIiH;.; over (“{]]{JIIT'H HIHI ."‘;'I:]i”."‘;. we ;.!,'{‘.I:

NxCp
: e ) | : :
z .Z M, |* = ¢ Z tr (A“A%) X 5 X Z Tr [ Tp—k)éepe (p—k)TT] (147)
and l:'l:.llt.ll.'ll':‘-'

with t = (p—Fk)? = =k7 /(1 — 2).

TMDs - Lecture 5 M. Boglione - HUGS 2012



Lot us look Hrst at

2

. (k+8F) (148

v

L,
Yoepe =D e = =" +ﬁ{.f"ff”'*' +kpp') =

-

£

(we used: abé + éha = 20a-bje—2a-c) b+ 2(b - c)a and some of the kinematical relations from

the previous page). Then take

(P=k)(k+ 80 )(p—k) = (B—k) k(B —k)+ B — k)P (p— k) (149)
In the second term. proportional to 3, we can approximate k = (1 — z)p. This is because the
other pieces (Gp" + k) multiplied by 7 would cancel entirely the f—];'r singularity, and would only

contribute a non-singular term. which we are currently neglecting. So Eq. (149) becomes

- =

php+ 32°pp'p = 2(p- k)p+ 32220p-pp=2p- k) (1 + 2°)p (150)

andd

| — =

: : 11—z | + 22 .
Z |A f”|‘) = 2¢° C'p {' ™ ) ( - ) N ’I'T'[I.r}frl.r}r-l'] (151)
Ut

The last factor with the trace corresponds to the Born amplitude squared. So the one-gluon
emission process [actorizes in the collinear limit into the Born process times a lactor which is

independent of the beam’s nature! 11 we add the glion phase space:

1. . . 2 -
&k _dkydp 1 dky __dz 1 dk? (152)

J”t' = - ; — ; — =
(k] (27)32k0 kKO 27 87 2 (1 —z) 167?

TMDs - Lecture 5 M. Boglione - HUGS 2012



TMD:s -

Parton evolution

we get:
rﬁt

S,k =

where

is the so-called Altarelli- Parisi splitting function for the ¢ — ¢ transition (z is the momentum
fraction of the original quark taken away by the quark alter gluon emission ). We are now ready

to caleulate the corrections to the parton-model cross-section:

_. | rﬂti Oy _.

o, = frf.r‘f{_.r]l TTuz /d: = (;‘ ) Poy(z) Z|wﬂ| o (p") (155)

Using (p')? = (p—k +q)° ~ (zp+q)* = (22P + ¢)* and
o | | Ll Thi . i ) ,
8}{_;:"") = - — o — ”j — b Ma — ”j (156)

2P - q z z z z
we finally obtain:

27 | M|~ dki dz T hs A
79" Tluz ( 0? )Zf i o _ﬂ,. [ K2 ./T’I””{'””" ( 2 ) (157)

To be compared with

T2 ”{1 2
[lux Z T Jileny)

Lecture 5 M. Boglione - HUGS 2012



Parton evolution

We then find that the inclusion of the Ola.) correction is equivalent to a contribution to the

) ) a, (dkt [tdz T __

i ;tj’_

parton density:

. . . . T . . . . .
CNOL e 100 Presernee o 10 1nbeeTra e SR . e ey frennl of 1nbedral oo s praporbier g ()
Notice the | (1 tegral [ dk7 /E7. The upper limit of integrat proport 11
¥ e . . . .

. 1 ower [1rnn 1= . AL W ncineledd a0 el THass. 102 prapasabonr Wionpld Taaver [ aved
()°. The l litnit is 0. Had Iuded a quark the propagat I 1 bel |
ke 1/(k2 +m?). But the quark is bound inside the hadron. so we do not quite know what m
like 1/(k7 | |

should be. Let us then assume that we cutoll the integral at a k| value equal to some scale pg.

and see what happens. The elfective parton density becomes:

. . ()° . [Ldz . T
f(2.Q%) = [(x) +log [ 5 | = ] %mm:.:lf(i) (159)

py ) 2m

-

The dependence on the scale gy, which is a non-perturbative scale. can be removed by delining

Sz, Q%) in terms of the parton density [ measured at a larse. perturbative scale p:

el

: _ 2 . Lz . I .
[, ;;-"] =[]+ log '”_) fh / rT ,”{m{_:]f (%) [160)

py ) 2m

We can then perform a subtraction, and write:

_ : _ : - . Ldz _ T .
1) = flaat) o (55 ) 5 [ S Pus () (161)

A o o
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Parton evolution

The scale g plays here a similar role to the renormalization scale introduced in the second lecture.
Its choice is arbitrary. and f{x. Q?) should not depend on it. Requiring this independence, we
eet the lollowing “renormalization-group invariance” condition:

df (. Q?) Sdf (e ) . [lde . )
n'.h]Ju"" = p HJ;F 9 ] - aa(2) [ (_) =0 (162)

el

and then

Sdf (. p?) a. [Ldz :
Jrh!"3 n’y"" — 9 [ . {f,li,l{.r:)f(

st

|

_ ;F) (163)

This equation is usually called the DGLAP (Dokshitzer-Gribov-Lipatov- Altarelli- Parisi) equa-

iy

tion. As in the case ol the resummation ol leading logarithms in K, induced by the RG
mvariance constraints, the DGLAP equation  which is the result of RG-invariance  resums a
[ull tower of leading logarithins of Q7.

TMDs - Lecture 5 M. Boglione - HUGS 2012 10



Parton evolution

, o5 . ; - .
Proof: Let us define t = log =5, We can then expand [f{x.f) in powers ol {:

. S ddf - 2 dif o
flx.t) = flx.0)+ fﬁ:-"”'-“-] + 57 73 (. 0) + ... (164)

The first derivative is given by the DGLAP equation itsell. Higher derivatives can be obtained

by differentiating it:

i y & ‘F:r' y "F -I y
[l ) = ” /‘_ H,.,,.:j_.:,,]i:j_r—.f,]

1 1 Jo ] .
(e _ 0 v =z i e, _ .
.Jlrlrlll:-rnf] — :| / """" :I / (1) 'F-:f-'.' ::’J]dlr' : ] b 'f] : |{"]-]
2T Ja 29T a2 = =(m—1) W / A

ra i

The n-th term in this expansion, proportional to (a. )", corresponds to the emission ol n gluons

(1 s just the n-Told iteration of what we did studving the one-eluon emission case).

TMDs - Lecture 5 M. Boglione - HUGS 2012 11



Parton evolution

The scale g plays here a similar role to the renormalization scale introduced in the second lecture.
Its choice is arbitrary. and [, Q?) should not depend on it. Requirine this independence. we

cet the lollowing “renormalization-group invariance” condition:

df(x.Q%y  Sdf(e.p®) o [(rde T o
{ﬂn;ff = f‘;ﬁ;{ ~ o f Tr’*},.f,ﬂ._:if(—) =0 (162)

i A

and then

Sdf (o, pi? . [tz _ ro .
."4‘2 . 1) — ::;._ f TH.'{.'{.;]'.J'F (IT"”;’) (163)

dp? 27

st

This equation is usually called the DGLAP (Dokshitzer-Gribov-Lipatov- Altarelli- Parisi) equa
tion. As in the case ol the resummation of leading logarithms in £, induced by the RG
invariance constraints, the DGLAP equation — which is the result of RG-invariance
full tower of leading logarithms of Q7.

rexs1nns o
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Parton evolution

With similar calculations one can include the effect of the other O(ay) correction, originating
from the splitting into a gg pair of a gluon contained in the proton. With the addition of this
term. the evolution equation for the densityv of the ith gquark Havour becomes:

df,(x.t) o, [Mdz . T . ] .
I(}f - ,-)_m_ T { qrf ) ;rs r?? ) 'Drlr.q[’m) ffj[j 'Ir)‘| H “"T]t-h 'p:m - 3 :2 + (l - :)2
AL = i ‘I' e et -' — ‘1 .
69

In the case of interactions with a coloured probe (say a gluon) we meet the following corrections,

- )+P,,,,, H‘q(:,f) (167)

1 —=z Z , ,
and P, (z) = 20, { + + 2(1 — :)] (16R)

A A

which affect the evolution of the glion density f,(x):

dfy(e.t)  ag [
o w [T Za(s

L=].(]
with
I+ (1 —2)?

-~
ot

Plz) = Pl —z)=Cp

Defining the moments of an arbitrary function g(x) as follows:

de
gri—/{] — Q()

£

it is easy to prove that the evolution equations turn into ordinary linear differential equations:

Urf-(”} (ol

! $ ) pln) ‘1

(;f N ;[HE;,‘? +'D*ff;hff} ] (169)
(n)

U?-fr g o
(;a’, = 5 Pag) fo+ B 1) (170)
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Parton evolution

LO, NLO, NNLO...

naive




Parton evolution

Why not just a fixed order calculation?

fixed order may miss some contributions: in DIS at O(a!)

cross sections from the previous order are much !

by ,.--'"‘—'-

running o} (Q) 4 £ (x, Q%) \7&3 .

“leading log(Q*)”

&g—loop(QQ) + f{wLO(Qﬁ,QQ)




Parton

evolution
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Giving these lectures
was a tremendous,
titanic effort ...
but it was well worth it
You have been great !

Thank you and good luck for your PhDs !



Summary

This is a worm gear| These are worm gear An elephant is not a mouse
: distribution functions multiplied by a thousand

Larry Weinstein

Nechipparion (small horse) Mastodon

TSNS Alessandro Bacchetta

This is a pretzel | This is pretzelosity We are physicists:

we are arrogant,

we are prejudiced, and
we make assumptions
based on our prejudice.
Whatever we say,

we say it with authority.
Matthias Burkhardt Paul Reimer




