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Cutline

o The meaning of “duati&v" i physics
(Example: The Ising model)

o Quark-Hadrown dmati&v (exper&men&at and
theoretical evndeh&e)

Etet&ruﬁmMagnehﬁ Duat&v (monopcwte :
comc&emsa&on and ii‘OWfLMQMQM&) |

o “T‘ he AdS/L.!-»T &orresgomd@.ﬂ&e (gauge/gravcﬁj
dm&l&v, haiagraphw QCD)



Electric-Magnetic Duality
Strassler - “Confinement and Duality” lectures
IntriligatorSeiberg - hep-th/9509066
Seiberg,Witten - hep-th/94-070%7

Cownsider Maxwell’s elet:ﬁroc{vmammsz
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Source-free Maxwell’s Equations:

I =0 Euler-Lagrange egs

0.(e"*Fy,) =0 Blawnchi idenkities



Electric-Magnetic Duality

Source~free Maxwell’s Equations:
Ot =0 €=V B 8 F) — 05 N

| Ly ]l,
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Define the dual field strength tensor:
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Exercise: g



Electric-Magnetic Duality

We can enforce the Bilanchi &c&en&&j bj
adding a Lagrange multiplier vector Ay,

so that Ap would couple to monopoles with charge 1
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Electric-Magnetic Duality
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Treat F as the physical field. The
equation of motion for F gives:
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Monopole Condensation and
Confinement
't Hooft, Mandelstam -1976

In some theories electric-magnetic
duality allows us to understand a
relation between condensation of
monopoles and confinement of
(chromo)electric flux.

The basic insight comes from
confinement of magnetic fluxes in
supercohductors.



MOMOPQL@. Condensakion and
Confinement

In Type I and Type 11 superconductors
Cooper pairs of electrons condense.

A relativistic analogy of this is the
Abelian Higgs model, where the Cooper
pair field is the Higqs field o.

Vacuum
@_xpatfzo\&om
A value ‘¢‘ =V

image from Quanbum Diaries



MOMOPQL@. Condensakion and
Confinement

Elxpav\d the Lagrangian about the
VEV ¢ = v,

1 .
L =7 FuwF" + (0, — 2e4,)¢1” — V(1l*)

A

Cooper pair has charge 2

> 4e20? A, A" €Mass term for photon
(Anderson-Higqs-.. mechanism)

Higqgs mass small &ompared ko Pho&am MQSS: ‘T‘:jpe 1

Higqs mass large aampared ko Pho&om "QSS: ijpe i1



MOMQPOL@. Condensakion and
Confinement

Equation of motion for A’ with static
electric point charge source:

(V2 + 8ev*) A" = 6(x)

6—2\/561)7“

_Iscreening of |
- Jelectric field |

A%(r) ~
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Momapoi.@. Condensakion and
Confinement

In Type II superconductors maghetic
flux can ieme&ra&e into the

supercol uctor bj creating localized
Cooper pair currenks called
Abrikosov vortices

Coopar [mir
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image from Strassler, “Confinement and Duality”



Momapoi.@. Condensakion and
Confinement

In the relativistic conbext, Vortex
solutions are called Nielsen-0lesen
vortices.

To have finite enerqgy, vortex solutions

must behave ot large r as:

o(r) ~ve, A~ Qi, where s € Z
e

R~ quantized, confined

magnetic flux!

image from Strassler,
“Confinement and duality”




MOMQPQL@. Condensakion and
Confinement

In vacuum the phase of ¢ becomes the
helicity-© component of the massive photon,

The magnitude of ¢ is massive. (Exercise)
Hence, this theory confines magnetic flux and
has a mass gap.

1 we could fLE;F.' Ehis sEorv around, exchanging
the electric and magnetic fields, we would
have confined electric flux and a mass gap -
Lilkke QCD!



Momapoi.@. Condensakion and
Confinement

Well, sort of.

The field ¢ &ramsﬂfg»rms under a U(1) gauge
tavariance, ¢ — 62269(:”)@ not the SU(3) qgauqe
ivariance of QCD.

Unless the SU(3) is broken in an appropriate
way, there are no analogous magnetic flux
tubes. However, for a non-Abelian “eleckric”
theory, the “magnetic” dual theory may have a
different qauqge group.



Monkonen-0Olive ﬁu&i&&v

The first well understood extension of the
electric-magnetic duality to non-Abelian
theories was to N=4 supersymmetric gauge
theories.

We will nobk describe SUSY in any dekbail
during these lectures, but it is worthwhile
discussing some features of SUSY dualities, as
they are in some ways better understood than
their non-SUsY ﬂoun%erp&rﬁsa



Monkonen-0Olive ﬁu&ii&v

N=4 SUSY gauge theory with gauge group &
has a dual description in terms of gauge
group G, (whose weight Lattice is the dual
Lattice to that of &), with “electric” and

“maqunetic” charges exchanged.

It is a weak-strong duality like the u(2)
electric-magnetic duality described earlier.
G = SU(N)
Gp = SU(N)/Zy



MOMOPQL@. Condensakion and
Confinement

G = SU(N) €— No confined “magnetic” fluxes
Gp = SU(N)/Zy «— Can have confined
“electric” fluxes!

Could this help to explain confinemenk
of the chromoelectric field in QCDH?

Perhaps, but we would need effective
scalar field(s) charged under dual
gauge group Gypanalogous to the Cooper
pair fleld —- monopole condensation?



MOMQPQL@. Condensakion and
Confinement

To examine the possibility of monopole
condensation in QCD, lets first consider
the simpler example of the SU(R) gauge
theory with an adjoint Higgs field.,

L= —3F FORS D 08RG M- 1)

Du¢a A alu¢a B GEQbCAZ¢C
We assume the Po&ev\%mt has minima ak
¢a¢a i U2

which breaks SU(R)—> U(1)



MOMQPQL@. Condensakion and
Confinement

1f there are monopole solutions, to have finite
energy at spatial infinity the Higgs field must
approach vacuum solutions ¢¢" = v,

This means that the 2-sphere ot infinity is
mapped into vacua, which are Labeled bj

elements of SUR)/U(1).

These mappings are characterized by the
hama&o[wv group m(SU(2)/U(1)) =Z



MOMQPOL@. Condensabtion and
Confinement

Explicit monopole solutions to the
classical equations of motion are
khowhn, At large r one such solution

(ﬂd@_ 't HOO{E”?OL?QRQV “hedSQ[f\OS”>

behaves as: /SU(Z) gouqge index

¥ ¢ spatial tndex
T PR

U T




MOMQPQL@. Condensakion and
Confinement

Define: Fioe ntF
Bii=n A,
1 . .

EX@J‘@ESQ: F/u/ a0 a,uBy 5 aI/B,u a5 geijknz(@unjal/nk)

1f we choose a gauge so that n=(0,0,1) the
Last term vanishes, and F looks Like the field
strength of a U(1) gauge field. Monopoles
carry charge under this “magnetic” U(1).

The U(1) can be spom&anﬁoustj broken bj
mohopole condensation,



MOMQPQL@. Condensakion and
Confinement

't Hooft arqued that even without a
Hiqgqs field, one can define an analoq
to the Abelian projection and describe
monopoles and their condensation.

Choose any operator 0% that Etransforms
in the adjoint rep of the gauge group
(Likke %),



Momapoi.@. Condensakion and
Confinement

The analogy of the Abelian projection is
a gauge such that 0" =(0,0,05(z)), A
residual U(1) transformation leaves this
form nvariant,

Ak Fwim&s where 0%(x)=0 the gauqe
transformation is sinqular. The
singularity depends on mappings of the
2-sphere around the singular point to
elements of SU(R)/U(1), as expected for a
mov\c:pol@.!



Momapoi.@. Condensakion and
Confinement

A similar analysis goes through with
gauge group SU(3).

Perhaps the monopoles described by an
approprm&e 0% (evidence shows thab ik
doesnt work for all 0%) condense and
confine the chromoelectric flux?



Seiberg-Witten Duality

Review: Alvarez-Gaume Hassain - hep%h/‘)?ﬁlaé‘%

N=2 SUSY SU(N) gauge theory contains
mohopoles and c&vcms, as i N=4 SUSY.

When the N=2 theory is deformed to N=1
b:j making certain telds massive,
monopoles condense and khe theory
confines.

We will summarize some of the features
of the theory and iks analysis.



Seiberg-Witten Duality

N=2 SUSY SU(N) gauge theory: Contains

Vector field  a°
Fermions AoL

Scalar field ok

ALl fields are in the adjoint rep of the
SU(N) gauge group.



Seiberg-Witten Duality

1§ (6") #0 then SU(N) is generically
broken ko U{1)N.

Consider the SU(R) theory. The theory
has a conbkinuum of physically
M@.quivai.@_né VACUQ

The vacuum can be param&r&ed bv

u = A0 R



Seiberg-Witten Duality

The low-energy u(2) theory is weakly
ﬁ()u,?iﬁd Ezf u/AQCD = Al

The coupling (and theta parameter)
d@.F’@.MdS on In(u/Agep) and changes as a

Laop Ls made ac-mpt@.x u space:

R u€27m

Thewn there must be sthqularities at
small u consistent with the mamadromv
at large wu.



Seiberg-Witten Duality

What sinqularities?

Massless monhopoles or dyoins might
exist for speﬂaﬁ,«c values of u, and
would modify the beta function of the
moagnetic dual coupling in a calculable
way,

S@.&b@.rg and Wikken argu&d Ehat there are
precisely two values of u ab which a
monopole or civc;a:m becomes massless.



Seiberg-Witten Duality

In terms of the magunetic dual
d&saripﬁom with massless monopoles,
N=2 SUSY requires a scalar Fm&emﬁai.
including

V = 2[pp M| +2|¢HM|* + 2| MM |’

[y

VEV of dual

od jotil' s Al Scalar monopole fields



Seiberg-Witten Duality
V =2|¢pM|* + 29, M|* + 2| MM’

!

dual adjoint  scalar monopole fields
scalar

Now add a swmall mass term for ¢¢,
which is thought to resulk in a confining
Ekaarv:

Eishr ot — e i)



Seiberg-Witten Duality

To maintain N=1 SUSY we have to also
add a few more terms to the scalar part
of the Lagrangian, with the resulk:

m du

V =2|0% M| + 2|0L M|? + 2| MM A
(o p M| op M| /3 do%.

The potential is a sum of squares, so in
the qround state(s) each term in the sum
vanishes.



Seiberg-Witten Duality

m du

V2 doip
¢%M:¢%M:O — ¢ =0

MMI =) —>MM7£O

The fact that the monopole fields are
‘nonvanishing in the qround state is
tantamount to MOMOPQL@. condensation,

| In Ehis %hearv we see expu;&i;&tj how
- mohopole condensation occurs.



Seiberg Duality

The subject of dualities in N=1
supersymmetric gauge theories with
matter is guite rich, and we dont have
time to do the subject justice.

One important aspect of the electric-
maghetic duality is that the magnetic
dual gauge group depends of both the
number of flavors and the number of
colors, SU(N.) — SU(N; — N,)



Dualities Leckture 2 Summarv

Maxwell’s source-free electrodynamics has a strong-
weak duality which exchanges the electric and
maqgnetic fields.

Confinement in QCD may be related to condensation
of magnetic monopoles, a dual to confinement of
maqgnetic flux bv condensation of electrically
charged particles.

Supersymmetric models allow for an explicit
realization of electric-magnetic duality and
monopole condensation in non-Abelian gauge
theories.



