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Dualities and QCD
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Cutline

o The meaning of “duati&v" i physics
(Example: The Ising model)

o Quark-Hadrown ciuod.i,&j (exper&men&at and
theoretical evidence)

o Electric-Magnetic Dualiby (monopcwte
comc&emsa&on and ii‘OWfLMQMQM&)

’ o “T‘ he AdS/L.!-»T &orresgomd@.ﬂ&e (gauge/gravcﬁj
dmal&v, hotagraghw QL.B)



The AAS/CFT ﬁarres[zmmdemae \V" A
Maldacena - 1997 i
Wikkewn,; Gubseir,!(i.@.bamov,‘?ci.valf’cw - 199%

Perhaps the most surprising of dualities is the
AAS/CFT corresgov\demce, which relakes theories
in different numbers of spacetime dimensions.

It is a strong-weak ﬁauptivxg duatiEj i certain
Limits of theory parameters.

ik is one of the most active areas of skring
theory research, and has motivated models of
QCD, superconductors, cold atoms, fermi
Liquids, ..



The AAS/CFT Corrmgomdemae

The motivation for the correspondence begins
with Black Hole Thermodynamics.

Black holes radiate with a &empem&uve Ehak
c{epencis on bthe black hole mass. The relakion
bebween mass and &empeva&ure debermines ain

QM&T’OP?‘.’ 4 AK/ZL HG(,);ZOM area
St

Em&ropj is usually an exktensive qu&h&%j: Lk
grows with Volume, With gr&viﬁv, the mwaxinaum
entropy of a system grows with Area!



The AAS/CFT COYT@.SPOMdQMCQ

it is as f a nongravitational theory contains
the same information as a theory with gravity
i one additional dimension, «— “holography”

('t Hooft, Susskind)
Could a wea\wtvﬂc:oupi@.d theory with gravity
describe strogly-coupled QCD at low energies
(in the resonance region)?

To explore this Fwss&biu&j we will first explore
what the AAS/CFT tarresyamd@.mae really means.



The AAS/CFT COTTESPOMd@.MC@.
Maldacena, he p-th/9711200

N
5

D3 brawnes
T L 3 SPQEEQL
| dimensions
Diritchlet
(sktrings end here)

Massless spectrum of
open strings attached to
D3-branes n Type 1IB
String Theory i3
described by'N=4 SUSY
SUN) Yang-Mills theory

@ N— oo with fixed larqge
Qs N: A

Closed skrings describe
Tfjge 113 SUGKA in a
bdekground with near-

horizon geome&rv
Ad55 h. & 55



Anki-de Sikter Spa«t‘@- (.Adss)

ds? = di? + dt} — dX? — dX3 — dX2 — dX}



Anti-de Sitter Space (AdS,)

D LRy s - X - Rl
ds? = dt} + di} — dX? — dX} — dX3 — dX}

L K X4:i(z2—R2—|—x2—t2)

ds? = & (dt? — da? — do} — dad — d2?)

2z

=250 covers half of the spacetime



Hints of a Conformal Theory

t9 +t5 — x4 — x5 — x5 — 15 = R?

ds? = dt? + dt5 — dX? — dX2 — dX3 — dXZ

Isomektles ofhdly LT 4

S0(2,4) is also the group of conformal
symmetry transformations in 4D

(Poincare symmetry, dilations, Uiversions)



The AAS/CFT mt:&muarv

ds? = & (di? — da? — da? — dad — d2?)

2=0:; baundarv of the spacetime

Grauge

Gr&vi@v

Qpem&or

Field

Scaling dimension of operator

Mass of field

Source for operator

non-normalizable background
prcwfiie for field near ALS
bmuv\d&rvj

Grenerating functional for
connected correlation functions

Action with background Fra&l.as
for fields near A4S boundary




Adding Flavor to AAS/CFT
(Karch, Kakz)

Strings from N D3-
branes to D7-branes
are fundamentals

under SU(N)

With N D7-branes, SU(Ng)
auqge fields couple to the
Lavor current.

7

The spectrum of those gauge
fields corresponds to the
spectrum of vector mesons.



Confinement and AAS/CFT

There is o mass gap in a conformal
theory. To match QCD we need to break
the conformal invariance and qenerate a
mMass gap.

Oine way ko do this s ko inkroduce a hard
wall inko the geame&rv

(Polchinsiki-Skrassler).

= f—; (dt? — dxf — dz3 — dzj — d2?)

2 € (€,21R)




Particles i Exkra Dimensions

Suppose every Fra&ov\ had the same
momentum p. i a flak exbtra dimension -
like a certavn mode of a particle in a box

E? = p’ + p3

X looks Lilke a mass

from the 3+1 dim'l
Fersgec&iva



Kaluza-Klein Modes

Efxamyi.@.

Vector field in slice of 8§D
Minkowski space 2 € {0,L}

— Z

1
oy -8 43 /d4a:’dz ol e, [
ne{0,1,2, 3}

Punt=—0, 1 S @h A
Hr—0 A e



Kaluza-Klein Modes

E:xamgi.@.

Vector field in slice of 8§D
Minkowski space 2 € {0,L}

A EOM:




Kaluza-Klein Modes

Efxamyi.@.

Vector field in slice of 8§D
Minkowski space 2 € {0,L}

A EOM:




Kaluza-Klein Modes

E:XQMF?{.@.

Vector field in slice of 8§D
Minkowski space 2 € {0,L}

0% AV
=)
0z?

‘S@.F&?&&EOM Oﬂf Variables: AY(z,z) = AY(z)y(2)
8, 5" (2] = Sg” Al
Y'(2) = —¢" ¥(2)

A EOM: 9, 0" A"




Kaluza-Klein Modes

E:XQMF?{.@.

Vector field in slice of 8§D
Minkowski space 2 € {0,L}

L masst of 4D field A” (z)
—geAN)
—q” P(2)

0, 0" A (x)
()

Baumdarv tomd&mms on ¥(z) debermine
eigenvalues of ¢°



Kaluza-Klein Modes

Example
Vector field in slice of 8§D
Minkowski space 2 € {0,L}
— Z
5,0t A% (z) = E2 AV (v, F a0y —ii (L) —
' (2) = A AN \ ' (0

Yn(2) = cos(nmz/L)

TL27T2

Q2 = &«— Kaluza-Klein wasses
n L2

R




Kaluza-Klein Modes in AAS

Examtpt@.

Vector field in slice of 8§D
Aci‘S SF’OUCQ i {6, Z[R}

ds? = & (dt? — da? — da? — dz? — d2?)

& _
S = 3 /d4a7 dz \/gFunFap g" *g" "

&\ deberminant ,\ Lverse

of metbric of metbric

| R
= _Z /d4$d2’ _FMNFAB 77MA77NB
Z



Kaluza-Klein Modes in A4S

by (2) E:XOLMF?LQ
Vector field in ALS




Kaluza-Klein Modes in ALS

by (2) EX&MFLQ
Vector field in ALS

Exercise 1: Write ¥(z) = 2* IE(Z) , choose p so that
the equ&&om for U(2) becomes Bessel’s egn.



Kaluza-Klein Modes in ALS

by (2) EX&MFLQ
Vector field in ALS

Exercise 2: Show that as ¢ —» 0 the eigenvalues
SQEE«S{IU J()(ng[R) —=x()s



AAS/CFT:
Kaluza-Klein Modes «—» Bound Skakes

AAS/CFT:
Current €«—> Vector field

Kaluza-Klein modes of vector field are rho
mesons, and eigenvalues of g2 determine
rho meson masses!




Statement of the AAS/CFT

Correspomdemae
<€"3fd4a? A AT e

T

source for generating functional for
OF@;Q&Or O connecked correlators

AQS/CFT:  Ssp oz, Z)](b(a;,e)fvp(x) = Wip(z)]



Statement of the AAS/CFT
Correspondence

<6z’fd4a: AM(:U)J““(x)> — eiW[Au(x)]

x

source for &SQ“@-"Q&W\S functional for
currenk 3 connected correlators

ALS/CFT: Ssp [A,(z, 200 () agley = VY [Au(z)]



Vector Current Correlators

We need the 5D acktion on a solubion bto khe

EOM that approaches the (transverse) source
V(x) at the AdS boundary,

£D action vanishes on solution to EOM excep&
for a baumdar:j term:

1 1
o /d4az (;V;(x,z)ﬁz‘/“a(x,zﬂ

292

Z=€



Veckor Current Correlakors

Fourier transform in 3+1 dim's:

5 i / dtr (lv;(x,z)azwa(x,z)>

2 g% 2

Z=¢€

1 d*q R i
TaE 29&/(27‘_)4 (;V,u (_QVZ)an (Q7Z)>Z€

“Buii«fﬂ%o-*boumdarv
Write Vi(q,2)=V(q,2)Vi(q) propagator”

Vig,e) =1



Veckor Current Correlakors

5=y [ L vre i) (10.V(a2))

< =€

Veckor currenb-current correlakor:

[ et (2@ I0) = 6 (a0 — ) Ty (— )
e 5
" 54;(—q) 4L (g

ATy e (182‘/((1,2'))“

T 2

S




Vector Current Correlakors

where




Veckor Current Correlakors

Can expand solutions at large -g?:

1
HV(_C]Q) e 292 ln(—qQ) T i
5)

Omewtoop Pev%urba&&ve QCD ecalculakion:




Quark-Hadron Du&i&&v

Can expand in resonances (Kaluza-Klein modes)

Buiw‘%a*Boumdarv ‘Prapaga&or

2 !

: , -
0, (gé’z\/(q,z)) < %V(q,z) =0 |

4

. b o

) 3 N

p . 3

Y
® 3

1 / q2 ; :
87; _8ZG(Q7 Ly & ) i _G(Q7 <y < ) a 5(2 PR < ) ;
< e '

P
y

G(q,€, 2

)0) .G

e,



Quark-Hadron Du&t&&v

Consider the integral

ZIR
[E/ dzV(q, 2)
= V{(q, Z/)

82132 +
R

Inteqrate bv parts twice:

f = / dzG(q, z, 2")

9 -

3

Z—

G(q,z,2")




Quark-Hadron Du&t&&v

We have derived a relation bebween the bulle-ko-
boundar:j progaga&or and the Dirichlelt Green
function:

The Green function can then be expanded in
Fhe Kaluza-Klein modes discussed earlier:

G, 2, 7) = Y Letel)




Quark-Hadron ‘bu&ii&v

We can now evaluate the expression for the

currenb-current correlator derived earlier as a

sum over "rtho mesons”:

[Ty (—¢%) = 12 eé‘zV(q,Z))Z:e

g q

i (Yr(€)/e)

geree 1ge - miZ)in

2

n n

+ conbtact bterm



Quark-Hadron Du&t&&v

- Rho c&e&&v
\.42// constanks
F’n




Sum Rules

In the deep Euclidean regime —g° > mﬁ, perturbative QCD gives

[ dtx T 200I200) = (a0 — ) 87 5, og(a?)

We can express the correlator as a sum over resonances:

: / dx e (J2(x) JE(0)) = 5

q2_

Agreement of these expressions in the deep Euclidean regime is a
Weinberg sum rule.

GRS
r, AN

o mn *-‘f'if f.:_; ;.@K aluza—Klem mass .,9*«
F = Decay ] resonam‘:e |




Vector Mesons in AAS/CFET

(Kruczenski,Mateos,Myers Winters)

The large number of D3-
branes Warp the SF&&QEEMQ«

The D7-branes minimize
Fheir volume i Ehakt
space&meﬁ

Gauqge fields propagate in
the induced geomebry on

the D7-branes, and K
modes are mesons.



What aboub chiral Sjmmeﬁrfj?

QCD wikh massless quarks has an enhanced
svmme&rj

Locp = Z g (10, — gAURGY S (10, —~'gA,) ¢;R]

1=u,d,...

& 1_,75 g 1""75
qL G 9 q dr = 9 q

Chiral symmetry: L SUING) generators

e T 0% T

qr s

qr dqr — € dR



What aboubk chiral symmebry?

Quark masses explicitly breake Ehe chiral
svmme&rjﬂ FOT NMow pre&end quark masses
wWere equ&t.

Lo =m(qrqr + qr4r)
Under chiral svmme%rvz

L., —m (Z]’Le_w%Ta CURT O A h.c.)

Isospin is still preserved: 07 = 05



What aboubk chiral symmebry?

The up and dowin quark masses (few MeV)
are small compared to the confining scale

(few hundred MeV).

SUR) chiral symmetry is a pretty good
symmetry for the up ‘and down ‘quarks.

However, the chiral svmmeﬁrv LS
spontaneously brokein bv chiral condensates.

(@rqr) # 0



Chiral Fermions in AAS/CFT
(Sakai,Sugimoto)

D4--branes wra peci o Q
circle with anbtwperiodic
boumdarv conditions for
fermions —» breaks
SUSY (Wikken)

N¢ D¥-branes and D¥-branes
inkersect D4-branes

D4-D¥ strings cowntain
massless chiral fermions



Chiral Svmme&rj Breaking

(Sakai,Sugimoto)

D4-branes warp the geomelry,
D¥-branes minimize their
volume, connect with D¥-
brawnes.

The SUINEIXSUNS) chiral symmebry is
broken to the diagonal SU(N¢)

The spectrum of vector fields on the
D¥-branes describes vector and
axial-vector mesons, and plons,



Bottom-Up AAS/QCD

@ Model tower of resonances as Kaluza-Klein modes in an extra
dimension (Son,Stephanov’'04)

@ Model pattern of chiral symmetry breaking by analogy with AdS/CFT
correspondence

e Optional: Specify details of model (geometry of extra dimension,
couplings) by matching to UV as best possible

(e.g. Brodsky,De Teramond; JE et al.; Da Rold,Pomarol)

AdS




Top-Down AdS/QCD:

@ Advantage: Both
descriptions of theory are
relatively well
understood, duality Is
exact.

Disadvantage: QCD with
fundamental flavors does
not have weakly-coupled
AdS/CFT dual, so far

even at large-NV.

Bottom-Up AdS/QCD:

@ Advantage: Freedom to
match model to aspects

of QCD.

@ Disadvantage: Some

features of model

disagree with QCD
(analogous to large-N

limit).




Dualibties Lectures 3-4 Summarv

The ALS/CFT t‘orres[wma&emae relates Eheories
in different numbers of spatial dimensions.

Higher-dimensional models which confine
with chiral svmmeﬁrv breaking allow for
calculation of hadronic observables.

Next lecture:
Holographic QCD, comparison with data



