
“the three-body problem”



the Trisolaran invasion force has departed, but will not reach Earth for 450 years, as they are traveling 
at 1/100-th of lightspeed.…society splits into factions, with the Adventists seeking complete 

destruction of humanity by the Trisolarans, and the Redemptionists seeking to help the Trisolarans to 
find a computational solution to the three-body problem, which plagues their home planet…

https://en.wikipedia.org/wiki/Three-body_problem


Piarullia, Baroni, Schiavilla et al. [2017]

the three-body problem: nuclear physics



the three-body problem: nuclear physics

Piarullia, Baroni, Schiavilla et al. [2017]

the three-body potentials shifts spectra by about 10%-20%
these emerge from “local” & “non-local” interactions



the three-body problem: from nuclei to atoms - Efimov physics

Consider two non-relativistic bosons in the unitary limit: p cot � = �1

a
+

rp2

2
+ · · · = 0
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Vitaly Efimov

The two-body scattering amplitude will have a pole, right at threshold:

M ⇠ 1

p cot � � ip
=

1

ip
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Efimov [1970] predicted an infinite tower of geometrically-separated 
 three-body bound states: 

EN = E0�
�2N , � = 22.69438 . . .
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Vitaly Efimov

a somewhat curious observation lead to a wide range of 
prediction and strong overlap between two seemingly 

disconnected fields: atomic and nuclear physics 
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the three-body problem: from nuclei to atoms - Efimov physics

Naidon & Endo (2016)



Vitaly Efimov

a somewhat curious observation lead to a wide range of 
prediction and strong overlap between two seemingly 

disconnected fields: atomic and nuclear physics 
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I was Efimov’s TA @ UW…

…about when I realized 
Efimov was “Efimov”

my time @ UW

the three-body problem: from nuclei to atoms - Efimov physics



the three-body problem: hadron spectroscopy
Most excited lie above three-particle thresholds and couple strongly onto these states…

…just look at the first excited states of the simplest QCD states

the Roper

the nucleon

π(1300)

the pion



ρπ

πππ

the three-body problem: hadron spectroscopy
Most excited lie above three-particle thresholds and couple strongly onto these states…

…just look at the first excited states of the simplest QCD states

c

the Roper

the nucleon

c

π(1300)

the pion

Nππ ~ 25–50 %

Nπ
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Dudek, Edwards, Guo, Thomas (2013)

the three-body problem: lattice QCD

How does the three-body problem creep its head in lattice QCD?

πππ



Lattice QCD in not “brute force”

LQCD

Essentials

maybe this is people’s idea 
of lattice QCD….?



Lattice QCD in not “brute force”

LQCD



Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Dµ = ( ((L/a)3 ⇥ (T/a)

mq ! mphys.
q

Lattice QCD 



tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

Lattice QCD 

Never free!
No asymptotic states!
No scattering!

in general, you can’t separate 
states by particle number!



analytic 
continuation

PW amplitudes

identification of 
states [masses & widths], 
 production/decay mechanisms

few-body systems in LQCD

finite-volume  spectrum

lattice QCD

+

=

+

+
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transition 
form factors

electroweak 
amplitudes

elastic form 
factors +

=

+

+...

electroweak 
amplitudes

+

=

+
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...

1-to-2
FV matrix 
elements
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=

+

+...

2-to-2
FV matrix 
elements

resonance poles



lattice QCD

elastic form 
factors +

=

+

+...

electroweak 
amplitudes

structure and nature of states

+

=

+

+...

2-to-2
FV matrix 
elements

 Ortega-GammaBaroni Hansen
RB, Hansen (2015)
Baroni, RB, Hansen,  Ortega-Gamma (2018)

few-body systems in LQCD



lattice QCD

PW amplitudesfinite-volume  spectrum

HansenSharpe Szczepaniak

inside the box
outside the box

few-body systems in LQCD



Perturbative - Beane, Detmold, Savage, Tan

Alternative approaches

EFT driven - Rusetski, Hammer, et al. 

Unitarity driven - Mai & Doring



Perturbative - Beane, Detmold, Savage, Tan

Alternative approaches

EFT driven - Rusetski, Hammer, et al. 

Unitarity driven - Mai & Doring

PT is not good enough for most channels or kinematics 
of interest

requires having a well defined and convergent EFT for 
kinematics and channel desired…rarely true. 

Requires first deriving unitary conditions in an infinite-
volume, then replacing unitarity cuts with finite cuts. 
Unfortunately, lots of information is lost in the infinite-
volume limit [e.g. partial wave mixing]



iM = + + + · · ·

Two-body scattering 
Unitarity using all orders perturbation theory:

non-perturbative kernel including 
all diagrams not shown…

“yep, the left hand cut is there”

{ }
{

+ + · · ·+ + · · ·+

IR limit of QCD, only interested in 
hadronic d.o.f.



1

+ PV=

=

Z
d4k

(2⇡)4
[iB(k, P )]2

i

k2 �m2 + i✏

i

(P � k)2 �m2 + i✏

=

Z
d3k

(2⇡)3
[iB(k, P )]2

(2!k)2
i

E � 2!k + i✏
+ “smooth”

= [iBon]⇢ [iBon] + “PV integral”

iM = + + + · · ·

Two-body scattering 

square root singularity. ⇢ ⌘ p

8⇡E
⇠

p
s� sth

Unitarity using all orders perturbation theory:



iM = + + + · · ·

Two-body scattering 

square root singularity. ⇢ ⌘ p

8⇡E
⇠

p
s� sth

Unitarity using all orders perturbation theory:

Im[s]

Re[s]
2N sheets for N open channels



iM = + + + · · ·

+...=

{ }
{

K-matrix

+ + · · ·PV

Two-body scattering 
Unitarity using all orders perturbation theory:



iM = + + + · · ·

= + + + · · ·
1 1 1

Two-body scattering 
Unitarity using all orders perturbation theory:

Im[s]

Re[s]

Sheet II

resonancesR = (ER � i
2�R)

2

= iK 1

1� i⇢K

bound state



Next, we want to consider two particles in a box, but before we do this 
we need to understand how one particle behaves. 

Two-particle in finite volume



Next, we want to consider two particles in a box, but before we do this 
we need to understand how one particle behaves. 

Two-particle in finite volume

Masses of stable states are exponentially close

V
+ + · · ·iZL(p2)

p2 +m2
L

=

= + + · · ·+O(e�m⇡L) ⇡
iZ(p2)

p2 +m2



Exponentially suppressed effects in 1+1D 

V ⇠
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dkz
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Exponentially suppressed effects in 1+1D 
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Only the integral along the cut contributes…  
changing variables (kz=iqm)… q

im

⇠
X

n 6=0

Z 1

1
dq

1p
q2 � 1

e�q mL|n| ⇠ e�mL

p
mL

if mL >>1



Consider the finite-volume two-particle correlator (E~2m):

+ + · · ·V V VC2pt.
L (P ) =

Two-particle in finite volume

{ }

{

+ + · · ·+



+ + · · ·V V V

V

Consider the finite-volume two-particle correlator (E~2m):

C2pt.
L (P ) =

Two-particle in finite volume

[k = 2⇡n/L]
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Consider the finite-volume two-particle correlator (E~2m):

C2pt.
L (P ) =

Two-particle in finite volume

[k = 2⇡n/L]
<latexit sha1_base64="0tdHxvROuNrNCPJ72IW0400vy+E=">AAACB3icbVDLSgMxFM3UV62vqktBgkVwVWeKoBuh6MaFiwr2AZ2hZNJMG5rJDMkdsQyzc+OvuHGhiFt/wZ1/Y/oQtPXAhZNz7iX3Hj8WXINtf1m5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrA4cBGvFipHQF6zpDy5HfvOOKc0jeQvDmHkh6UkecErASJ3iftsFdg9+kA6y84obc/zzltnxtdcpluyyPQaeJ86UlNAUtU7x0+1GNAmZBCqI1m3HjsFLiQJOBcsKbqJZTOiA9FjbUElCpr10fEeGD43SxUGkTEnAY/X3REpCrYehbzpDAn09643E/7x2AsGZl3IZJ8AknXwUJAJDhEeh4C5XjIIYGkKo4mZXTPtEEQomuoIJwZk9eZ40KmXHLjs3J6XqxTSOPNpDB+gIOegUVdEVqqE6ougBPaEX9Go9Ws/Wm/U+ac1Z05ld9AfWxzcP85lp</latexit><latexit sha1_base64="0tdHxvROuNrNCPJ72IW0400vy+E=">AAACB3icbVDLSgMxFM3UV62vqktBgkVwVWeKoBuh6MaFiwr2AZ2hZNJMG5rJDMkdsQyzc+OvuHGhiFt/wZ1/Y/oQtPXAhZNz7iX3Hj8WXINtf1m5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrA4cBGvFipHQF6zpDy5HfvOOKc0jeQvDmHkh6UkecErASJ3iftsFdg9+kA6y84obc/zzltnxtdcpluyyPQaeJ86UlNAUtU7x0+1GNAmZBCqI1m3HjsFLiQJOBcsKbqJZTOiA9FjbUElCpr10fEeGD43SxUGkTEnAY/X3REpCrYehbzpDAn09643E/7x2AsGZl3IZJ8AknXwUJAJDhEeh4C5XjIIYGkKo4mZXTPtEEQomuoIJwZk9eZ40KmXHLjs3J6XqxTSOPNpDB+gIOegUVdEVqqE6ougBPaEX9Go9Ws/Wm/U+ac1Z05ld9AfWxzcP85lp</latexit><latexit sha1_base64="0tdHxvROuNrNCPJ72IW0400vy+E=">AAACB3icbVDLSgMxFM3UV62vqktBgkVwVWeKoBuh6MaFiwr2AZ2hZNJMG5rJDMkdsQyzc+OvuHGhiFt/wZ1/Y/oQtPXAhZNz7iX3Hj8WXINtf1m5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrA4cBGvFipHQF6zpDy5HfvOOKc0jeQvDmHkh6UkecErASJ3iftsFdg9+kA6y84obc/zzltnxtdcpluyyPQaeJ86UlNAUtU7x0+1GNAmZBCqI1m3HjsFLiQJOBcsKbqJZTOiA9FjbUElCpr10fEeGD43SxUGkTEnAY/X3REpCrYehbzpDAn09643E/7x2AsGZl3IZJ8AknXwUJAJDhEeh4C5XjIIYGkKo4mZXTPtEEQomuoIJwZk9eZ40KmXHLjs3J6XqxTSOPNpDB+gIOegUVdEVqqE6ougBPaEX9Go9Ws/Wm/U+ac1Z05ld9AfWxzcP85lp</latexit><latexit sha1_base64="0tdHxvROuNrNCPJ72IW0400vy+E=">AAACB3icbVDLSgMxFM3UV62vqktBgkVwVWeKoBuh6MaFiwr2AZ2hZNJMG5rJDMkdsQyzc+OvuHGhiFt/wZ1/Y/oQtPXAhZNz7iX3Hj8WXINtf1m5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrA4cBGvFipHQF6zpDy5HfvOOKc0jeQvDmHkh6UkecErASJ3iftsFdg9+kA6y84obc/zzltnxtdcpluyyPQaeJ86UlNAUtU7x0+1GNAmZBCqI1m3HjsFLiQJOBcsKbqJZTOiA9FjbUElCpr10fEeGD43SxUGkTEnAY/X3REpCrYehbzpDAn09643E/7x2AsGZl3IZJ8AknXwUJAJDhEeh4C5XjIIYGkKo4mZXTPtEEQomuoIJwZk9eZ40KmXHLjs3J6XqxTSOPNpDB+gIOegUVdEVqqE6ougBPaEX9Go9Ws/Wm/U+ac1Z05ld9AfWxzcP85lp</latexit>

=
1

L3

X

k

iB`0m0 iB`m

(2!k)2
i 4⇡ Y`m(k̂)Y ⇤

`0m0(k̂)

E � 2!k
+ “smooth”

= (iB`0m0)

 "
1

L3

UVX

k

�
Z UV

k

#
1

(2!k)2
i 4⇡ Y`m(k̂)Y ⇤

`0m0(k̂)

E � 2!k + i✏

!
(iB`m) + i✏ integral

⌘ [iB] iF [iB] + i✏ integral
<latexit sha1_base64="4PofvI6V/Tv0QUog/PsQrUwbK3s="></latexit><latexit sha1_base64="4PofvI6V/Tv0QUog/PsQrUwbK3s="></latexit><latexit sha1_base64="4PofvI6V/Tv0QUog/PsQrUwbK3s="></latexit><latexit sha1_base64="4PofvI6V/Tv0QUog/PsQrUwbK3s="></latexit>

cut-off dependence is 
exponentially suppressed 

freedom: one could 
subtract the PV integral, 
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Consider the finite-volume two-particle correlator (E~2m):

V �1

F replaces 𝜌

C2pt.
L (P ) =

Two-particle in finite volume

+

“a simple square root singularity is replaced by a function that 
has both simples poles and the square root singularity”

[k = 2⇡n/L]
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Consider the finite-volume two-particle correlator (E~2m):
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“a simple square root singularity is replaced by a function that 
has both simples poles and the square root singularity”
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imaginary pieces
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= C1(P ) + · · ·

Consider the finite-volume two-particle correlator (E~2m):

C2pt.
L (P ) =

Two-particle in finite volume
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Consider the finite-volume two-particle correlator (E~2m):

C2pt.
L (P ) =

Two-particle in finite volume

= C1(P ) + V �1

+ + · · ·

0-to-2 fully dressed amplitude

+ · · ·

“F cut”
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= C1(P ) + + · · ·+

Consider the finite-volume two-particle correlator (E~2m):

V �1 V �1

C2pt.
L (P ) =

Two-particle in finite volume

+ + · · ·
fully dressed two- body amplitude
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“smooth”=

poles satisfy:

Consider the finite-volume two-particle correlator (E~2m):
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C2pt.
L (P ) =

Two-particle in finite volume

+A
i

F�1
2 +M2

B†

<latexit sha1_base64="/AITmE4DIxwoZACN/qnANKOsBBc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQxJIUQZe1grgRKtgHNGmYTCbt0MmDmYlQQn7Djb/ixoUiLnXl3zhps9DWAxcO59zLvfe4MaNCGsa3VlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9FwnCaEjakkpGejEnKHAZ6brjq9zvPhAuaBTey0lM7AANQ+pTjKSSHN2AJ/ASQsvnCKc0S6+d+iA9NTMlWwGSI4wYvHXqMIPNgeWhIXT0qlEzpoCLxCxIFRRoOfqn5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/RkPQVDVFAhJ1OP8vgkVI86EdcVSjhVP09kaJAiEngqs78WjHv5eJ/Xj+R/oWd0jBOJAnxbJGfMCgjmMcEPcoJlmyiCMKcqlshHiEVklRhVlQI5vzLi6RTr5lGzbw7qzaaRRxlcAAOwTEwwTlogBvQAm2AwSN4Bq/gTXvSXrR37WPWWtKKmX3wB9rXD3Z5nXo=</latexit><latexit sha1_base64="/AITmE4DIxwoZACN/qnANKOsBBc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQxJIUQZe1grgRKtgHNGmYTCbt0MmDmYlQQn7Djb/ixoUiLnXl3zhps9DWAxcO59zLvfe4MaNCGsa3VlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9FwnCaEjakkpGejEnKHAZ6brjq9zvPhAuaBTey0lM7AANQ+pTjKSSHN2AJ/ASQsvnCKc0S6+d+iA9NTMlWwGSI4wYvHXqMIPNgeWhIXT0qlEzpoCLxCxIFRRoOfqn5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/RkPQVDVFAhJ1OP8vgkVI86EdcVSjhVP09kaJAiEngqs78WjHv5eJ/Xj+R/oWd0jBOJAnxbJGfMCgjmMcEPcoJlmyiCMKcqlshHiEVklRhVlQI5vzLi6RTr5lGzbw7qzaaRRxlcAAOwTEwwTlogBvQAm2AwSN4Bq/gTXvSXrR37WPWWtKKmX3wB9rXD3Z5nXo=</latexit><latexit sha1_base64="/AITmE4DIxwoZACN/qnANKOsBBc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQxJIUQZe1grgRKtgHNGmYTCbt0MmDmYlQQn7Djb/ixoUiLnXl3zhps9DWAxcO59zLvfe4MaNCGsa3VlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9FwnCaEjakkpGejEnKHAZ6brjq9zvPhAuaBTey0lM7AANQ+pTjKSSHN2AJ/ASQsvnCKc0S6+d+iA9NTMlWwGSI4wYvHXqMIPNgeWhIXT0qlEzpoCLxCxIFRRoOfqn5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/RkPQVDVFAhJ1OP8vgkVI86EdcVSjhVP09kaJAiEngqs78WjHv5eJ/Xj+R/oWd0jBOJAnxbJGfMCgjmMcEPcoJlmyiCMKcqlshHiEVklRhVlQI5vzLi6RTr5lGzbw7qzaaRRxlcAAOwTEwwTlogBvQAm2AwSN4Bq/gTXvSXrR37WPWWtKKmX3wB9rXD3Z5nXo=</latexit><latexit sha1_base64="/AITmE4DIxwoZACN/qnANKOsBBc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQxJIUQZe1grgRKtgHNGmYTCbt0MmDmYlQQn7Djb/ixoUiLnXl3zhps9DWAxcO59zLvfe4MaNCGsa3VlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9FwnCaEjakkpGejEnKHAZ6brjq9zvPhAuaBTey0lM7AANQ+pTjKSSHN2AJ/ASQsvnCKc0S6+d+iA9NTMlWwGSI4wYvHXqMIPNgeWhIXT0qlEzpoCLxCxIFRRoOfqn5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/RkPQVDVFAhJ1OP8vgkVI86EdcVSjhVP09kaJAiEngqs78WjHv5eJ/Xj+R/oWd0jBOJAnxbJGfMCgjmMcEPcoJlmyiCMKcqlshHiEVklRhVlQI5vzLi6RTr5lGzbw7qzaaRRxlcAAOwTEwwTlogBvQAm2AwSN4Bq/gTXvSXrR37WPWWtKKmX3wB9rXD3Z5nXo=</latexit>

det[F�1
2 (P,L) +M2(P

2)] = 0
<latexit sha1_base64="gnuX6ignfOov537Kqd52lDSoJE8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VofZSkCLoRioK4UKhgH5CkZTKdtEMnkzAzEUroP7jxV9y4UMStG3f+jZO2C7UeuHA4517uvceLGJXKNL+MzNz8wuJSdjm3srq2vpHf3GrIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcpH7znghJQ36nhhFxA9Tj1KcYKS118vtOlyj7sp0cWaNOpVg7vC7BA+gESPUxYvAm1dqVkgvPzE6+YJbNMeAssaakAKaodfKfTjfEcUC4wgxJaVtmpNwECUUxI6OcE0sSITxAPWJrylFApJuMfxrBPa10oR8KXVzBsfpzIkGBlMPA053psfKvl4r/eXas/FM3oTyKFeF4ssiPGVQhTAOCXSoIVmyoCcKC6lsh7iOBsNIx5nQI1t+XZ0mjUrbMsnV7XKieT+PIgh2wC4rAAiegCq5ADdQBBg/gCbyAV+PReDbejPdJa8aYzmyDXzA+vgFUzpqh</latexit><latexit sha1_base64="gnuX6ignfOov537Kqd52lDSoJE8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VofZSkCLoRioK4UKhgH5CkZTKdtEMnkzAzEUroP7jxV9y4UMStG3f+jZO2C7UeuHA4517uvceLGJXKNL+MzNz8wuJSdjm3srq2vpHf3GrIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcpH7znghJQ36nhhFxA9Tj1KcYKS118vtOlyj7sp0cWaNOpVg7vC7BA+gESPUxYvAm1dqVkgvPzE6+YJbNMeAssaakAKaodfKfTjfEcUC4wgxJaVtmpNwECUUxI6OcE0sSITxAPWJrylFApJuMfxrBPa10oR8KXVzBsfpzIkGBlMPA053psfKvl4r/eXas/FM3oTyKFeF4ssiPGVQhTAOCXSoIVmyoCcKC6lsh7iOBsNIx5nQI1t+XZ0mjUrbMsnV7XKieT+PIgh2wC4rAAiegCq5ADdQBBg/gCbyAV+PReDbejPdJa8aYzmyDXzA+vgFUzpqh</latexit><latexit sha1_base64="gnuX6ignfOov537Kqd52lDSoJE8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VofZSkCLoRioK4UKhgH5CkZTKdtEMnkzAzEUroP7jxV9y4UMStG3f+jZO2C7UeuHA4517uvceLGJXKNL+MzNz8wuJSdjm3srq2vpHf3GrIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcpH7znghJQ36nhhFxA9Tj1KcYKS118vtOlyj7sp0cWaNOpVg7vC7BA+gESPUxYvAm1dqVkgvPzE6+YJbNMeAssaakAKaodfKfTjfEcUC4wgxJaVtmpNwECUUxI6OcE0sSITxAPWJrylFApJuMfxrBPa10oR8KXVzBsfpzIkGBlMPA053psfKvl4r/eXas/FM3oTyKFeF4ssiPGVQhTAOCXSoIVmyoCcKC6lsh7iOBsNIx5nQI1t+XZ0mjUrbMsnV7XKieT+PIgh2wC4rAAiegCq5ADdQBBg/gCbyAV+PReDbejPdJa8aYzmyDXzA+vgFUzpqh</latexit><latexit sha1_base64="gnuX6ignfOov537Kqd52lDSoJE8=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VofZSkCLoRioK4UKhgH5CkZTKdtEMnkzAzEUroP7jxV9y4UMStG3f+jZO2C7UeuHA4517uvceLGJXKNL+MzNz8wuJSdjm3srq2vpHf3GrIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcpH7znghJQ36nhhFxA9Tj1KcYKS118vtOlyj7sp0cWaNOpVg7vC7BA+gESPUxYvAm1dqVkgvPzE6+YJbNMeAssaakAKaodfKfTjfEcUC4wgxJaVtmpNwECUUxI6OcE0sSITxAPWJrylFApJuMfxrBPa10oR8KXVzBsfpzIkGBlMPA053psfKvl4r/eXas/FM3oTyKFeF4ssiPGVQhTAOCXSoIVmyoCcKC6lsh7iOBsNIx5nQI1t+XZ0mjUrbMsnV7XKieT+PIgh2wC4rAAiegCq5ADdQBBg/gCbyAV+PReDbejPdJa8aYzmyDXzA+vgFUzpqh</latexit>
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Three particles in an infinite volume

+ · · ·

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

“exchange cuts”

⇠ iK2 iG iK2
<latexit sha1_base64="tJF2bL+bGrAydjc5saEkHhORoc8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgipSRF0GXRhYKbCvYBTQiT6aQdOjMJMxOhhP6DG3/FjQtF3Lpx5984abPQ1gMXDufcy733hAmjSjvOt7W0vLK6tl7aKG9ube/s2nv7bRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0VXudx6IVDQW93qcEJ+jgaARxUgbKbBPPUU5pB5HeogRy24nQd2r0muvuiAGdsWpOVPAReIWpAIKNAP7y+vHOOVEaMyQUj3XSbSfIakpZmRS9lJFEoRHaEB6hgrEifKz6U8TeGyUPoxiaUpoOFV/T2SIKzXmoenMz1TzXi7+5/VSHV34GRVJqonAs0VRyqCOYR4Q7FNJsGZjQxCW1NwK8RBJhLWJsWxCcOdfXiTtes11au7dWaVxWcRRAofgCJwAF5yDBrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGwpJ1i</latexit><latexit sha1_base64="tJF2bL+bGrAydjc5saEkHhORoc8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgipSRF0GXRhYKbCvYBTQiT6aQdOjMJMxOhhP6DG3/FjQtF3Lpx5984abPQ1gMXDufcy733hAmjSjvOt7W0vLK6tl7aKG9ube/s2nv7bRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0VXudx6IVDQW93qcEJ+jgaARxUgbKbBPPUU5pB5HeogRy24nQd2r0muvuiAGdsWpOVPAReIWpAIKNAP7y+vHOOVEaMyQUj3XSbSfIakpZmRS9lJFEoRHaEB6hgrEifKz6U8TeGyUPoxiaUpoOFV/T2SIKzXmoenMz1TzXi7+5/VSHV34GRVJqonAs0VRyqCOYR4Q7FNJsGZjQxCW1NwK8RBJhLWJsWxCcOdfXiTtes11au7dWaVxWcRRAofgCJwAF5yDBrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGwpJ1i</latexit><latexit sha1_base64="tJF2bL+bGrAydjc5saEkHhORoc8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgipSRF0GXRhYKbCvYBTQiT6aQdOjMJMxOhhP6DG3/FjQtF3Lpx5984abPQ1gMXDufcy733hAmjSjvOt7W0vLK6tl7aKG9ube/s2nv7bRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0VXudx6IVDQW93qcEJ+jgaARxUgbKbBPPUU5pB5HeogRy24nQd2r0muvuiAGdsWpOVPAReIWpAIKNAP7y+vHOOVEaMyQUj3XSbSfIakpZmRS9lJFEoRHaEB6hgrEifKz6U8TeGyUPoxiaUpoOFV/T2SIKzXmoenMz1TzXi7+5/VSHV34GRVJqonAs0VRyqCOYR4Q7FNJsGZjQxCW1NwK8RBJhLWJsWxCcOdfXiTtes11au7dWaVxWcRRAofgCJwAF5yDBrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGwpJ1i</latexit><latexit sha1_base64="tJF2bL+bGrAydjc5saEkHhORoc8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgipSRF0GXRhYKbCvYBTQiT6aQdOjMJMxOhhP6DG3/FjQtF3Lpx5984abPQ1gMXDufcy733hAmjSjvOt7W0vLK6tl7aKG9ube/s2nv7bRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0VXudx6IVDQW93qcEJ+jgaARxUgbKbBPPUU5pB5HeogRy24nQd2r0muvuiAGdsWpOVPAReIWpAIKNAP7y+vHOOVEaMyQUj3XSbSfIakpZmRS9lJFEoRHaEB6hgrEifKz6U8TeGyUPoxiaUpoOFV/T2SIKzXmoenMz1TzXi7+5/VSHV34GRVJqonAs0VRyqCOYR4Q7FNJsGZjQxCW1NwK8RBJhLWJsWxCcOdfXiTtes11au7dWaVxWcRRAofgCJwAF5yDBrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGwpJ1i</latexit>

motivates the definition of 
dynamical quantities that are 

“free” of these simple divergences 

iM3,con. =
<latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit>



Three particles in an infinite volume

+ · · ·

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

+ + · · ·

satisfies an integral equations

iD = iM2iGiM2 +

Z
iM2iG iD

<latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit>
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Three particles in an infinite volume

+ · · ·

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

+ + · · ·

               : the closest thing to a model ind. 3body quantityKdf,3
<latexit sha1_base64="RLuxYv961+M1EWN/LHpvljdo2bY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdFfRY9CJ4qWA/oF1KNpttQ5PsmmQLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KEM21c99sprKyurW8UN0tb2zu7e+X9g6aOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB26rdGVGkWy0czTqgvcF+yiBFsrOTf97KuEiiMzi4mqFeuuFV3BrRMvJxUIEe9V/7qhjFJBZWGcKx1x3MT42dYGUY4nZS6qaYJJkPcpx1LJRZU+9ns6Ak6sUqIoljZkgbN1N8TGRZaj0VgOwU2A73oTcX/vE5qoms/YzJJDZVkvihKOTIxmiaAQqYoMXxsCSaK2VsRGWCFibE5lWwI3uLLy6R5XvXcqvdwWand5HEU4QiO4RQ8uIIa3EEdGkDgCZ7hFd6ckfPivDsf89aCk88cwh84nz+B/pFC</latexit><latexit sha1_base64="RLuxYv961+M1EWN/LHpvljdo2bY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdFfRY9CJ4qWA/oF1KNpttQ5PsmmQLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KEM21c99sprKyurW8UN0tb2zu7e+X9g6aOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB26rdGVGkWy0czTqgvcF+yiBFsrOTf97KuEiiMzi4mqFeuuFV3BrRMvJxUIEe9V/7qhjFJBZWGcKx1x3MT42dYGUY4nZS6qaYJJkPcpx1LJRZU+9ns6Ak6sUqIoljZkgbN1N8TGRZaj0VgOwU2A73oTcX/vE5qoms/YzJJDZVkvihKOTIxmiaAQqYoMXxsCSaK2VsRGWCFibE5lWwI3uLLy6R5XvXcqvdwWand5HEU4QiO4RQ8uIIa3EEdGkDgCZ7hFd6ckfPivDsf89aCk88cwh84nz+B/pFC</latexit><latexit sha1_base64="RLuxYv961+M1EWN/LHpvljdo2bY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdFfRY9CJ4qWA/oF1KNpttQ5PsmmQLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KEM21c99sprKyurW8UN0tb2zu7e+X9g6aOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB26rdGVGkWy0czTqgvcF+yiBFsrOTf97KuEiiMzi4mqFeuuFV3BrRMvJxUIEe9V/7qhjFJBZWGcKx1x3MT42dYGUY4nZS6qaYJJkPcpx1LJRZU+9ns6Ak6sUqIoljZkgbN1N8TGRZaj0VgOwU2A73oTcX/vE5qoms/YzJJDZVkvihKOTIxmiaAQqYoMXxsCSaK2VsRGWCFibE5lWwI3uLLy6R5XvXcqvdwWand5HEU4QiO4RQ8uIIa3EEdGkDgCZ7hFd6ckfPivDsf89aCk88cwh84nz+B/pFC</latexit><latexit sha1_base64="RLuxYv961+M1EWN/LHpvljdo2bY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdFfRY9CJ4qWA/oF1KNpttQ5PsmmQLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KEM21c99sprKyurW8UN0tb2zu7e+X9g6aOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB26rdGVGkWy0czTqgvcF+yiBFsrOTf97KuEiiMzi4mqFeuuFV3BrRMvJxUIEe9V/7qhjFJBZWGcKx1x3MT42dYGUY4nZS6qaYJJkPcpx1LJRZU+9ns6Ak6sUqIoljZkgbN1N8TGRZaj0VgOwU2A73oTcX/vE5qoms/YzJJDZVkvihKOTIxmiaAQqYoMXxsCSaK2VsRGWCFibE5lWwI3uLLy6R5XvXcqvdwWand5HEU4QiO4RQ8uIIa3EEdGkDgCZ7hFd6ckfPivDsf89aCk88cwh84nz+B/pFC</latexit>

+ + · · ·

iM3,con. =
<latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit>



Three particles in an infinite volume

+ · · ·

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

+ + · · ·

+ + · · ·+ + · · ·+

any number of insertions leads to 
another integral equation T = Kdf,3 �

Z
Kdf,3 ⇢LT

L =
1

3
+M2⇢�D⇢

<latexit sha1_base64="PXbLs5s/Q58AlRsmo8qlGSBspjo="></latexit><latexit sha1_base64="PXbLs5s/Q58AlRsmo8qlGSBspjo="></latexit><latexit sha1_base64="PXbLs5s/Q58AlRsmo8qlGSBspjo="></latexit><latexit sha1_base64="PXbLs5s/Q58AlRsmo8qlGSBspjo="></latexit>

iM3,con. =
<latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit><latexit sha1_base64="q2rXd3Xvj5xy/YRU1t1BLES9U6w=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQkKigm6Eohs3QgX7gCaEyXTaDp1MwsxEKCELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHCqFSO821UlpZXVteq6+bG5tb2jrW715ZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL4u/M4DEZLG/F5NEuJHaMjpgGKktBRYNepFSI0wYtltHmSnx56III65nZuXgVV3bGcKuEjcktRBiWZgfXn9GKcR4QozJGXPdRLlZ0goihnJTS+VJEF4jIakpylHEZF+Nn0ih4da6cNBLHRxBafq74kMRVJOolB3FhfLea8Q//N6qRpc+BnlSaoIx7NFg5RBFcMiEdingmDFJpogLKi+FeIREggrnZupQ3DnX14k7RPbdWz37qzeuCrjqIIaOABHwAXnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz+ZQZdj</latexit>



Three particles in an infinite volume

+ · · ·

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

+ + · · ·

+ + · · ·+

+ · · ·+

+ · · ·+

rescattering LT LT
<latexit sha1_base64="wIRrRmaUuOxyzT6aY/VJRI67IBY=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdSElE0GXRjYsuKvQFTSyT6aQdOnkwMxFK6Ce48VfcuFDErUt3/o2TNkhtPTBw7jn3MvceL+ZMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8CbzWw9USBaFdTWKqRvgfsh8RrDSUtc8cQKsBgTztDp2zn6L+mxRHd/Xu2bJKlsToEVi56QEOWpd88vpRSQJaKgIx1J2bCtWboqFYoTTcdFJJI0xGeI+7Wga4oBKN50cNEbHWukhPxL6hQpN1NmJFAdSjgJPd2ZLynkvE//zOonyr9yUhXGiaEimH/kJRypCWTqoxwQlio80wUQwvSsiAywwUTrDog7Bnj95kTTPy7ZVtu8uSpXrPI4CHMIRnIINl1CBW6hBAwg8wjO8wpvxZLwY78bHtHXJyGcO4A+Mzx9ezJ1p</latexit><latexit sha1_base64="wIRrRmaUuOxyzT6aY/VJRI67IBY=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdSElE0GXRjYsuKvQFTSyT6aQdOnkwMxFK6Ce48VfcuFDErUt3/o2TNkhtPTBw7jn3MvceL+ZMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8CbzWw9USBaFdTWKqRvgfsh8RrDSUtc8cQKsBgTztDp2zn6L+mxRHd/Xu2bJKlsToEVi56QEOWpd88vpRSQJaKgIx1J2bCtWboqFYoTTcdFJJI0xGeI+7Wga4oBKN50cNEbHWukhPxL6hQpN1NmJFAdSjgJPd2ZLynkvE//zOonyr9yUhXGiaEimH/kJRypCWTqoxwQlio80wUQwvSsiAywwUTrDog7Bnj95kTTPy7ZVtu8uSpXrPI4CHMIRnIINl1CBW6hBAwg8wjO8wpvxZLwY78bHtHXJyGcO4A+Mzx9ezJ1p</latexit><latexit sha1_base64="wIRrRmaUuOxyzT6aY/VJRI67IBY=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdSElE0GXRjYsuKvQFTSyT6aQdOnkwMxFK6Ce48VfcuFDErUt3/o2TNkhtPTBw7jn3MvceL+ZMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8CbzWw9USBaFdTWKqRvgfsh8RrDSUtc8cQKsBgTztDp2zn6L+mxRHd/Xu2bJKlsToEVi56QEOWpd88vpRSQJaKgIx1J2bCtWboqFYoTTcdFJJI0xGeI+7Wga4oBKN50cNEbHWukhPxL6hQpN1NmJFAdSjgJPd2ZLynkvE//zOonyr9yUhXGiaEimH/kJRypCWTqoxwQlio80wUQwvSsiAywwUTrDog7Bnj95kTTPy7ZVtu8uSpXrPI4CHMIRnIINl1CBW6hBAwg8wjO8wpvxZLwY78bHtHXJyGcO4A+Mzx9ezJ1p</latexit><latexit sha1_base64="wIRrRmaUuOxyzT6aY/VJRI67IBY=">AAACEHicbVDLSsNAFL3xWesr6tLNYBFdSElE0GXRjYsuKvQFTSyT6aQdOnkwMxFK6Ce48VfcuFDErUt3/o2TNkhtPTBw7jn3MvceL+ZMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8CbzWw9USBaFdTWKqRvgfsh8RrDSUtc8cQKsBgTztDp2zn6L+mxRHd/Xu2bJKlsToEVi56QEOWpd88vpRSQJaKgIx1J2bCtWboqFYoTTcdFJJI0xGeI+7Wga4oBKN50cNEbHWukhPxL6hQpN1NmJFAdSjgJPd2ZLynkvE//zOonyr9yUhXGiaEimH/kJRypCWTqoxwQlio80wUQwvSsiAywwUTrDog7Bnj95kTTPy7ZVtu8uSpXrPI4CHMIRnIINl1CBW6hBAwg8wjO8wpvxZLwY78bHtHXJyGcO4A+Mzx9ezJ1p</latexit>

iM3,con. =
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Three particles in an infinite volume

+ · · ·

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

+ + · · ·
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+ · · ·+

+ · · ·+

two integral equations and you’re done!

iM3,con. =
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Unitarity
Unitarity implies that the full amplitude satisfies:

If add the disconnected pieces… disconnected pieces

…it works…trust me…or trust these guys…

…or don’t…do it yourself!

2 ImM = M†M
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RB, Hansen, Sharpe & Szczepaniak (March 2019?)



Three particles in a finite volume
Moving on to energies where two and three particles can go on-shell…
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Three particles in a finite volume
Moving on to energies where two and three particles can go on-shell…

+ + · · ·+

+ + · · ·C2pt.
L (P ) =

+ + · · ·+ · · ·

+ · · ·

+ + · · ·

consider first a case with Z2 symmetry

= = … = 0 the spectrum factorizes for even 
and odd number of particles



Three particles in a finite volume
Near three-particle states

C2pt.
L (P ) =

`0,m0`,m

~p ~k

the klm basis:

“spectator”

not a natural basis in a 
infinite volume…that’s ok!

More degrees of freedom. 
In infinite volume = (6 particles with 3 unfixed momenta)      
- (10 Poincare generators) = 8 d.o.f.
The klm basis has 1 + 4 + 6 = 11 d.o.f. …also ok!

V

V
+ · · ·



to avoid threshold singularities, 
we use PV prescriptions

Three particles in a finite volume
Near three-particle states

C2pt.
L (P ) =
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Three particles in a finite volume
Near three-particle states

C2pt.
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1 above threshold



Three particles in a finite volume
Near three-particle states

C2pt.
L (P ) =

V

V
+ V

V

V

“exchange cuts”

⇠ iK2 iG iK2
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Three particles in a finite volume
Near three-particle states

C2pt.
L (P ) =
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different expansions of the 
same underlying function



Three particles in a finite volume
Near three-particle states

C2pt.
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don’t forget about Kdf,3
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Three particles in a finite volume
Near three-particle states

C2pt.
L (P ) = + · · ·V

V
+

+ · · ·+

V
V

V

V

V V

VV
+ + · · ·

+ V

V

V

“smooth”=

…a couple of hundred equations later…

Hansen & Sharpe (2014) 

RB, Hansen & Sharpe (2017) 

RB, Hansen & Sharpe (2018) 

poles satisfy:det[F�1
3 +Kdf,3] = 0
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Numerical checks - "isotropic approximation”

Consider the case where two-body system is an S-wave

F iso
3 (E,L) =

X

k,p

[F s
3 ]kp

F iso
3 (E, ~P ,L) = �1/Kiso

df,3(E
⇤)

Furthermore, consider the case where the K-matrix does not depend on the 
spectator momentum. Then the quantization condition reduces to:

Where:

[F s
3 ]kp =

1

L3


F s

3
� F s 1

1/(2!Ks
2) + F s +Gs

F s

�

kp
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Numerical checks - "isotropic approximation”
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Free states
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a = �1/2

solutionsKiso
df,3(E) = 0

Provides a useful benchmark: Deviations measure three-particle physics 
Meaning for three-to-three scattering is clear

iM2

iM2

iM2

iM2

iM2+ + · · ·iM3 = S
 �

Enon-int
n (L) = !1 + !2 + !3

!i =
q
m2 + 4⇡2n2

i /L
2

Aside: Non-interacting states (                          )M2 = M3 = 0

(n2
1,n

2
2,n

2
3) = (0, 0, 0)

(n2
1 ,n2

2 ,n2
3) = (1, 1, 0)

(2,1,1) and (2,2,0) are 
degenerate in the non-
relativistic limit…
don’t believe NR results

En(L) =
q

m2 + (2⇡/L)2n2
1 +

q
m2 + (2⇡/L)2n2

2 +
q

m2 + (2⇡/L)2n2
12
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Perturbative systems

p cot �2 = �1

a
Kiso

df,3 = 0
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Perturbative systems
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<latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit>

EB(L) = 3� 2 � 96.35|A|22 e
�2L/

p
3

(L)3/2
<latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit><latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit><latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit><latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit>

Meißner, Ríıos, & Rusetsky  (2015)

rB ⇠ 1


<latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit><latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit><latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit><latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit>
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Efimov-like physics 
ma=-104

 Kdf is tuned to have a 
bound state at E=2.989m

p cot �2 = �1

a
+ · · ·

<latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit>



Efimov-like physics 
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<latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit><latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit><latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit><latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit>

= i�(k)
i

s� sB
i�(p)

<latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit><latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit><latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit><latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit>

k
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Not a fit! Matching of the Efimov 
wave function to the residue of 
the scattering amplitude.



Resonant systems
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Requiring states to be positively normed, imposes….

We found cases that clearly violate this

…we have ideas on possible explanations and solutions…

Unphysical solutions
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Unitarity in 
3Body systems

coupled 2/3B 
systems

FV formalism for 
spinless states

analytic and 
numerical checks
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Spin, non-degenerate 
masses, multichannels

integral equations
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HansenSharpe Szczepaniak

inside the box
outside the box

Hansen & Sharpe (2014, ’15)
RB, Hansen & Sharpe (2017,’18)
 RB, Hansen, Sharpe & Szczepaniak (coming!)

do some calculations 
already…


