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Revised Energy Spread Estimate

In this note the results of CEBAF-TN-0038 are extended to give a more realistic
calculation of the energy spread in the beam due to RF phase and amplitude errors. The
effects of slow phase errors and the effects of the feedback systems are included in the
calculation. If an rms energy spread requirement is to be met, the final formula gives the

trade-off between the effects of the slow phase errors and the effects of fast phase errors in
the feedback systems.

Brief Description of the RF System

First the ideal system is described. Ideally, the RF system is timed so the bunches

arrive synchronized with the RF; the bunch centroid (in phase) should coincide with the
RF crest. Mathematically, the requirement is

3, = / ®fn(E,2)dEd® =0

where f,,(E, ®) is the single particle longitudinal distribution function of the beam electrons
as they enter the nth cavity, E is the kinetic energy, and ® is the phase with respect to
the RF in the nth cavity. Since there is little longitudinal motion within the bunch, in the
ideal system the phase of an electron does not change with respect to the crest. Therefore
the total energy of an electron emerging from the accelerator, T, is

N
T=E+ )Y AE,

n=1

where
AE, = Eycos(®),

Ey is the energy gain per cavity, E is the injection energy, ® is the injection phase, and N is
the total number of cavities. Henceforward f(E,®) denotes the longitudinal distribution
function at injection, i.e. f(E,®)dEd® is the probability that an electron initially has
energy between E and E + dE and phase between ® and d®.

The beam emerging from the ideal system has a finite energy spread because of the
finite energy spread at injection and because of the finite bunch length. The calculations
and results are similar to those in Ref. 1.

Tyme/T = \/E2,,/T? + 042 (1)
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where E,,n, is the rms energy spread at injection and og is the rms phase spread. For
CEBATF the first term in the sum is negligible compared to the second term.

In reality there are voltage errors and (at least) two types of phase errors. An example
of the first type of phase error is a phase difference between the voltage in a cavity and
the master oscillator phase line. These errors are controlled by dedicated feedback systems
which measure the phase of the RF voltage in the cavity, compare it to the phase on the
phase line, and shift the phase of the cavity feed voltage until the two phases agree. Such
a system can keep the phase of the cavity locked to that of the timing line to a few tenths
of a degree?.

Unfortunately, the phase line itself can introduce a second type of timing error. Such
phase line errors, for example time delays due to thermal expansion or contraction of
the materials in the phase line or accelerator, are partially corrected by the energy vernier
system. The basic idea of the energy vernier system is to set the average energy of the beam
as it emerges from the accelerator on the crest of the accelerator as a whole, disregarding
the individual errors between the cavities. This is accomplished by having one cavity (ora
group of cavities if necessary) powered up or down to set the average beam energy and by
shifting the injector phase to guarantee that the beam is on the crest of the accelerator as
a whole. The phase line errors may be expected to change on a slow time scale (of order
greater than minutes).

More generally, the two types of phase errors are distinguished by the time scale over
which the error changes. In the former case the fluctuations in the cavity feedback systems
are at frequencies beyond the ability of the vernier system to respond. In this paper any
phase error at frequencies beyond the vernier system bandwidth is called a high frequency
or fast phase error. Mathematically, the high frequency phase errors are characterized by
a distribution function which gives the probability that a given fluctuation occurs. Such a
distribution is obtained in practice by performing a long term average of the fluctuations.

The thermal expansion phase line errors are examples of errors that change slowly
enough that the energy vernier system is able to respond. In this paper such errors are
called slow phase errors. They result in slow changes in the energy spread, the energy
spread being a function of the slow phase errors. Any phase error within the bandwidth
of the vernier system should be treated as a slow phase error below.

With a perfect (i.e. infinite bandwidth) vernier system the results of the calculation
show that there is no energy spread from slow phase errors. This behavior arises because
the vernier system, given infinite bandwidth, would be able to instantaneously place the
bunches on the crest of the accelerator as a whole. In reality, since the vernier system has
finite bandwidth and since the fast phase errors of the individual cavities are not corrected,
there is a source of energy spread from the fact that the bunches no longer pass through
the individual cavities precisely on the crest. The main goal of the following calculation is
to quantify the maximum tolerable slow phase error given the fast fluctuation level. Too

much slow phase error of the cavities causes the energy spregd to deteriorate significantly
and can cause a retiming of the whole machine.




Energy Spread Calculation

Fig. 1 gives a schematic diagram of the major error sources in the accelerator. The

accelerator consists of N cavities. The energy of an electron passing through the accelerator
is

N
T=E+ ) En(l+An)cos(¢n — B+ & + 6o + 6n)
n=1
where Ey, is the voltage set point of the nth cavity, A, is the relative voltage error at the
nth cavity, ¢, is the slow phase error from the master oscillator to the nth cavity, ®q is
the injector phase offset, 6, is the high frequency phase error in the injector, and §,, is the
fast phase error to the nth cavity. The vernier system sets the injector phase offset; the
sign of ®¢ is chosen for later convenience. The goal is to compute the energy spread as a
function of the slow phase errors ¢y, ..., ¢n.

The rms energy spread is evaluated using two suppositions about the cavity phase
and voltage errors. An optimistic result is obtained by assuming that the phase errors are
not correlated with the voltage errors and that the different cavities are independent. At
the other extreme, it is pessimistic to assume that the errors are totally correlated, i.e.

Ay =..=ANy and 6 =..=by.

When the cavity phase and voltage errors are uncorrelated the distribution function
is a product of the independent distribution functions

N
F(E,®,80,61, A1, -, 6N, AN) = f(E, ®)¢:(80) ] ¥(6n)g(4n)

n=1

where t(6) is the distribution function for the fast cavity phase error and g(A) is the
distribution function for the voltage error. Since the phase correction scheme for the
injector is somewhat different from that for the cavities one anticipates that the distribution
. function for the injector phase errors is different from that of the cavities. Consequently,
the distribution function for the injector phase errors is denoted by the separate symbol
%i(0). The distribution functions are normalized, meaning that they give probabilities on
integration. The function F is used to compute ensemble averages, for example

Tz/TF(E,Q,&Q,OS]_,Al,...,6N,AN)dEd¢d5od51dA1...d&NdAN.

The average energy is

N
T=E+ )_ Enli(¢n,20)
n=1

where

L, %0) = f cos($ — Bo+ & + bo + 6) f(E, &)p: (do) (6) dEdBdbods
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since
/ Ag(A)dA = 0.

I, is reexpressed as

Il(¢, Qo) = COE(¢ - Qo)Ic — Bm(¢ - QQ)I.

where

I = / cos(® + 8o + 6) £ (E, &) (60)(6)dEddbods
and

I = / 8in(® + 8o + 6) 1 (E, B)i (60) 6 (6) dEd@ dods.
The vernier sets &, and the cavity excitations so that

T=E+Ey

and
dT/on =0,

i.e. the energy gain of the accelerator is fixed to E t and the injector phase offset is set so
the bunch is on the crest of the accelerator as a whole. This means

N
Y En[cos(¢n — ®0)I. — sin(¢n — o)I,] = Ey

n==1

and
N

Y En[sin(¢n — o)L + cos(¢n — To)I,] = 0.

n=1

It is now possible to solve for the cavity sums:

N
I.Ey
;Encos(cﬁn ~ &) = Ig°+ 7 _ (2a)
and
N
- I.Ef
) = . 25
;Enﬂm(¢n Q0) Ig _+_ I.2 ( )




Now
N

E Z EnIl (¢m ‘I’o)

&

+ Z:l é: E.Ep[cos(¢n — Po)cos(d, — ®o)Iec + sin(@n — Bo)sin(¢p ®0)1,,]
n=1p#n

- E z EnEp[cos(4n — Bo)sin(¢p, — o) e, + sin(¢n — Bo)cos(dp — Bo)ILc]
n=1p#n

N
+(1+ L4) Z E[cos(¢n —~ @0)cos(dn — Bo) Ince + sin(¢n — Bo)sin(pn — $0)I24s)

n=1

N
—(1+ I4) Z E? [c°3(¢’n — ®o)sin(¢n — Bo)I2c, + sin($n — Bo)cos(dn — ‘fo)fuc],

n=1

where

/ cos(® + 69 + 6)cos(® + 8o + 6) f(E, B)4bs (60) 9 (6)v(6')dEd®déods d6’,

[ cos(® + 8o + 8)8in(® + 6o + 6') £ (E, 8): (60)(6)(6")dE dBdbods ds",

etc.,

Iee = /cos({) + 6o + 6)cos(® + 6o + 6) f(E, ®)v; (60) ¥ (6)dEd®d6odS,

Ipe, = / cos(® + &g + 6)sin(® + o + 6) f(E, ©) s (60)4(6)dEdDdsods,

etc.,
and

Iy = /Azg(A)dA

The relative rms energy spread is given by the sum of four terms

_ VB AT +TF+ T3

Trmc/T = ﬁ - T ’ (3)

where E,m, is the rms energy spread at injection,

EZ
(I_zw [Iz(Icc Ig) + I,z(Iu h I,z) + IcIn(Ico - IcIl) + IcIc(Iac - IaIc)] ’

T{ =




N
T; = ) En[cos?($n — Bo)(Toce — Lec) +8in® (8 — 80)(Lzas — Tus)
n=1
—-COS(¢,| - QO)Ein(qbn - <p0)(12“ - Icc) - Bin(¢n - Q0)(305(¢r¢ - Q0)(1-2|¢: - Iac)] ’
and

N
TS =14 ) E}[cos*(dn — Bo)Tace + 8in3(¢n — Bo) Iz,

n=1

N
—I4 Z E'2l [COS((ﬁn - QO)Sin(‘ﬁn - QO)Imu + 5in(¢’n - @0)005(4"11 - Q0)1'2n::| .

n=1

The first term in Eqn. (3) is from the energy spread at injection and is negligible for
CEBAF. The second term gives the contributions from the finite bunch length and from
the injector phase error. Since these errors are the same at each cavity (i.e. they are

correlated errors) the resulting energy spread is independent of the number of cavities.
Also the second term is independent of the slow phase errors. The third term is due to the
fast phase errors in the individual cavities and due to the fact that the bunches traverse
the individual cavities slightly off crest because of the slow phase errors. This contribution
vanishes if the fast phase errors vanish since in this case I.. = Izcc, etc. For fixed total
energy the third term is inversely proportional to the number of cavities. The fourth term

in the sum is due to the voltage errors in the system and it is inversely proportional to the
number of cavities, the usual result for the effect of uncorrelated errors.
In the totally correlated case the distribution function is

F(E: §:603 61s Alv"-,6N)AN) = f(E’ Q)"»L't(50)"1)('51)9(44-1) H 6(61 - n)6(A1 - Au)-

n=2

The result of calculating T' is the same as before. However,

N
T2 _ ﬁ'k 2_E_Z EnI(¢n, Q0)
n=1

N N
+(1+ 1) E Z EnEp[cos(¢n — Bo)cos(dp — ®o)Iacc + 8in(¢p — o)sin(dp — $0)l244)
n=1 p=1

N N
~(1+14) ) D EnEp[cos(dn — B0)sin(dp — Bo)Iacs + sin(¢n — Bo)cos(dp — B0)Iac) -

n=1 p=1 .
Therefore Eqn. (3) still gives the form of the expression for T,;, but now
2
Tf = (fufT)m [12(Tace — I2) + I} (Inas = I2) + L1, (Iaey — I L) + L Io(Taue — LI.)],
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and
2 _. IAE}
S A
Since the T3 term is zero, there is no dependence of the result on the slow phase errors

®¢n. The third term is a factor of N larger than before, as is characteristic in the transition
from uncorrelated errors to correlated ones. For 400 cavities this difference can be large.

[I.?Ii!cc + I,2I2u + IcI-I2ca + IaIcI2ac] .

Example
If 1
- (R _TN\2 /n.2 &2 /0.2
f(E,®) = —-—2waE0°exp[ (E - E) /2aE]exp( ®“/203),
1
6) = exp(—62/202),
$(6) = ——exp(~6%/20})
1
i(60) = exp(—62 /202
¢ ( 0) \/2701_ P( 0/ Gt)’
and 1
' A) = —~A?/202),
g( ) \/2_71'0‘Aexp( / UA)
then
I. = exp(—0} /2)exp(—0o? /2)exp(—02 /2),
Ia = 0)
L. = [0.5 + 0.5exp(—203 )exp(—20?)] exp(~03),
I, = [0.5 - 0.5exp(—2cr§)exp(—20?)]exp(—ag),
Ica - Iac = 0:
Incc = 0.5 + 0.5exp(—203 Jexp(~—20?)exp(—203),
In,. =0.5— 0.5exp(—2o%)exp(—20,~2)exp(—202),
I2c¢ = IZac = 0’
and

2
IA = UA'

From the expressions above it is clear that the effects of the finite bunch length and of the
injector phase error may be characterized by a single parameter

o? =ag +a,—2.

This parameter may be regarded as an effective bunch length which depends on the prop-
erties of the injector alone. Since the contributions add in quadrature, it is clear that little
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is gained is by shortening the bunch length (in phase) much less than one can regulate the
injector phase or by regulating the injector phase much beyond the bunch length.

To continue it is necessary to specify the vernier system in greater detail. As an
example assume that all the cavities except one, the mth cavity, are set so

E,=Ey=E;/N for n#m.
This means that Eqns. (2) become
Em = Eo[1+ N(o} +03)/2+ NA¢? /2]

and
N
Q0 = Z ¢n/N
n=1

to second order in the small quantities o;,..., and &,. In the above formula

N
A¢? =D (¢n — ®0)?/N

is approximately the square of the rms average of the slow phase errors since ®q is ap-
proximately equal to the average of the slow phase error. An increase in the voltage of the
vernier cavity is needed to compensate for the effect of the errors since they tend to force
the bunch particles off the crest of the voltage of the individual cavities.

The two estimates give that the relative rms energy spread satisfies

VD) < Erms/E<+/D; (4)

where N
Dy = of/2+ 03 3" (#n ~ B0)?/N? +03(03/2+ 03) N + % /N
n=1
and

D; = (0} +03)?/2+ 03

to fourth order in the small quantities. Since the terms neglected are all of sixth order or
higher the approximation is very good. The two estimates depend on whether the errors
are uncorellated (RH inequality) or corellated (LH inequality). Note that one obtains less
energy spread from the slow phase errors, ¢n, by regulating the individual cavity feedback
systems so that the fast phase errors are reduced (05 decreases).

In the CEBAF recirculating linac it is appropriate to take N = 400, i.e. the number of
cavities the beam sees on a single pass since the same error occurs during the four passes
due to the short recirculation time. After the first pass the errors are correlated with those
of the first pass.

By the central limit theorem of probability theory the energy distribution function
becomes Gaussian for large numbers of cavities. To obtain a given energy spread, the RF
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system at minimum must be designed so that the LH inequality is satisfied. Consequently
limits on the various terms are calculated. For example, if it is desired to obtain a beam
with 10~* FWHM energy spread it is required that

vVD; < 4.25 x 1075

assuming the energy distribution is in fact Gaussian. Under optimistic assumptions the
injector is capable of producing a beam of full width of about 0.7°. Assuming the phase
distribution is parabolic gives op = 2.73 x 10-3. It is reqﬁired that 0; < 2 x 10‘3(:b0.2°)
(square error distribution) for the injector phase errors to give a contribution to the energy
spread no larger than one half the contribution from the bunch length. Under these
conditions the effective bunch length is o = 0.0034.

In Fig. 2 the combinations of 05, A¢, and ¢4 which yield 10-¢ FWHM energy spread
are shown. For example if 04 = 7 x 10—4 (corresponding to an amplitude error full width
of 2.8x107%) and if 05 = 1° then A¢ must be less than 1.5° to obtain 10—4 FWHM energy
spread. If 04 = 7x 107* and 05 = .2° then A¢ must be less than 7.5°. Fosa =7Tx10"4 it
is not possible to achieve 104 for o5 > 1.43. In addition, if 04 > 8.3 x 10~ no solutions
exist with 10=* FWHM energy spread. At the other extreme if o4 < 0.0002, then the
curve assuming o4 = 0 gives a good approximation for the energy spread.

In Fig. 3 the same plot is given for a somewhat larger and more realistic effective
bunch length o7 = 0.0048. One observes that as a result of the increased bunch length less
energy spread may arise from the other terms if the same energy spread is to be achieved.
In going to Fig. 4 the effective bunch length is increased to 0.00678. In this case substantial
decrease in the sub 10~* energy spread region is observed.

Finally, in Fig. § the same plot as Fig. 2 is given but now og = 2.12 x 10~5 which
corresponds to a case with full width energy spread of 10~4. In this case o4 < 0.00034
is needed for a solution to exist. Less spread is available once the term due to the finite
bunch length is subtracted, yielding increased sensitivity.

Conclusions:

We have presented a formula that yields the beam energy spread given the injector
distribution, the various error distribution functions and a set of slow phase errors. By
reducing the size of the fast fluctuations in the individual cavities, the dependence of the
energy spread on the slow phase errors is diminished. For this reason it is preferable to
have as large a bandwidth as possible for the energy vernier system.

To achieve a given energy spread little is gained by regulating the injector phase to
a level much less than the bunch extent in phase. To obtain a FWHM energy spread less
than 104, slow phase errors up to 6° rms are tolerable for a +0.4° bunch and for +0.5°
fast phase fluctuations. Note that a temperature change of the phase line of only 3° C
gives A¢ = 6.6°. Finally, smaller bunches help.
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Figure 2 Combinations of o5, A¢, and 04
Which Achieve 10~* FWHM Energy Spread When oy = 0.00339
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Figure 3 Combinations of 05, A¢, and 04
Which Achieve 1074 FWHM Energy Spread When o; = 0.00480
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Figure 4 Combinations of 05, A¢, and o4
Which Achieve 107 FWHM Energy Spread When o; = 0.00678
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Figure 5 Combinations of 05, A¢, and o4
Which Achieve 0.5 x 10~ FWHM Energy Spread When o = 0.00339
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