
Computing the transport coefficients of the
QGP on the lattice

Harvey Meyer

Center for Theoretical Physics, M.I.T.

Thomas Jefferson National Accelerator Facility, 31 Jan. 2008

Phys.Rev.D76:101701,2007 and 0710.3717

Harvey Meyer Computing the transport coefficients of the QGP on the lattice



Outline

1 viscosity in heavy ion phenomenology

2 viscosity and the energy-momentum tensor

3 the energy-momentum tensor in hadronic
physics

4 conclusions.

Harvey Meyer Computing the transport coefficients of the QGP on the lattice



Phase diagram of QCD and equation of state at µB = 0
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Heavy ion collisions and elliptic flow
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Hydrodynamics, ideal and viscous
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The viscosities of gluodynamics from the lattice
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0.134(33) 0.008(7) (T = 1.65Tc)
0.102(56) 0.065(17) (T = 1.24Tc).
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The viscosity from two-point functions of Tµν

Euclidean formalism, temperature T = 1/L0:

C(x0) = L5
0

∫
d3x 〈T 12(0)T 12(x0,x)〉.

the real-time spectral function ρ(ω,0) satisfies

C(x0) = L5
0

∫ ∞
0

dω
coshω(1

2L0 − x0)

sinh ωL0
2

ρ(ω).

ρ̄(ω) ≡ ρ(ω)/ tanh 1
2ωL0

ρ̄(ω) ≥ 0, ρ̄(−ω) = ρ̄(ω)

the shear viscosity is then given by η(T ) = π
2T ρ̄(ω = 0)

similar for bulk viscosity ζ with T12 → θ Kubo formula

Karsch,Wyld ’86; Nakamura, Sakai ’04
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Spectrum of the pure gauge theory
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〈vac|Tµν|glueball〉 matrix elements prelim.
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Vacuum-to-Glueball matrix elements of Tµν

HYP-plaq
bare-plaq
bare-clov

0++* bare-clov
2++ HYP-plaq
2++ bare-clov

r5
0

L3
|〈Ω|

Z
d3x θ(x) |0++〉|2 = 23.97(9)

r5
0

L3
|〈Ω|

Z
d3x θ(x) |0++∗〉|2 = 39.1(2.7)

r5
0

L3
|〈Ω|

Z
d3x 1

2 (T11 − T22)(x) |E++〉|2 = 10.4(9)
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Correlators in the confined phase
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in the scalar channel, the two stable glueballs almost saturate
the correlator beyond 0.5fm

calculation made possible by the multi-level algorithm (HM ’03)
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Expected form of the spectral function for η
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at T � Tc , perturbation theory
predicts a peak at ω = 0 of width
O(αsNT )

“strong coupling ↔ smooth
spectral function”
“weak coupling ↔ spiky
spectral function”

in strongly coupled N = 4 SYM,
ρ(ω) is very smooth

ρ(ω) for ζ: no peak at ω = 0⇒
more favorable.

Harvey Meyer Computing the transport coefficients of the QGP on the lattice



A dramatic progress in accuracy (Nτ = 8)

Nakamura,Sakai ’04 HM ’07
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The finite T Euclidean correlators (Nτ = 8)

〈T12T12〉c 〈θ θ〉c
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near-conformal behaviour in one channel,
large deviations in the other
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Moments of the tensor spectral function (Nt = 8)

〈ω2n〉 ≡
∫ ∞

0
dωω2n ρ̄(ω)

coshω/2T
= T 5 d2nC

dx2n
0
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Taking the continuum limit

〈T12T12〉c 〈θ θ〉c
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. . . tree-level improvement works well.
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The “inverse problem”: solving for ρ(ω)

Given Ci =
∫∞

0 dωρ(ω) coshωL0τi/2
sinhωL0/2 (i = 1, . . .N), reconstruct ρ(ω).

our estimator for ρ: bρ(ω) = m(ω)[1 + ba(ω)], ba(ω) =
PN
`=1 c`u`(ω)

m(ω) > 0; m(ω � T ) has the correct perturbative behavior

basis u` determined by singular-value decomposition of
M(x0, ω)

def
= K (x0, ω)m(ω): M t = UwV t, u`(ω) =columns of U

we are only able to reconstruct a ’fudged’ version of the genuine a(ω):

ba(ω) =
R bδ(ω, ω′)a(ω′)dω′ bδ(ω, ω′) =

PN
`=1 u`(ω)u`(ω′).

bδ(ω, ω′) is called the resolution function (how complete is the basis?)

we would like the resolution function to resemble a delta-function.

Backus & Gilbert, (geophysics, 1968)
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Mock reconstruction of N = 4 SYM spectral function
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the method used gives the correct viscosity within ∼ 16% for Nτ = 8,
assuming the correlator is known exactly
the reconstructed ρ(ω) should be regarded as an average within
[ω −∆ω, ω + ∆ω] of the true ρ(ω).
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The reconstructed spectral function for 〈T12T12〉
(Nτ = 8)
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The reconstructed spectral function for 〈θθ〉 (Nτ = 12)
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Summary
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T/Tc=3.22

LO PT

LO PT

1/(4π)

ζ/s
η/s

Perturbative and AdS/CFT calculations:

η/s, ζ/s =

{
0.484

π2α2
s log(0.608/αs)

,
1.25α2

s
π2 log(4.06/αs)

Nf = 0 PT
1/(4π) , 0 N = 4 SYM.

Arnold, Moore, Yaffe ’03; Arnold, Dogan, Moore ’06;

Policastro, Son, Starinets ’01; Kovtun, Son, Starinets ’04
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The energy-momentum tensor in hadronic physics

Harvey Meyer Computing the transport coefficients of the QGP on the lattice



The energy-momentum tensor in full QCD

Separating the traceless part Tµν from the trace part S for
gluons, denoted ‘g’, and quarks, denoted ‘f’,

Tµν ≡ T
g
µν + T

f
µν + 1

4δµν(θg + θf),

T
g
µν = 1

4δµνF a
ρσF a

ρσ − F a
µαF a

να,

T
f
µν = 1

4
∑

f ψ̄f
↔
Dµ γνψf + ψ̄f

↔
Dν γµψf − 1

2δµνψ̄f
↔
Dρ γρψf ,

θg = β(g)/(2g) F a
ρσF a

ρσ, θf = [1 + γm(g)]
∑

f ψ̄f mψf

↔
Dµ=

→
Dµ −

←
Dµ

β(g) is the beta-function
γm(g) is the anomalous dimension of the mass operator
all expressions are written in Euclidean space.
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The connection between Tµν and 〈x〉f,g

for an on-shell particle with four-momentum p = (iEp,p),
E2

p = M2 + p2,

〈Ψ,p|
∫
d3z T

f,g
00(z) |Ψ,p〉 = [Ep − 1

4M2/Ep] 〈x〉f,g,
〈Ψ,p|

∫
d3z θf,g(z) |Ψ,p〉 = (M2/Ep) bf,g,

1 = 〈x〉f + 〈x〉g = bf + bg,

states are normalized according to 〈p|p〉 = 1.

in the infinite momentum frame:
〈x〉g represents the momentum fraction carried by gluons

in the rest frame:
the gluon contribution to the hadron mass is 3

4M〈x〉g
the contribution of the trace anomaly θg to the hadron
mass is 1

4bgM [X.D. Ji, ’95]
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Discretizations of T
g
µν and θg

body-centered definition:

a3
∑

x

T
bp
00(x�) =

2Zg(g0)

ag2
0

∑
x

Re Tr
[∑

kP0k (x)−
∑

k<l
1
2 [Pkl(x) + Pkl(x + a0̂)]

]
,

breaking of continuous translation invariance⇒ finite
renormalization, Zg(g0) = ∂ξ0(β,ξ)

∂ξ

analog of the axial current normalization factor ZA(g0).
site-centered definition:

T
bc
00(x) ≡

χ(g0)Zg(g0)

g2
0

ReTr
[∑

k (F̂0k )2−
∑

k<l(F̂kl)
2
]

we calculated the relative normalization factor χ(g0)

recently we calculated the normalization of Tµ6=ν .
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Non-perturbative Normalization Factors
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Normalization of Tµ6=ν (prelim.)
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Relative Variance of the Discretizations
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huge differences between operators

e.g. HYP-smearing the plaquette saves a factor 40 in CPU time
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Glue momentum fraction in a 1GeV pion
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Lattice Sum Rule and Normalization of 〈x〉g

Lattice sum rule: [HM, ’06]

3
4

(
E−1

3
∑

k
∂E

∂ log Lk

)
= 〈Φ|a3

∑
x

Zg(g0)T
g,bare
00 +Zf(g0)T

f,bare
00 |Φ〉|Φ=Ψ

Φ=Ω

where

a3
∑

x

T
g,bare
00 (x�) =

2
ag2

0

∑
x

Re Tr
[∑

k P0k (x)−
∑

k<l
1
2 [Pkl (x) + Pkl (x + a0̂)]

]
a3
∑

x

T
f,bare
00 (x�) =

3a3

4

∑
x

ψ̄(x)[D0γ0 −
1
2

aD∗0D0 −
1
3

(Dkγk −
1
2

aD∗k Dk )]ψ(x)

Zg(g0) = 1
2
∂ log(βσ/βτ )(aσ ,aτ )

∂ log aτ , Zf(g0) = −∂ log(κσ/κτ )(aσ ,aτ )
∂ log aτ

this shows, in a particular regularization, that the
momentum sum rule 〈x〉g + 〈x〉f = 1 holds for appropriate
scheme-independent Zf,g(g0).
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Renormalization of 〈x〉g

since it is a flavour-singlet operator, T
g
µν mixes with T

f
µν

if T
f,g
00(g0) has been normalized as on previous slide,[

T
g
00(µ)

T
f
00(µ)

]
=

[
Zgg 1−Zff
1−Zgg Zff

][
T

g
00(g0)

T
f
00(g0)

]
,

NB. this form simplifies the calculation of the step-scaling
matrix Σ(ḡ2(µ),aµ) = Z(aµ,g0)Z−1(2aµ,g0) in a
finite-volume scheme
⇒ there are only two independent anomalous dimensions
cgg,ff(ḡ = 0) = Nf

12π2 ,
4

9π2 Gross, Wilczek; Georgi, Politzer ’74

the asymptotic glue momentum fraction is 16/[16 + 3Nf]
for any hadron.

Harvey Meyer Computing the transport coefficients of the QGP on the lattice



Result in the Quenched Approximation

Zgg = 1 due to the absence of quark loops ⇒

〈x〉g(µ2) = Zg(g0)〈x〉g + [Zf(g0)− Zff(aµ,g0)Zf(g0)] 〈x〉bare
f

Zff(aµ,g0)Zf(g0) = 0.99(4) for the MS-scheme at µ = 2GeV
[ZeRo Collab, Guagnelli et al. 03; 04]

〈x〉bare = 2× 0.3080(18) (disregarding disconnected
diagrams) [ZeRo Collab, Guagnelli et al. 04]

Zf(g0) = 1 + O(g2
0) itself is not known yet beyond treelevel;

we take 1.0(2) ⇒ with 3000 configurations we obtain

〈x〉(π)
g (µ2

MS = 4GeV2) = 0.37(8)stat(12)Zf (Mπ = 890MeV)

phenomenological estimates: 〈x〉g ≈ 0.38(5) assuming
sea quarks account for 0.1—0.2 of the momentum
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Angular momentum contributions to the nucleon
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[LHPC 07]

surprise 1: Σd/2 = −Ld

⇒ Jd = 0

surprise 2: Lu = −Ld ⇒
Lu+d = 0

quark contribution to
angular momentum:
Ju+d = 0.426(52) · 1

2

glue contribution:
compute form factor of
T0k , q → 0→ underway.

a challenge: understand
Lu − Ld < 0 in the quark
model.
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Conclusions

1 the observed strong dynamics at RHIC calls for a
theoretical understanding of transport coefficients
beyond PQCD⇒ compute 〈TµνTρσ〉 in lattice QCD

shear viscosity:
pure glue

1 < 4πη/s < 2 for 1.2Tc < T < 1.7Tc

assuming ρ(ω) is smooth for ω < 3T in that range

bulk viscosity: small compared to η, but huge rise close
to Tc ⇒ enhanced entropy production.

2 Tµν also plays a central role in hadronic physics:
quark, gluon momentum fractions (≈ 40% for the pion)
quark, gluon angular momentum fractions (nucleon)
the gluonic renormalization factors are now known
(quenched).
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