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The excited baryon masses are analyzed in the framework of the 1=Nc expansion using the available
physical masses and also the masses obtained in lattice QCD for different quark masses. The baryon states
are organized into irreducible representations of SUð6Þ × Oð3Þ, where the ½56;lP ¼ 0þ& ground-state and
excited baryons, and the ½56; 2þ& and ½70; 1−& excited states are analyzed. The analyses are carried out to
Oð1=NcÞ and first order in the quark masses. The issue of state identifications is discussed. Numerous
parameter-independent mass relations result at those orders, among them the well known Gell-Mann-
Okubo and equal-spacing relations, as well as additional relations involving baryons with different spins. It
is observed that such relations are satisfied at the expected level of precision. From the quark-mass
dependence of the coefficients in the baryon mass formulas an increasingly simpler picture of the spin-
flavor composition of the baryons is observed with increasing pion mass (equivalently, increasing mu;d

masses), as measured by the number of significant mass operators.
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I. INTRODUCTION

One of the most important present objectives in lattice
QCD (LQCD) is the calculation of the light baryon
spectrum, where in recent years substantive progress has
been made. The implementation of optimized baryon
source operators [1–4] has enabled improved signals for
excited baryons, leading to remarkable progress in iden-
tifying states by their quantum numbers and in the
determination of their masses. In calculations performed
with quark masses corresponding to 390 MeV ≤ Mπ ≤
702 MeV, the spectrum of nonstrange baryons [3] and also
of strange baryons [4] were obtained. The case of Mπ ¼
702 MeV corresponds to the limit of exact SU(3) flavor
symmetry. These calculations were performed on aniso-
thropic lattices 163 × 128with a gluon Symanzik-improved
action with tree-level tadpole-improved coefficients and an
anisotropic clover fermion action as explained in Ref. [5].
Although the effects of finite widths of the baryons are not
yet implemented in these calculations, the results are very
significant. The extraction of the baryonic resonance
parameters (mass and width) by means of finite-volume
effects on the two-body spectrum (e.g., πN) as it has been
carried out for the ρmeson [6], in baryons is still to be fully
implemented in a LQCD calculation. A nice example of the
latter was shown in a continuum chiral perturbation theory
study of those effects for extracting the Δ resonance [7].
The results used in this work pertain to the use of quasilocal
baryon source/sink operators, which are not entirely suffi-
cient for extracting the resonance parameters, and therefore

the quoted masses will probably be (slightly) shifted in the
more complete framework employing the finite-volume
effects. In fact, for the LQCD states to be analyzed here, the
available phase space for the two-body decay of the excited
baryons is increasingly suppressed with increasing Mπ ,
which for the considered range of quark masses result in
state widths which are significantly smaller than in the
physical case. An estimate using the available phase space
and the phenomenological widths gives widths ∼50 MeV
or smaller for the S-wave decays and even smaller for
P- and D-waves. Thus, the present results of the LQCD
baryon masses are expected to be very close to those one
would obtain with the more complete method.
Although other recent works on baryon LQCD spec-

troscopy have been carried out in Refs. [1,2,8,9–11], the
present work will use the results obtained by the Jefferson
Lab Lattice QCD Collaboration in Refs. [3,4]. The study
can similarly be applied to other results, in particular those
of the BGR Collaboration [8] where the masses of the states
analyzed here have been calculated.
A key observation from the analysis carried out in

Refs. [3,4] is that source/sink operators which, in the
continuum limit, are in irreducible representations of the
spin-flavor and quark orbital angular momentum groups
SUð2NfÞ × Oð3Þ are very close to being at the optimum
for the selective overlap with the baryon states. This is a
strong indication that the baryon mass eigenstates them-
selves must be approximately organized into multiplets
of that group, a fact that is well known to hold phenom-
enologically. This has been tested explicitly in the LQCD
calculations by measuring the coupling strengths of sources
in different representations to each of the baryon levels
studied. The state admixture of different SUð2NfÞ × Oð3Þ

*ishara@jlab.org
†goity@jlab.org

PHYSICAL REVIEW D 91, 036005 (2015)

1550-7998=2015=91(3)=036005(19) 036005-1 © 2015 American Physical Society



Motivation

2



Motivation positive 
parity states

negative 
parity 
states

3



Successful analyses were done on excited 
baryons with physical data 

Motivation

SU(4) x O(3)
4

SU(6) x O(3)

SU(2 Nf) x O(3)
Nf=2 Nf=3

Physics Letters B 564 (2003) 83–89
www.elsevier.com/locate/npe

Analysis of the [56,2+] baryon masses in the 1/Nc expansion
J.L. Goity a,b, C. Schat c, N.N. Scoccola d,e,f,1

a Department of Physics, Hampton University, Hampton, VA 23668, USA
b Thomas Jefferson National Accelerator Facility, Newport News, VA 23606, USA

c Department of Physics, Duke University, Durham, NC 27708, USA
d Physics Department, Comisión Nacional de Energía Atómica, (1429) Buenos Aires, Argentina

e Universidad Favaloro, Solís 453, (1078) Buenos Aires, Argentina
f ECT, Villa Tambosi, I-38050 Villazzano (Trento), Italy

Received 23 April 2003; accepted 9 May 2003

Editor: H. Georgi

Abstract

The mass spectrum of the positive parity [56,2+] baryons is studied in the 1/Nc expansion up to and including O(1/Nc)

effects with SU(3) symmetry breaking implemented to first order. A total of eighteen mass relations result, several of which are
tested with the available data. The breaking of spin-flavor symmetry is dominated by the hyperfine interactions, while spin–orbit
effects are found to be small.
 2003 Published by Elsevier Science B.V.

In the mass range from 1600 to 2100 MeV there
exists a set of positive parity baryons which might be
assigned to an irreducible representation [56,2+] of
SU(6) ⊗ O(3), where SU(6) is the spin-flavor group
and O(3) classifies the orbital excitations. Among the
candidate states in that set, all non-strange states are
known as well as seven strangeness S = −1 states.
Some of the strange states are, however, established
with low certainty (two stars or less in the particle
data listings [1]). In this Letter the available empirical
information is used to implement an analysis of the
masses based on the 1/Nc expansion of QCD [2,3], an
approach that has turned out to be very successful in
baryon phenomenology.

E-mail address: schat@phy.duke.edu (C. Schat).
1 Fellow of CONICET, Argentina.

The 1/Nc expansion has been applied to the ground
state baryons [4–10], and to excited baryons, where
the masses and decays of the negative parity spin-
flavor 70-plet [11–15] and the positive parity Roper
56-plet [16] have been analyzed. Two frameworks
have been used in implementing the 1/Nc expansion
for baryons. One framework is based on the contracted
spin-flavor SU(2Nf )c symmetry, Nf being the num-
ber of light flavors, which is a symmetry of QCD in
the Nc → ∞ limit [4,12,17]. In this framework com-
mutation relations of operators like axial currents and
hadron masses are constrained by consistency rela-
tions. The observed baryons at Nc = 3 are identified
with the low lying spin states of an infinite represen-
tation of the contracted symmetry. The second frame-
work makes use of the spin-flavor SU(2Nf ) algebra,
with an explicit representation of operators that act on
a space of states constructed as tensor products of Nc

0370-2693  2003 Published by Elsevier Science B.V.
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Some applications of 1/Nc expansion framework

Baryon Masses (Ground State and Excited State) 

x E. Jenkins Phy Lett B 315,441(1993) 
x R.Dashen E. Jenkins and A.V. Manohar PRD 

51,3697(1995) 
x E. Jenkins, R.F. Lebed PRD 52,282(1995) 
x C.E. Carlson, C.D. Carone , J.L. Goity, R.F. Lebed 

PRD 59,114008(1999) 
x J.L. Goity and C.L. Schat PRD 66,114014(2002) 
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Magnetic Moments 

x R.Dashen E. Jenkins and A.V. Manohar PRD 
49,4713(1994) 

x E. Jenkins and A.V. Manohar Phys Lett B 
335,452(1994) 

x R.Dashen E. Jenkins and A.V. Manohar PRD 
51,3697(1995) 

x E. Jenkins, R.F. Lebed PRD 52,282(1995) 
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Axial Vector Current Matrix Elements 

x R.Dashen and A.V. Manohar phy Lett D 
315,425(1993) 

x R.Dashen E. Jenkins and A.V. Manohar PRD 
49,4713(1994) 

x R.Dashen E. Jenkins and A.V. Manohar PRD 
51,3697(1995) 

x J.Dai, R. Dashen, E. Jenkins, A.V. Manohar PRD 
53,273(1996) 
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Ground State Baryons including the Studies of 

SU(6) Spin-flavor symmetry  

x E. Witten. Nucl. Phys. B160,57(1979) 
x R.Dashen and A.V. Manohar phy Lett D 

315,425(1993) 
x E. Jenkins Phy Lett B315,431(1993) 
x R.Dashen E. Jenkins and A.V. Manohar PRD 

49,4713(1994) 
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A brief introduction to 1/Nc expansion

(a) QCD running coupling constant

(arXiv:hep-ex/0606035)

QCD is the theory of strong interactions which is the SU(3) gauge theory of
quarks and gluons.

Perturbative expansion in QCD gauge coupling is only possible at high energy.

t’Hooft (G.’t Hooft, Nucl,Phys,B72,461) suggested the generalization of QCD from SU(3)
gauge theory to SU(Nc) gauge theory

1/Nc is a hidden expansion parameter in QCD.

Nc quarks, and N2
c � 1 gluons.
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Baryon Spin-Flavor Symmetry

Consistency of pion-nucleon scattering implies an exact spin- flavor symmetry
exists for baryons in the limit Nc ! 1
Dominant diagrams for baryon-meson scattering amplitude

Pion-Nucleon vertex �!
@µ⇡a

f⇡
hB0|q̄�µ�5Taq|Bi ⌘ @µ⇡a

f⇡
gANchB0|Xia|Bi ⌘ O(

p
Nc)

Since, ⇡N amplitude is O(N0
c )

A = �i k
ikj

k0

Nc
2g2

f2
⇡

[Xia, Xib] ) [Xia, Xib] 6 O(1/Nc)

Large Nc consistency condition : [Xia
0 , Xib

0 ] = 0

Large Nc QCD has a contracted spin-flavor symmetry SUc(2Nf ) In baryon
sector. Where Nf is number of flavors.
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[Si, T a] = 0 [T a, T b] = ifabcT c

[Si, Sj] = iεijkSk [T a, X ib
0 ] = ifabcX ic

0

[Si, Xja
0 ] = iεijkXka

0 [X ia
0 , Xjb

0 ] = 0 .

(4.7)

One can compare the contracted SUc(2Nf ) algebra with the ordinary SU(2Nf )

spin-flavor algebra. The SU(2Nf ) generators are Si, T a and the spin-flavor oper-

ators Gia. These operators satisfy the SU(2Nf ) spin-flavor algebra

[Si, T a] = 0
[
T a, T b

]
= ifabcT c [Si, Gja] = iεijkGka

[Si, Sj] = iεijkSk
[
T a, Gib

]
= ifabcGic

[
Gia, Gjb

]
=

i

2Nf
εijkδabSk +

i

4
fabcδijT c +

i

2
εijkdabcGkc

(4.8)

The contracted algebra for the large Nc baryons in QCD is obtained from

the SU(2Nf ) algebra by rescaling the spin-flavor generator Gia by a factor of 1/Nc

and taking the limit

X ia
0 = lim

Nc→∞

Gia

Nc
.

This limiting process is known as a Lie algebra contraction [13]. This con-

traction affects only the commutation relation
[
Gia, Gjb

]
. Both sides of this com-

mutator are divided by N2
c , and the limit Nc → ∞ is taken. Then, the left-hand

side becomes
[
X ia

0 , Xjb
0

]
and the right-hand side goes to zero, because baryon

matrix elements of Si and T a are of O(N0
c ).

In summary, the large Nc QCD has a contracted spin-flavor symmetry in the
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Mass Operators & Mass relations

Mass operators are e↵ective operators which consists of products of SU(6)
generators Si, Ta, Gia and also the O(3) generators li

Negative Parity (l = 1) Non-Strange 20� plet SU(4)⌦O(3) ,

M20 =
8X

i=1

ciOi C.E.Carlson,C.D.Carone,J.L.Goity,R.F.Lebed,Phys.Rev.D 59,114008

Negative Parity (l = 1) Strange 70� plet SU(6)⌦O(3) ,

M70 =
11X

i=1

ciOi +
4X

i=1

diB̄i J.L.Goity and C.L.Schat,Phys.Rev.D 66,114014

Positive Parity (l = 2) Strange 56� plet SU(6)⌦O(3),

M56,2+ =
3X

i=1

ciOi +
3X

i=1

biB̄i J.L.Goity,C.L.Schat,N.N.Scoccola Phys.Lett.B 564(2003),83-89

Positive Parity (l = 0) Roper 56� plet SU(6)⌦O(3), Gürsey Radicati formula :

M56,0+ = c1Nc +
c2

Nc
S(S + 1) + b1Ns

+
b2

2
p
12Nc

✓
3I(I + 1) � S(S + 1) � 3

4
Ns(Ns + 2)

◆
+ O(1/N2

c )
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coupled in baryons has lead to a phenomenologically
successful scheme of organizing the states in multiplets
of SUð2NfÞ × Oð3Þ. For finite Nc it is possible to work
with the ordinary rather than the contracted spin-flavor
group for the purposes of building the operator bases [33].
Any static baryonic observable can be expressed by an
effective operator which is decomposed in a basis of
operators ordered in powers of 1=Nc and which can be
expressed as appropriate tensor products of the symmetry
generators. In the present case of baryon masses, the bases
of operators are well known. The details for obtaining those
bases can be found in Refs. [16,18–21,34,35].
The excited states considered here will be either in the

totally symmetric or in the mixed symmetric irreducible
representations of SU(6). Following the large-Nc Hartree
picture of a baryon, without a loss of generality and for the
purpose of dealing with the group theory of the spin-flavor
and orbital degrees of freedom, one can describe a low-
excitation baryon as a spin-flavor symmetric core with
Nc − 1 quarks and one excited quark. In this way it
becomes straightforward to obtain the matrix elements of
bases operators. Appendix A gives the mass operator bases
to the needed order and the corresponding matrix elements.
The mass operator bases are organized in powers of

1=Nc and involve SU(3) singlet and octet operators, the
latter for symmetry breaking by the parameter ϵ≡ms − m̂,
where m̂ ¼ ðmu þmdÞ=2. One may consider the expansion
to Oðϵ0=NcÞ and OðϵÞ. It turns out that contributions
Oðϵ=NcÞ are almost insignificant in most cases as shown
later.
The multiplets to be analyzed have the following state

contents: (i) ½56; 0þ&, one SU(3) 8 with S ¼ 1=2 and one 10
with S ¼ 3=2; (ii) ½56; 2þ&, one 8 for each S ¼ 3=2 and 5=2,
and one 10 for each S ¼ 1=2 through 7=2; (iii) ½70; 1−&, one
1 Λ baryon for each S ¼ 1=2 and 3=2, two 8’s for each
S ¼ 1=2 and 3=2, one 8 for S ¼ 5=2 and one 10 for each
S ¼ 1=2 and 3=2.
For each case, the mass operators to the order needed

here are as follows,
½56; 0þ&: In this case the mass operator is the famous

Gürsey-Radicati (GR) mass formula, which, explicitly
displaying the 1=Nc power counting, reads as

M½56;0þ& ¼ c1Ncþ
c2
Nc

SðSþ1Þþb1Ns

þ b2
2

ffiffiffiffiffi
12

p
Nc

"
3IðIþ1Þ−SðSþ1Þ−3

4
NsðNsþ2Þ

#

þOð1=N2
cÞ; ð1Þ

where S is the baryon spin operator, I is the isospin, and Ns
is the number of strange quarks, and the ci and bi are
coefficients determined by the QCD dynamics, which are
obtained by fitting to the masses. The mass operators are
defined such that all coefficients are OðN0

cÞ. The SU(3)-
breaking parameter ϵ is here included in the coefficients b1

and b2. For all mass formulas, the quark-mass dependence
is implicitly absorbed into the coefficients.
½56; 2þ&: In this case the basis has three SU(3)-symmetric

and three breaking operators,

M½56;2þ& ¼
X3

i¼1

ciOi þ
X3

i¼1

biB̄i: ð2Þ

The basis of operators along with the matrix elements are
given in Appendix A 1, Table XVI.
½70; 1−&: In the case of nonstrange baryons, where the

states belong to the mixed symmetric 200-plet of SU(4), the
mass formula reads [19]

M½200;1−& ¼
X8

i¼1

ciOi; ð3Þ

where the eight basis operators up to and including
Oð1=NcÞ are given in Table XVII of Appendix A 2. For
three flavors the mass formula reads [20,21]

M½70;1−& ¼
X11

i¼1

ciOi þ
X4

i¼1

biB̄i; ð4Þ

where the basis operators up to and including Oð1=NcÞ or
OðϵÞ are given in Table XVIII and Table XIX of
Appendix A 3. In order that the SU(3)-breaking operators
do not contribute to the nonstrange baryon masses, they
have been redefined according to B̄1 ¼ t8 − 1

2
ffiffi
3

p
Nc
O1,

B̄2 ¼ Tc
8 −

Nc−1
2
ffiffi
3

p
Nc
O1, B̄3¼ 10

Nc
d8abgiaGc

ibþ
5ðN2

c−9Þ
8
ffiffi
3

p
N2

cðNc−1Þ
O1þ

5
2
ffiffi
3

p
ðNc−1Þ

O6þ 5
6
ffiffi
3

p O7, B̄4 ¼ 3ligi8 −
ffiffi
3

p

2 O2.

Since in general the number of states is larger than the
number of coefficients of the fit, and the masses are linear
in the coefficients, there must be linear mass relations
which are independent of the coefficients. Such mass
relations have been derived in previous works, and will
be tested here with the LQCD results. Many of the mass
relations involve SU(3)-breaking mass differences, and are
thus identically satisfied in the limit of SU(3) symmetry.
There are however some mass relations which test exclu-
sively the breaking of the spin symmetry atOð1=NcÞ; these
occur in the ½56; 2þ& multiplet. The mass relations will be
presented in the analysis of each case below, and they are
depicted in Tables III, IV, VII, XIII, and XIV.

III. FITS TO THE LQCD RESULTS

In this section the fits to the LQCD masses are
performed. The LQCD results used here are as follows:
for two flavors the results are those of Ref. [3], of which
only the results for the negative-parity baryon masses will
be analyzed, and for three flavors the results of Ref. [4] are
used. For two flavors the quark masses used correspond to
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operators ordered in powers of 1=Nc and which can be
expressed as appropriate tensor products of the symmetry
generators. In the present case of baryon masses, the bases
of operators are well known. The details for obtaining those
bases can be found in Refs. [16,18–21,34,35].
The excited states considered here will be either in the

totally symmetric or in the mixed symmetric irreducible
representations of SU(6). Following the large-Nc Hartree
picture of a baryon, without a loss of generality and for the
purpose of dealing with the group theory of the spin-flavor
and orbital degrees of freedom, one can describe a low-
excitation baryon as a spin-flavor symmetric core with
Nc − 1 quarks and one excited quark. In this way it
becomes straightforward to obtain the matrix elements of
bases operators. Appendix A gives the mass operator bases
to the needed order and the corresponding matrix elements.
The mass operator bases are organized in powers of

1=Nc and involve SU(3) singlet and octet operators, the
latter for symmetry breaking by the parameter ϵ≡ms − m̂,
where m̂ ¼ ðmu þmdÞ=2. One may consider the expansion
to Oðϵ0=NcÞ and OðϵÞ. It turns out that contributions
Oðϵ=NcÞ are almost insignificant in most cases as shown
later.
The multiplets to be analyzed have the following state

contents: (i) ½56; 0þ&, one SU(3) 8 with S ¼ 1=2 and one 10
with S ¼ 3=2; (ii) ½56; 2þ&, one 8 for each S ¼ 3=2 and 5=2,
and one 10 for each S ¼ 1=2 through 7=2; (iii) ½70; 1−&, one
1 Λ baryon for each S ¼ 1=2 and 3=2, two 8’s for each
S ¼ 1=2 and 3=2, one 8 for S ¼ 5=2 and one 10 for each
S ¼ 1=2 and 3=2.
For each case, the mass operators to the order needed

here are as follows,
½56; 0þ&: In this case the mass operator is the famous

Gürsey-Radicati (GR) mass formula, which, explicitly
displaying the 1=Nc power counting, reads as

M½56;0þ& ¼ c1Ncþ
c2
Nc

SðSþ1Þþb1Ns

þ b2
2

ffiffiffiffiffi
12

p
Nc

"
3IðIþ1Þ−SðSþ1Þ−3

4
NsðNsþ2Þ

#

þOð1=N2
cÞ; ð1Þ

where S is the baryon spin operator, I is the isospin, and Ns
is the number of strange quarks, and the ci and bi are
coefficients determined by the QCD dynamics, which are
obtained by fitting to the masses. The mass operators are
defined such that all coefficients are OðN0

cÞ. The SU(3)-
breaking parameter ϵ is here included in the coefficients b1

and b2. For all mass formulas, the quark-mass dependence
is implicitly absorbed into the coefficients.
½56; 2þ&: In this case the basis has three SU(3)-symmetric

and three breaking operators,

M½56;2þ& ¼
X3

i¼1

ciOi þ
X3

i¼1

biB̄i: ð2Þ

The basis of operators along with the matrix elements are
given in Appendix A 1, Table XVI.
½70; 1−&: In the case of nonstrange baryons, where the

states belong to the mixed symmetric 200-plet of SU(4), the
mass formula reads [19]

M½200;1−& ¼
X8

i¼1

ciOi; ð3Þ

where the eight basis operators up to and including
Oð1=NcÞ are given in Table XVII of Appendix A 2. For
three flavors the mass formula reads [20,21]

M½70;1−& ¼
X11

i¼1

ciOi þ
X4

i¼1

biB̄i; ð4Þ

where the basis operators up to and including Oð1=NcÞ or
OðϵÞ are given in Table XVIII and Table XIX of
Appendix A 3. In order that the SU(3)-breaking operators
do not contribute to the nonstrange baryon masses, they
have been redefined according to B̄1 ¼ t8 − 1

2
ffiffi
3

p
Nc
O1,

B̄2 ¼ Tc
8 −

Nc−1
2
ffiffi
3

p
Nc
O1, B̄3¼ 10

Nc
d8abgiaGc
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8
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3
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5
2
ffiffi
3

p
ðNc−1Þ

O6þ 5
6
ffiffi
3

p O7, B̄4 ¼ 3ligi8 −
ffiffi
3

p

2 O2.

Since in general the number of states is larger than the
number of coefficients of the fit, and the masses are linear
in the coefficients, there must be linear mass relations
which are independent of the coefficients. Such mass
relations have been derived in previous works, and will
be tested here with the LQCD results. Many of the mass
relations involve SU(3)-breaking mass differences, and are
thus identically satisfied in the limit of SU(3) symmetry.
There are however some mass relations which test exclu-
sively the breaking of the spin symmetry atOð1=NcÞ; these
occur in the ½56; 2þ& multiplet. The mass relations will be
presented in the analysis of each case below, and they are
depicted in Tables III, IV, VII, XIII, and XIV.

III. FITS TO THE LQCD RESULTS

In this section the fits to the LQCD masses are
performed. The LQCD results used here are as follows:
for two flavors the results are those of Ref. [3], of which
only the results for the negative-parity baryon masses will
be analyzed, and for three flavors the results of Ref. [4] are
used. For two flavors the quark masses used correspond to
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realization of the symmetry above (e.g., [26,27]). For the
purposes of these comparisons, it is helpful to introduce a
spectroscopic notation: X2Sþ1L!J

P, where X is the
Nucleon N or the Delta !, S is the Dirac spin, L ¼
S; P;D; . . . denotes the combined angular momentum of
the derivatives, ! ¼ S, M, or A is the permutational sym-
metry of the derivative, and JP is the total angular momen-
tum and parity. This notation also is used in Table IV,
which we discuss now.

In the negative-parity N# spectrum, there is a pattern of
five low-lying levels, consisting of two N1

2
$ levels, two

N3
2
$ levels, and one N5

2
$ level. The triplet of higher levels

in this group of five is nearly degenerate with a pair of !1
2
$

and !3
2
$ levels. This pattern of Nucleon and Delta levels is

consistent with an L ¼ 1$ P-wave spatial structure with
mixed symmetry, PM . As shown in Table IV, the same
numbers of states are obtained in the SUð6Þ 'Oð3Þ classi-
fication for the negative-parity Nucleon and Delta states

constructed from the ‘‘nonrelativistic’’ Pauli spinors as we
find in the lattice spectra. The lowest two N#$ states are
dominated by operators constructed in the notation of
Eq. (13) as NM ' ðS ¼ 1

2
þÞM ' ðL ¼ 1$ÞM ! JP ¼ 1

2
$

and 3
2
$, while the three higher N#$ levels are dominated

by operators constructed according to NM ' ðS ¼ 3
2
þÞS '

ðL ¼ 1$ÞM with JP ¼ 1
2
$, 3

2
$ and 5

2
$. Similarly, the low-

lying Delta levels are consistent with a !1
2
$ and !3

2
$

assignment. There are no low-lying negative-parity S ¼ 3
2

Delta states since a totally symmetric state (up to antisym-
metry in color) cannot be formed. Consequently, there is no
low-lying !5

2
$, which agrees with the lattice spectrum. In

the nonrelativistic quark model [26], a hyperfine contact
term is introduced to split the doublet and quartet states up
and down, respectively, compared to unperturbed levels
and the tensor part of the interaction provides some addi-
tional splitting. The result is that the doublet Delta states
are nearly degenerate with the quartet Nucleon states as is
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Mass Relations

Gell Mann Okubu Relations and Equal spacing relations - Well satisfied
2(N + Ξ) = 3Λ+ Σ
Σ−∆ = Ξ−Σ = Ω− Ξ *Except the EQS relation l=1 J = 3/2 at mπ=391MeV
Independent mass relations from 1/Nc expansion

1 Ground State and [56, 0+]multiplet - Gürsey-Radicati relations
1
3 (Σ + 2Σ∗) − Λ = 2

3 (∆ − N)
Σ∗ − Σ = Ξ∗ − Ξ
3Λ + Σ − 2(N + Ξ) = −(Ω − Ξ∗ − Σ∗ + ∆)
Σ∗ − ∆ + Ω − Ξ∗ = 2(Ξ∗ − Σ∗)

2 [56, 2+]multiplet - Relations are satisfied within the error limits
∆5/2 − ∆3/2 = N5/2 − N3/2

5(∆7/2 − ∆5/2) = 7(N5/2 − N3/2)
∆7/2 − ∆1/2 = 3(N5/2 − N3/2)
8(Λ3/2 − N3/2) + 22(Λ5/2 − N3/2) = 15(Σ5/2 − Λ5/2) + 30(Σ7/2 − ∆7/2)
Λ5/2 − Λ3/2 + 3(Σ5/2 − Σ3/2) = 4(N5/2 − N3/2)

Λ5/2 − Λ3/2 + Σ5/2 − Σ3/2 = 2(Σ′
5/2 − Σ′

3/2)

7(Σ′
3/2 − Σ7/2) = 12(Σ′

5/2 − Σ7/2)

4(Σ1/2 − Σ7/2) = 5(Σ′
3/2 − Σ7/2)
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(d) l = 2, 56-plet six operator evolution
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Mass Operators & Mass relations

Mass operators are e↵ective operators which consists of products of SU(6)
generators Si, Ta, Gia and also the O(3) generators li

Negative Parity (l = 1) Non-Strange 20� plet SU(4)⌦O(3) ,

M20 =
8X

i=1

ciOi C.E.Carlson,C.D.Carone,J.L.Goity,R.F.Lebed,Phys.Rev.D 59,114008

Negative Parity (l = 1) Strange 70� plet SU(6)⌦O(3) ,

M70 =
11X

i=1

ciOi +
4X

i=1

diB̄i J.L.Goity and C.L.Schat,Phys.Rev.D 66,114014

Positive Parity (l = 2) Strange 56� plet SU(6)⌦O(3),

M56,2+ =
3X

i=1

ciOi +
3X

i=1

biB̄i J.L.Goity,C.L.Schat,N.N.Scoccola Phys.Lett.B 564(2003),83-89

Positive Parity (l = 0) Roper 56� plet SU(6)⌦O(3), Gürsey Radicati formula :

M56,0+ = c1Nc +
c2

Nc
S(S + 1) + b1Ns

+
b2

2
p
12Nc

✓
3I(I + 1) � S(S + 1) � 3

4
Ns(Ns + 2)

◆
+ O(1/N2
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Baryon spin-flavor structure from an analysis of lattice QCD results
of the baryon spectrum

I. P. Fernando* and J. L. Goity†
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The excited baryon masses are analyzed in the framework of the 1=Nc expansion using the available
physical masses and also the masses obtained in lattice QCD for different quark masses. The baryon states
are organized into irreducible representations of SUð6Þ × Oð3Þ, where the ½56;lP ¼ 0þ& ground-state and
excited baryons, and the ½56; 2þ& and ½70; 1−& excited states are analyzed. The analyses are carried out to
Oð1=NcÞ and first order in the quark masses. The issue of state identifications is discussed. Numerous
parameter-independent mass relations result at those orders, among them the well known Gell-Mann-
Okubo and equal-spacing relations, as well as additional relations involving baryons with different spins. It
is observed that such relations are satisfied at the expected level of precision. From the quark-mass
dependence of the coefficients in the baryon mass formulas an increasingly simpler picture of the spin-
flavor composition of the baryons is observed with increasing pion mass (equivalently, increasing mu;d

masses), as measured by the number of significant mass operators.

DOI: 10.1103/PhysRevD.91.036005 PACS numbers: 11.15.Pg, 12.38.Gc, 14.20.Dh, 14.20.Gk

I. INTRODUCTION

One of the most important present objectives in lattice
QCD (LQCD) is the calculation of the light baryon
spectrum, where in recent years substantive progress has
been made. The implementation of optimized baryon
source operators [1–4] has enabled improved signals for
excited baryons, leading to remarkable progress in iden-
tifying states by their quantum numbers and in the
determination of their masses. In calculations performed
with quark masses corresponding to 390 MeV ≤ Mπ ≤
702 MeV, the spectrum of nonstrange baryons [3] and also
of strange baryons [4] were obtained. The case of Mπ ¼
702 MeV corresponds to the limit of exact SU(3) flavor
symmetry. These calculations were performed on aniso-
thropic lattices 163 × 128with a gluon Symanzik-improved
action with tree-level tadpole-improved coefficients and an
anisotropic clover fermion action as explained in Ref. [5].
Although the effects of finite widths of the baryons are not
yet implemented in these calculations, the results are very
significant. The extraction of the baryonic resonance
parameters (mass and width) by means of finite-volume
effects on the two-body spectrum (e.g., πN) as it has been
carried out for the ρmeson [6], in baryons is still to be fully
implemented in a LQCD calculation. A nice example of the
latter was shown in a continuum chiral perturbation theory
study of those effects for extracting the Δ resonance [7].
The results used in this work pertain to the use of quasilocal
baryon source/sink operators, which are not entirely suffi-
cient for extracting the resonance parameters, and therefore

the quoted masses will probably be (slightly) shifted in the
more complete framework employing the finite-volume
effects. In fact, for the LQCD states to be analyzed here, the
available phase space for the two-body decay of the excited
baryons is increasingly suppressed with increasing Mπ ,
which for the considered range of quark masses result in
state widths which are significantly smaller than in the
physical case. An estimate using the available phase space
and the phenomenological widths gives widths ∼50 MeV
or smaller for the S-wave decays and even smaller for
P- and D-waves. Thus, the present results of the LQCD
baryon masses are expected to be very close to those one
would obtain with the more complete method.
Although other recent works on baryon LQCD spec-

troscopy have been carried out in Refs. [1,2,8,9–11], the
present work will use the results obtained by the Jefferson
Lab Lattice QCD Collaboration in Refs. [3,4]. The study
can similarly be applied to other results, in particular those
of the BGR Collaboration [8] where the masses of the states
analyzed here have been calculated.
A key observation from the analysis carried out in

Refs. [3,4] is that source/sink operators which, in the
continuum limit, are in irreducible representations of the
spin-flavor and quark orbital angular momentum groups
SUð2NfÞ × Oð3Þ are very close to being at the optimum
for the selective overlap with the baryon states. This is a
strong indication that the baryon mass eigenstates them-
selves must be approximately organized into multiplets
of that group, a fact that is well known to hold phenom-
enologically. This has been tested explicitly in the LQCD
calculations by measuring the coupling strengths of sources
in different representations to each of the baryon levels
studied. The state admixture of different SUð2NfÞ × Oð3Þ

*ishara@jlab.org
†goity@jlab.org

PHYSICAL REVIEW D 91, 036005 (2015)
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(e) l = 1, 20-plet minimum operator evolution
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FIG. 4 (color online). Results for baryon excited states using the ensemblewithm! ¼ 391 MeV are shownversus JP. Colors are used to
display the flavor symmetry of dominant operators as follows: blue for 8F inN,!,", and#; beige for 1F in!; yellow for 10F in$,",#,
and%. The lowest bands of positive- and negative-parity states are highlighted within slanted boxes. The eight excited states of ", with
JP ¼ 3

2
þ , that are shown within a slanted box, are Hg states 1, 2, 4, 5, 7, 8, 13 and 15. Fits for the same states are shown in Fig. 1 and

identifications of their spins and flavors are noted in Fig. 3.
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Mass predictions

For the Physical baryons

Multiplet Missing Fitted mass Mass listed From mass
states [MeV] in PDG[MeV] relations[MeV]

[56, 0+] ⌃
00
3/2 1800±26 ⌃(1840)(3/2+)⇤ with mass ⇠ 1840 1790 ± 131

⌅1/2 1815±31 · · · 1825 ± 108

⌅
00
3/2 1975±35 ⌅(1950)(??)⇤⇤⇤ with mass ⇠ 1950 ± 15 1955 ± 171

⌦3/2 2150±46 · · · 2120 ± 219

[56, 2+] ⌃3/2 1889±30 ⌃(1840)(3/2+)⇤ with mass ⇠ 1840 1920±70

⌅3/2 2074±24 ⌅(2120)⇤(??) : 2130±7 2080±75

⌅5/2 2000±31 ⌅(2030)⇤⇤⇤(S > 5/2+) with 2025±5 2006±14

⌃00
1/2 2060±6 · · · 2127±120

⌅00
1/2 2221±6 ⌅(2250)⇤⇤(??) : 2214±5 · · ·

⌦1/2 2382±7 · · · · · ·
⌃00

3/2 2059±29 ⌃(2080)⇤⇤(3/2+) : 2120±40 2109±96

⌅00
3/2 2212±24 · · · · · ·

⌦3/2 2350±6 · · · · · ·
⌃00

5/2 2053±23 ⌃(2070)⇤(5/2+) : 2070±10 2077±56

⌅00
5/2 2178±31 · · · · · ·

⌦5/2 2297±6 · · · · · ·
⌅00

7/2 2129±6 ⌅(2120)⇤(??) : 2130±7 · · ·
⌦7/2 2222±6 · · · · · ·

13 / 17
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Baryon spin-flavor structure from an analysis of lattice QCD results
of the baryon spectrum

I. P. Fernando* and J. L. Goity†

Department of Physics, Hampton University, Hampton, Virginia 23668, USA
Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA

(Received 6 October 2014; published 19 February 2015)

The excited baryon masses are analyzed in the framework of the 1=Nc expansion using the available
physical masses and also the masses obtained in lattice QCD for different quark masses. The baryon states
are organized into irreducible representations of SUð6Þ × Oð3Þ, where the ½56;lP ¼ 0þ& ground-state and
excited baryons, and the ½56; 2þ& and ½70; 1−& excited states are analyzed. The analyses are carried out to
Oð1=NcÞ and first order in the quark masses. The issue of state identifications is discussed. Numerous
parameter-independent mass relations result at those orders, among them the well known Gell-Mann-
Okubo and equal-spacing relations, as well as additional relations involving baryons with different spins. It
is observed that such relations are satisfied at the expected level of precision. From the quark-mass
dependence of the coefficients in the baryon mass formulas an increasingly simpler picture of the spin-
flavor composition of the baryons is observed with increasing pion mass (equivalently, increasing mu;d

masses), as measured by the number of significant mass operators.

DOI: 10.1103/PhysRevD.91.036005 PACS numbers: 11.15.Pg, 12.38.Gc, 14.20.Dh, 14.20.Gk

I. INTRODUCTION

One of the most important present objectives in lattice
QCD (LQCD) is the calculation of the light baryon
spectrum, where in recent years substantive progress has
been made. The implementation of optimized baryon
source operators [1–4] has enabled improved signals for
excited baryons, leading to remarkable progress in iden-
tifying states by their quantum numbers and in the
determination of their masses. In calculations performed
with quark masses corresponding to 390 MeV ≤ Mπ ≤
702 MeV, the spectrum of nonstrange baryons [3] and also
of strange baryons [4] were obtained. The case of Mπ ¼
702 MeV corresponds to the limit of exact SU(3) flavor
symmetry. These calculations were performed on aniso-
thropic lattices 163 × 128with a gluon Symanzik-improved
action with tree-level tadpole-improved coefficients and an
anisotropic clover fermion action as explained in Ref. [5].
Although the effects of finite widths of the baryons are not
yet implemented in these calculations, the results are very
significant. The extraction of the baryonic resonance
parameters (mass and width) by means of finite-volume
effects on the two-body spectrum (e.g., πN) as it has been
carried out for the ρmeson [6], in baryons is still to be fully
implemented in a LQCD calculation. A nice example of the
latter was shown in a continuum chiral perturbation theory
study of those effects for extracting the Δ resonance [7].
The results used in this work pertain to the use of quasilocal
baryon source/sink operators, which are not entirely suffi-
cient for extracting the resonance parameters, and therefore

the quoted masses will probably be (slightly) shifted in the
more complete framework employing the finite-volume
effects. In fact, for the LQCD states to be analyzed here, the
available phase space for the two-body decay of the excited
baryons is increasingly suppressed with increasing Mπ ,
which for the considered range of quark masses result in
state widths which are significantly smaller than in the
physical case. An estimate using the available phase space
and the phenomenological widths gives widths ∼50 MeV
or smaller for the S-wave decays and even smaller for
P- and D-waves. Thus, the present results of the LQCD
baryon masses are expected to be very close to those one
would obtain with the more complete method.
Although other recent works on baryon LQCD spec-

troscopy have been carried out in Refs. [1,2,8,9–11], the
present work will use the results obtained by the Jefferson
Lab Lattice QCD Collaboration in Refs. [3,4]. The study
can similarly be applied to other results, in particular those
of the BGR Collaboration [8] where the masses of the states
analyzed here have been calculated.
A key observation from the analysis carried out in

Refs. [3,4] is that source/sink operators which, in the
continuum limit, are in irreducible representations of the
spin-flavor and quark orbital angular momentum groups
SUð2NfÞ × Oð3Þ are very close to being at the optimum
for the selective overlap with the baryon states. This is a
strong indication that the baryon mass eigenstates them-
selves must be approximately organized into multiplets
of that group, a fact that is well known to hold phenom-
enologically. This has been tested explicitly in the LQCD
calculations by measuring the coupling strengths of sources
in different representations to each of the baryon levels
studied. The state admixture of different SUð2NfÞ × Oð3Þ

*ishara@jlab.org
†goity@jlab.org
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Mass predictions (Continued...)

Multiplet Missing Fitted mass Mass listed in PDG From mass
states [MeV] [MeV] relations [MeV]

[70, 1�] ⌃1/2 1645±11 ⌃(1620)1/2�⇤⇤=1620±10 · · ·
⌅1/2 1801±11 · · · · · ·
⌅0
1/2 1930±8 · · · · · ·

⇤0
3/2 1825±6 · · · · · ·

⌃0
3/2 1780±7 · · · · · ·

⌅0
3/2 1944±7 ⌅(1950)(? ? )⇤⇤⇤=1950±15 · · ·

⌅5/2 1939±6 ⌅(1950)(? ? )⇤⇤⇤=1950±15 · · ·
⌃00

1/2 1828±7 · · · · · ·
⌅00
1/2 1969±8 ⌅(1950)(? ? )⇤⇤⇤=1950±15 · · ·

⌦1/2 2107±10 · · · · · ·
⌃00

3/2 1916±6 ⌃(1940)3/2�⇤⇤⇤=1950±30 · · ·
⌅00
3/2 2057±7 · · · · · ·

⌦3/2 2198±9 · · · · · ·
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Baryon spin-flavor structure from an analysis of lattice QCD results
of the baryon spectrum

I. P. Fernando* and J. L. Goity†

Department of Physics, Hampton University, Hampton, Virginia 23668, USA
Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA

(Received 6 October 2014; published 19 February 2015)

The excited baryon masses are analyzed in the framework of the 1=Nc expansion using the available
physical masses and also the masses obtained in lattice QCD for different quark masses. The baryon states
are organized into irreducible representations of SUð6Þ × Oð3Þ, where the ½56;lP ¼ 0þ& ground-state and
excited baryons, and the ½56; 2þ& and ½70; 1−& excited states are analyzed. The analyses are carried out to
Oð1=NcÞ and first order in the quark masses. The issue of state identifications is discussed. Numerous
parameter-independent mass relations result at those orders, among them the well known Gell-Mann-
Okubo and equal-spacing relations, as well as additional relations involving baryons with different spins. It
is observed that such relations are satisfied at the expected level of precision. From the quark-mass
dependence of the coefficients in the baryon mass formulas an increasingly simpler picture of the spin-
flavor composition of the baryons is observed with increasing pion mass (equivalently, increasing mu;d

masses), as measured by the number of significant mass operators.

DOI: 10.1103/PhysRevD.91.036005 PACS numbers: 11.15.Pg, 12.38.Gc, 14.20.Dh, 14.20.Gk

I. INTRODUCTION

One of the most important present objectives in lattice
QCD (LQCD) is the calculation of the light baryon
spectrum, where in recent years substantive progress has
been made. The implementation of optimized baryon
source operators [1–4] has enabled improved signals for
excited baryons, leading to remarkable progress in iden-
tifying states by their quantum numbers and in the
determination of their masses. In calculations performed
with quark masses corresponding to 390 MeV ≤ Mπ ≤
702 MeV, the spectrum of nonstrange baryons [3] and also
of strange baryons [4] were obtained. The case of Mπ ¼
702 MeV corresponds to the limit of exact SU(3) flavor
symmetry. These calculations were performed on aniso-
thropic lattices 163 × 128with a gluon Symanzik-improved
action with tree-level tadpole-improved coefficients and an
anisotropic clover fermion action as explained in Ref. [5].
Although the effects of finite widths of the baryons are not
yet implemented in these calculations, the results are very
significant. The extraction of the baryonic resonance
parameters (mass and width) by means of finite-volume
effects on the two-body spectrum (e.g., πN) as it has been
carried out for the ρmeson [6], in baryons is still to be fully
implemented in a LQCD calculation. A nice example of the
latter was shown in a continuum chiral perturbation theory
study of those effects for extracting the Δ resonance [7].
The results used in this work pertain to the use of quasilocal
baryon source/sink operators, which are not entirely suffi-
cient for extracting the resonance parameters, and therefore

the quoted masses will probably be (slightly) shifted in the
more complete framework employing the finite-volume
effects. In fact, for the LQCD states to be analyzed here, the
available phase space for the two-body decay of the excited
baryons is increasingly suppressed with increasing Mπ ,
which for the considered range of quark masses result in
state widths which are significantly smaller than in the
physical case. An estimate using the available phase space
and the phenomenological widths gives widths ∼50 MeV
or smaller for the S-wave decays and even smaller for
P- and D-waves. Thus, the present results of the LQCD
baryon masses are expected to be very close to those one
would obtain with the more complete method.
Although other recent works on baryon LQCD spec-

troscopy have been carried out in Refs. [1,2,8,9–11], the
present work will use the results obtained by the Jefferson
Lab Lattice QCD Collaboration in Refs. [3,4]. The study
can similarly be applied to other results, in particular those
of the BGR Collaboration [8] where the masses of the states
analyzed here have been calculated.
A key observation from the analysis carried out in

Refs. [3,4] is that source/sink operators which, in the
continuum limit, are in irreducible representations of the
spin-flavor and quark orbital angular momentum groups
SUð2NfÞ × Oð3Þ are very close to being at the optimum
for the selective overlap with the baryon states. This is a
strong indication that the baryon mass eigenstates them-
selves must be approximately organized into multiplets
of that group, a fact that is well known to hold phenom-
enologically. This has been tested explicitly in the LQCD
calculations by measuring the coupling strengths of sources
in different representations to each of the baryon levels
studied. The state admixture of different SUð2NfÞ × Oð3Þ
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the latter. Unlike the GS baryons, no significant SU(3)
breaking in the HF interaction is observed in the Roper
baryons, so the coefficient b2 is consistent with zero for the
LQCD masses.
The mass relations are given in Tables III and IV, which

show that they are satisfied within errors for the LQCD
results. In the physical case, the knowledge of the Roper
states is rather incomplete. Based on the mass relations the
predictions shown in Table V are made. As shown below,
the listed PDG candidate states may also match predictions
from the ½56; 2þ# multiplet, as discussed later.

B. ½56;2þ# baryons
Here the lowest excited baryons that can fit into the

½56; 2þ# are considered. The input masses used here are
depicted in Appendix B, Table XXI. The first step is the

identification of the states in the LQCD results. With the
exception of the 103=2, all the states are in spin-flavor states
which appear for the first time, and thus the lightest states
with given spin and flavor are the ones of interest. In the case
of the 103=2, as discussed earlier, there are two possible
excited levels to consider, one of which will belong to the
excited ½56; 0þ#, where the arguments for the identification
were already given. ForΣ andΞ baryons, the LQCDanalysis
[4] has assigned the dominant SU(3) multiplet to which
they belong, 8 or 10. Therefore, there is no ambiguity about
the identification of states in the present multiplet.
There is mixing between states in the octet and decuplet,

namely the Σ and the Ξ pairs of states with S ¼ 3=2 and
with S ¼ 5=2, namely (Σð8Þ

S , Σð10Þ
S ) and (Ξð8Þ

S , Ξð10Þ
S ). These

mixings obviously result from SU(3) breaking, and the
physical states are defined as follows:

TABLE III. Mass relations for the ground-state octet and decuplet. The relations are valid up to corrections Oðϵ34
2 =NcÞ in the case of

the GMO and EQS relations which stem from the one-loop chiral corrections [36], and up to Oð1=N2
cÞ for the rest of the relations.

Mπ [MeV]

Relation PDG 391 524

2ðN þ ΞÞ − ð3Λþ ΣÞ ¼ 0 30.2' 0.4 38' 75 32' 32
Σ00 − Δ ¼ Ξ00 − Σ00 ¼ Ω00 − Ξ00 155' 2 64' 25 40' 11

149.0' 0.5 55' 19 33' 13
140.7' 0.5 54' 17 40' 14

1
3 ðΣþ 2Σ00Þ − Λ − 2

3 ðΔ − NÞ ¼ 0 9' 1 1' 28 14' 12

Σ00 − Σ − ðΞ00 − ΞÞ ¼ 0 23.5' 0.5 12' 25 12' 15
3Λþ Σ − 2ðN þ ΞÞ þ ðΩ − Ξ00 − Σ00 þ ΔÞ ¼ 0 16' 2 29' 81 32' 36
Σ00 − Δþ Ω − Ξ00 − 2ðΞ00 − Σ00Þ ¼ 0 2.5' 2.4 8' 51 14' 37

TABLE IV. Mass relations for the Roper multiplet. The relations hold at the same orders as in the case of the ground-state baryons.

Mπ [MeV]

Relation 391 524

2ðN þ ΞÞ − ð3Λþ ΣÞ ¼ 0 179' 180 106' 155
Σ00 − Δ ¼ Ξ00 − Σ00 ¼ Ω00 − Ξ00 13' 45 −27' 26

84' 40 41' 49
48' 42 41' 57

1
3 ðΣþ 2Σ00Þ − Λ − 2

3 ðΔ − NÞ ¼ 0 51' 65 29' 41

Σ00 − Σ − ðΞ00 − ΞÞ ¼ 0 58' 63 77' 80
3Λþ Σ − 2ðN þ ΞÞ þ ðΩ00 − Ξ00 − Σ00 þ ΔÞ ¼ 0 144' 189 174' 170
Σ00 − Δþ Ω00 − Ξ00 − 2ðΞ( − Σ00Þ ¼ 0 107' 110 67' 147

TABLE V. Predictions of physically unknown states in the Roper multiplet. These predictions agree with the ones in Ref. [38]. (*) fit
with all basis operators.

Baryon Predicted mass [MeV] Fitted Mass (*) [MeV] PDG candidate and mass [MeV]

Σ00
3=2 1790' 131 1800' 26 Σð1840Þð3=2þÞ( with mass ∼1840

Ξ1=2 1825' 108 1815' 31 ) ) )
Ξ00
3=2 1955' 171 1975' 35 Ξð1950Þð??Þ((( with mass ∼1950' 15

Ω3=2 2120' 219 2150' 46 ) ) )

BARYON SPIN-FLAVOR STRUCTURE FROM AN ANALYSIS … PHYSICAL REVIEW D 91, 036005 (2015)
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in Table VIII. The PDG candidate state Σð1840Þð3=2þÞ$
could be identified with the Σ3=2ð1889Þ state in Table VIII,
but as discussed earlier it can also be identified with the
Roper Σ3=2. The PDG candidate state Ξð2120Þ$ð??Þ is
consistent with both Ξ3=2 and Ξ00

7=2 in Table VIII, so its
parity could be predicted to be positive.

C. ½70;1−& baryons
In the case of two flavors, there are two mixing angles for

the pairs of nucleon states with S ¼ 1=2 and S ¼ 3=2.
Denoting by ð2sþ1ÞNS the nucleon state with spin S and
quark spin s, the physical states are given by

TABLE VIII. Predictions of physically unknown states in the ½56; 2þ& multiplet, and suggested identifications with PDG listed states.
The first two GMO relations and the 12th equation in Table VII, which is a large-Nc parameter-independent mass relation, were used to
predict the above masses.

Missing states Fitted mass [MeV] Mass listed in PDG [MeV] Mass from mass relations [MeV]

Σ3=2 1889( 30 Σð1840Þð3=2þÞ$ with mass ∼1840 1920( 70

Ξ3=2 2074( 24 Ξð2120Þ$ð??Þ: 2130( 7 2080( 75

Ξ5=2 2000( 31 Ξð2030Þ$$$ (S ≥ 5=2þ) with 2025( 5 2006( 14

Σ00
1=2 2060( 6 ) ) ) 2127( 120

Ξ00
1=2 2221( 6 Ξð2250Þ$$ð??Þ: 2214( 5 ) ) )

Ω1=2 2382( 7 ) ) ) ) ) )
Σ00
3=2 2059( 29 Σð2080Þ$$ð3=2þÞ: 2120( 40 2109( 96

Ξ00
3=2 2212( 24 ) ) ) ) ) )

Ω3=2 2350( 6 ) ) ) ) ) )
Σ00
5=2 2053( 23 Σð2070Þ$ð5=2þÞ: 2070( 10 2077( 56

Ξ00
5=2 2178( 31 ) ) ) ) ) )

Ω5=2 2297( 6 ) ) ) ) ) )
Ξ00
7=2 2129( 6 Ξð2120Þ$ð??Þ: 2130( 7 ) ) )

Ω7=2 2222( 6 ) ) ) ) ) )

TABLE VII. Mass relations for the ½56; 2þ& multiplet. The relations hold at the same orders as in the case of the ground-state baryons.
The last column corresponds to the SU(3) symmetric limit.

Mπ [MeV]

Relation 391 524 702

2ðN3=2 þ Ξ3=2Þ − ð3Λ3=2 þ Σ3=2Þ ¼ 0 98( 126 49( 173 0
2ðN5=2 þ Ξ5=2Þ − ð3Λ5=2 þ Σ5=2Þ ¼ 0 40( 98 55( 65 0
Σ00
1=2 − Δ1=2 ¼ Ξ00

1=2 − Σ00
1=2 ¼ Ω1=2 − Ξ00

1=2 −13( 110 36( 33 0
23( 44 43( 22 0
85( 54 35( 19 0

Σ00
3=2 − Δ3=2 ¼ Ξ00

3=2 − Σ00
3=2 ¼ Ω3=2 − Ξ00

1=2 48( 46 36( 23 0
56( 29 30( 16 0
45( 31 41( 15 0

Σ00
5=2 − Δ5=2 ¼ Ξ00

5=2 − Σ00
5=2 ¼ Ω5=2 − Ξ00

5=2 35( 40 34( 26 0
62( 31 26( 23 0
57( 34 52( 18 0

Σ00
7=2 − Δ7=2 ¼ Ξ00

7=2 − Σ00
7=2 ¼ Ω7=2 − Ξ00

7=2 38( 38 35( 25 0
67( 31 36( 20 0
59( 31 22( 18 0

Δ5=2 − Δ3=2 − ðN5=2 − N3=2Þ ¼ 0 70( 68 4( 68 44( 33

ðΔ7=2 − Δ5=2Þ − 7
5 ðN5=2 − N3=2Þ ¼ 0 68( 78 2.5( 92 75( 41

Δ7=2 − Δ1=2 − 3ðN5=2 − N3=2Þ ¼ 0 129( 175 13( 192 133( 74
8
15 ðΛ3=2 − N3=2Þ þ 22

15 ðΛ5=2 − N5=2Þ − ðΣ5=2 − Λ5=2Þ − 2ðΣ7=2
00 − Δ7=2Þ ¼ 0 91( 100 29( 75 0

Λ5=2 − Λ3=2 þ 3ðΣ5=2 − Σ3=2Þ − 4ðN5=2 − N3=2Þ ¼ 0 10( 207 10( 272 0
Λ5=2 − Λ3=2 þ Σ5=2 − Σ3=2 − 2ðΣ5=2

00 − Σ3=2
00Þ ¼ 0 111( 81 12( 72 87( 59

7ðΣ00
3=2 − Σ00

7=2Þ − 12ðΣ00
5=2 − Σ00

7=2Þ ¼ 0 44( 319 39( 268 67( 266

4ðΣ00
1=2 − Σ00

7=2Þ − 5ðΣ00
3=2 − Σ00

7=2Þ ¼ 0 83( 170 87( 104 58( 161
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such as certain versions of the chiral quark model, O3 is
naturally important, and should fade as Mπ increases.
The mass relations are depicted in Tables XIII and XIV.

All are well satisfied, except for the EQS relation for
Mπ ¼ 391 MeV involving Σ00

3=2. A shift of its mass by
∼þ 30 MeV leads to consistency. The mass predictions

are given in Table XV. Since, the PDG candidate state
Ξð1950Þ%%%ð??Þ is consistent with Ξ0

3=2, Ξ5=2 and Ξ00
1=2 in

Table XV, its parity could be predicted to be negative.

IV. COMMENTS AND CONCLUSIONS

From the study presented here of recent LQCD results
for the low-lying baryon excitations, it can be concluded
that a picture of the spin-flavor composition of excited
baryons is derived from their masses calculated in LQCD
and the 1=Nc expansion. The results obtained entirely
support the picture seen from the lattice QCD analysis of
the mass eigenstate couplings to source/sink operators. A
similar, and even simpler picture than the physical case
emerges at increasing quark masses, where with very few
dominant operators the LQCD masses can be described.
The expected narrowness of the states analyzed for the
quark masses in the LQCD results suggests that those
results are very realistic. For higher excited baryons, which
will be broader, the present LQCD results may be a poorer
approximation. Nonetheless, they should be interesting
to study.

TABLE XIII. GMO and EQS relations for the ½70; 1−' multiplet. Due to the insufficient number of known states with three or more
stars, the mass relations cannot be checked for the physical case.

Mπ [MeV]

Relation PDG 391 524

2ðN1=2 þ Ξ1=2Þ − ð3Λ1=2 þ Σ1=2Þ ¼ 0 ( ( ( 59) 156 17) 125

2ðN3=2 þ Ξ3=2Þ − ð3Λ3=2 þ Σ3=2Þ ¼ 0 ( ( ( 31) 121 13) 74

2ðN5=2 þ Ξ5=2Þ − ð3Λ5=2 þ Σ5=2Þ ¼ 0 ( ( ( 46) 91 6) 64

Σ00
1=12 − Δ1=2 ¼ Ξ00

1=2 − Σ00
1=2 ¼ Ω1=2 − Ξ00

1=2 ( ( ( 67) 47 35) 56

( ( ( 34) 36 40) 41
( ( ( 24) 49 22) 26

Σ00
3=2 − Δ3=2 ¼ Ξ00

3=2 − Σ00
3=2 ¼ Ω3=2 − Ξ00

3=2 ( ( ( 2) 49 39) 23

( ( ( 82) 47 37) 21
( ( ( 61) 43 31) 21

c1
c2

c5

c6

c7

b1

b2

PDG 391 524 702
200

0

200

400

600

M MeV

M
eV

FIG. 5 (color online). Evolution with respect to Mπ of the
coefficients in Table XII.

TABLE XIV. Octet-decuplet mass relations for the ½70; 1−' multiplet. SB is the mass splitting between the state B and the nonstrange
states in the SU(3) multiplet to which it belongs. The results shown correspond to the relation divided by the sum of the positive
coefficients in the relation (e.g., 163 for the first relation).

Mπ [MeV]

Relation 391 524

14ðSΛ3=2
þ SΛ0

3=2
Þ þ 63SΛ5=2

þ 36ðSΣ1=2
þ SΣ0

1=2
Þ

−68ðSΛ1=2
þ SΛ0

1=2
Þ − 27SΣ5=2

¼ 0 9.4) 40 0.96) 34

14ðSΣ3=2
þ SΣ0

3=2
Þ þ 21SΛ5=2

− 9SΣ5=2

−18ðSΛ1=2
þ SΛ0

1=2
Þ − 2ðSΣ1=2

þ SΣ0
1=2
Þ ¼ 0 37) 45 5.4) 38

14SΣ00
1=2

þ 49SΛ5=2
þ 23ðSΣ1=2

þ SΣ0
1=2
Þ

−45ðSΛ1=2
þ SΛ0

1=2
Þ − 19SΣ5=2

¼ 0 9.4) 40 0.7) 34

14SΣ00
3=2

þ 28SΛ5=2
þ 11ðSΣ1=2

þ SΣ0
1=2
Þ

−27ðSΛ1=2
þ SΛ0

1=2
Þ − 10SΣ5=2

¼ 0 0.8) 40 0.1) 33
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Conclusions

A picture of spin-flavor composition of excited baryons is derived from a
description of masses calculated in LQCD using the 1/Nc expansion.

All the predicted mass relations are well satisfied by the lattice QCD data.

Missing masses in PDG are predicted by means of model independent mass
relations and also by the fits.

LQCD masses show a weaker breaking of SU(6)⇥O(3) symmetry limit than the
physical ones.

The spin-flavor singlet operator, hyper-fine and spin-orbit interaction play the
most important role in the fits to physical and Lattice QCD masses.

The minimum number of operators which can be used to fit the lattice QCD
masses is smaller than for physical masses.
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