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We calculate within chiral perturbation theory the cross section for yy -» #%? and yy—
7*7” to next-to-leading order. The first process only depends on the one-loop contributions and
forms a test of chiral perturbation theory. We also calculate the pion electromagnetic form factor
and compare it to recent data.

1. Introduction

The processes Yy = 77~ and yy — w%° have been measured at e* e~ colliders
for center of mass energies W,, < 3 GeV. The latter process has been observed by
the Crystal Ball collaboration [1] with a significant 7%° continuum below the
f,(1270) peak. The experimental situation for low mass #*#~ pairs is somewhat
confused. The data [2, 3] seem to show a large enhancement above threshold. A dip
[2] just below the f, resonance was not confirmed by TPC/yy and DELCO [4].

On the theoretical side there exist calculations for high mass #*7~ and 7%°
pairs [5] within perturbative QCD. The Born approximation, assuming point-like
pions and no final state interactions was calculated long ago [6]. It cannot explain
the enhancement near threshold. One can include final state interactions if one
assumes that the production cross section is given by the pointlike cross section. The
final state interactions can then be expressed in terms of the 77 phase shifts. The
latest analysis was done in ref. [7]. Using similar assumptions an enhancement of
77w~ production near threshold was obtained with an attractive 77 potential [8].
In this reference the 7% ° cross section remained small.

In this paper we include both the final state interactions and the deviation from
the QED vertex using chiral perturbation theory [9, 10]. Our results show a moderate
enhancement for #*#~ production near threshold and a small steadily rising cross
section for #%° production. The one-loop result for 7% production only depends
on the pion decay constant and meson masses. It is independent of all new
parameters appearing at this order of chiral perturbation theory and thus provides a
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clean experimental test of this formalism. The production of #*#~ pairs depends
on two extra constants. These can be fixed via other experiments. The structure
dependent term in 7 — evy depends on exactly the same combination of the new
parameters as yy > 7 7.

In sect. 2 we give a short review of chiral perturbation theory and calculate as an
example the pion electromagnetic form factor. We also fit this to recent data [13] to
determine one of the constants. In sect. 3 we give a short proof that 7%°
production does not depend on any additional parameters at this order of chiral
perturbation theory and calculate the amplitude. In sect. 4 we calculate the cross
section for 7 "7~ production and compare it with experimental data and we present
our conclusion in the final section.

2. Chiral perturbation theory

The QCD lagrangian is for vanishing quark masses symmetric under chiral
SU(3), X SU(3)y transformations. This symmetry is spontaneously broken to
SU(3)y. The 8 Goldstone bosons associated with this breakdown are identified with
the pseudoscalar mesons 7, K, 5. These can be conveniently parametrized using a
3 X 3 matrix

3 =exp(2iM/f),

\/%- 70+ \/g ] at K*
M= 7~ - \/; a0+ ‘/%‘ ] K°
K- K° ~%n
X transforms linearly under SU(3) X SU(3) via
- L3R

Chiral symmetry is also explicitly broken by quark masses and the electromagnetic
interaction. The most general lagrangian consistent with chiral and Lorentz invari-
ance, U(1) gauge invariance and P, C and T to lowest order in e?, quark masses
and momenta is

&= ifu(D,ZD*=) + Lfu[m(Z + 31)] + vete(Q2Q3Y) — LF2. (1)
We used the notation

D,2=9,5+ie[Q,2]4,,

m=8v,

" omg ) o=| -1 )
mS
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and F? is the photon field strength squared. The first term in (1) provides the
kinetic energy term for the mesons and interaction terms consistent with current
algebra. The second term transforms as (3;,3g) + (3;,3g) under SU(3); X SU(3)x
and describes the explicit breaking of chiral symmetry by the quark masses. The
third term transforms as (8;,85) and describes the leading electromagnetic effects
in purely hadronic quantities. At this level f, v, and v, can be fixed using the pion
decay constant and the meson masses

m%(o ms,‘) 3m3}
T=tes O g my)  Wmytmg)  mytmgtam,)’
vy = 3fH(m2e = m) = 12 (m — mko). )

In this paper we keep m, = m, so isospin is only broken by the electromagnetic
interaction. The term proportional to v, is a correction of O(e?) and does not
contribute to yy — 77 at O(e?). Tree level diagrams in %, give the current algebra
predictions up to O( p2, m?) with p? a typical external momentum. Loop diagrams
with vertices from %, give contributions of O( p*, p?m?, m?).

There are also contributions of this order from higher order terms in the
lagrangian. All possible terms up to this order have been given in ref. [9]:

%=L [u(D,zD*2t)]* + L, [u(D,2D,51)]°
+Ly|t( D,2D#5 )] + L[ D,ZD*E e[ mS + m1]
+ Lstr[ D,ED*SH(mZt + m)] + Le[te(m= + m3H)]?
+ L, [tr(mZ — mZ)]* + Lt[mSmS + mZtm37]
+iLo[tr( FLD*2D"3") + tr ERD*2'D"3)]
+ Lygtr| ELSFAREY| + Lyjte| F,, F*] + Lyti[m?]. (4)

The L, are arbitrary constants, which will allow us to absorb all divergences
appearing in one-loop diagrams with %, vertices [10]. Using dimensional regu-
larization the bare coupling constants L, are redefined

1 1
L,.=L{—I‘,.32W2(;+ln4w—lnu2+1—y , (5)
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where L} are the coupling constants renormalized at scale g and

- 3 = 3 = =1
Fl_az’ F2_16’ F3_0, F4—g,

jor

Fs=%’ F6=11_1s Ir;=0,

&~

g

% (6)
The coefficients L,, and L,, are purely external field subtractions and do not

contribute to physical quantities [9]. The values of the renormalized coupling

constants L] have to be fixed from experimental data.

In addition there are terms describing the effects of the anomaly [11]. These can
be written in the form [11]

Ig=
=1 - 1 = . 1l —
F9—4, FIO_ 45 Fll" 8 FIZ_

"?WZ = elwapB;waB ’ (7)

where B, depends on the meson fields, momenta and external fields and does not
contain any Levi-Civita tensors.

As an example let us calculate the pion electromagnetic structure function [12],
defined by {7 *(p)J&|7*(p)) = — F,(¢*) p + p")* with g> = (p + p’). To lowest
order it is just the photon vertex so F(q2) = 1. At order m?, p? there are corrections
from wave function renormalization and the 1-particle-irreducible graphs in fig. 1.
In calculating this we observe that all infinities cancel and obtain

F(q2)=1+iL;q2+ :
" 1 16722
2 2 2 2
4q q mq mxg
X|2miH|— | +miH| — | - }¢’In— — 1¢’In—- |, 8
(m'lr (mzr mg (m%() 34 2 6qn”2) (8)
with
x—4
H(x)= -4+ 4x+ (- )y —— 1 Q(),
Vx—4 +yx 9)
o)==

Jo— -

Fig. 1. One-loop Feynman diagrams for the pion electromagnetic form factor.
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Fig. 2. A fit of the form factor to the data of ref. [7]. Plotted is the pion form factor squared, | E,|2. The
full line is the fit with | F.2(0)| = 1 and the dashed line with the overall normalization of | F?| free.

For small g2 this is related to the charge radius of the pion*

F,(q*)=1+Xrhq?

2
mﬂ
2

4 1 m¥
=l+q2[}_—2L;+ T&r—zfz‘(—%ln —%1117—%)]. (10)

Using the measured value of the pion electromagnetic radius [13]

r?=0.439 + 0.008 fm?,

we get
Ly=(7.74£02)x1073 (11)

for a renormalization scale p> = m2.
The values used are f, =134 MeV, m, =137 MeV, my =494 MeV and m =
549 MeV. We have also performed a fit of the complete formula (10) to the data of

ref. [13]. The results of the fit are displayed in fig. 2. The result of the fit with

* For a discussion on how the p contributes in this approach see ref. [12], appendix C.
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|F,(0)]*>=1 leads to
Li=(6.8+02)x1073. (12)

The dashed line in fig. 2 is the fit of eq. (8) but with the overall normalization free.
The preferred normalization n = 0.980 + 0.003 of the fit is, however, outside the
normalization quoted in ref. [13]. This fit gave a value 6.3 X 1072 for L.

In sect. 4 we will need the value of the constant L§+ L},. From refs. [9,12] we
find that the structure dependent term in 7 — ery depends on the same combina-
tion. From the data (see ref. [9]) we obtain

Li+Li,=(1.4+0.4) X103, (13)

3. yy—>a'r®

We first prove that there are no 7% % or #%%y vertices in %, or Z,*, so no
tree level diagram contributes to this process. Couplings to photons come from
insertions of F,, and/or D,Z. Since 2 is diagonal, when only 70 fields contribute,
and Q is a diagonal matrix (eq. (2)),

D,3(7°) = 9,2(7°) + ied,[Q, Z(7°)] = 3,3(=°).

So terms containing only covariant derivatives cannot generate couplings 7 %%y nor
7% %yy. The term corresponding to L, vanishes for a diagonal 2(7°) because F,, is
contracted to a symmetric tensor in that case. The L,, term can be rewritten as

LyoF, Frul0305t] = 1L, F, F*{tu([0, 2][Q, 3t]) —21r@*},  (14)

which clearly vanishes for Z(7°).

The contributions from £y, always involve ¢,z S0 a contribution from the
anomaly to the process yy — w# is forbidden by parity. The only contribution to
o(yy - 7% %) comes from the loop diagrams drawn in fig. 3, where the particles
propagating in the loops are charged pions or kaons. Note that, since there are no
counterterms available to cancel the divergences in this channel, we expect the result
of the one-loop calculation to be finite.

We choose a reference frame where the photon polarization vectors ¢, , satisfy

ki-gg=k e,=ky-6,=k,-8,=0, (15)
where k,, k, are the momenta of the incoming photons. In this frame the amplitude

* A similar proof can be given for the #%x, nn and K°KD final states. These final states occur however
only at high center of mass energy where the validity of the low energy expansion used here is not
obvious.
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Fig. 3. One-loop Feynman diagrams for yy — 7%°.

due to pion loops is

1 1

w

and the amplitude due to kaon loops is
- 1 1
Ay = —ie el-ez——mﬂzfzs 1+—SK1n Ok |, (17)

using s = (k, + k,)?, the center of mass energy squared. The symbols used in egs.
(16), (17) are

.h
+
ta

b4+ s
iy (18)

for i = 7, K. This disagrees with the expression obtained in ref. [14]. The authors of
ref. [14] did not include the diagrams in fig. 3a,b and used a different breaking of
chiral symmetry by meson masses.

From this amplitude one can calculate the total cross section o(yy— 7%7?)
shown in fig. 4 (solid line). The pion loops contribution (dashed line) dominates the
cross section, while the kaon loops are numerically rather small although their
interference with the #-loops causes an appreciable decrease in o. The amplitude in
Eqs. (16), (17) is purely S-wave, so there is no dependence on the scattering angle in
the yy center of mass system. Unfortunately, we cannot compare our results with
Crystal Ball data because they are not yet absolutely normalized.

This result is based on an expansion in quark masses and external momenta. To
establish its region of validity would require a calculation of the next order. This is
beyond the scope of this paper. Experience with chiral symmetry leads us to expect
that this result will be reliable up to center of mass energies of 500-700 MeV. The
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Fig. 4. The total cross section o(yy -» #%7°) (full line) for center of mass energies W, from threshold
to 0.7 GeV. The dashed line is the contribution of the =-loops.

lower bound follows from the general agreement with chiral symmetry arguments in
kaon decays. Another criterium is that the low energy expansion fails as soon as
resonance behaviour becomes important. The first resonance in this process appears
around 1 GeV so the above bound should be reliable.

4 yyonta~

This process does already occur at tree level in the chiral lagrangian. The
amplitude at tree level is given by [6]

A

) P & P& P E3P_"§
vy~ mta- = 20€% £ &) — - .

Pk Pk,

k, , are the momenta of the incoming photons, p,, p_ are the momenta of the
outgoing #*, #~ and ¢, ¢, are the polarization vectors of the photons. In addition
to the graphs of fig. 3 this process also gets contributions from wave function
renormalization and the graphs in fig. 5. The loops now also involve 7 K° and 7
contributions and not only #*,K* contributions as in the #%° case. Meson loop
corrections to the photon wave function renormalization are a correction of O(e?)
to the Born approximation so we don’t include them. In addition there is also a
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Fig. 5. One-loop diagrams for yy — #* #~ in addition to those of fig. 4.

dependence on %, but not on #y,,. The latter has no contributions because of
parity conservation (see sect. 3). The amplitude including the next order can be
written as

Py P& PpPiE&p 8
Ay gte= 2iez{ae cgy— - } (19)
v P bk Pk,
in the same frame as used in sect. 3 (eq. (15)), and where a is given by
s . 1 3 212 1,2 102
a=1+F(L9+L10)"1_6?]Tz’(ES+mw1n Q,+ ymgln QK)’ (20)

using the same notation Q; as in sect. 3. Squaring and averaging over photon
helicities leads to a differential cross section

do na? 21— R 48%sin%9 N 4B4sin*0
dcosf 2s'B lal 1= Bos™ (1~ B%os6)* |

(21)

In eq. (21), B is the velocity of the pions in the center of mass frame and @ the
scattering angle. The angular integration over & can be performed and leads to

a(s) = %,3{4|a|2 —4(2-8)Rea+4(2-28+(1-B2)(1+13))) (22)

with

_1-p2 1+
8= 3 nl_B.

(23)

This is plotted in fig. 6 together with the Born cross section (a = 1) and values for
L5+ Lj,=1.4X107°. The position of the peak did not change from W,, =306
MeV but its value increased by 13% from 476 to 539 nb. Notice from (5) and (6)
that Ly + L]y = Ly+ L, so the value of this sum is renormalization scale indepen-
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Fig. 6. The total cross section o(yy— #"#~) for center of mass energies W, from threshold to 0.7
GeV for L} + Lo =1.4 X 1073, The dashed line is the Born cross section.

dent. It is determined from the measurement of # — ery (see sect. 2). The size of the
correction is rather insensitive to the precise value of this coefficient within errors.

In fig. 7 we compare our result with the available data. We have not compared
our results to the DM1,2 results [3] because they do not show an absolutely
normalized cross section. In fig. 7a we have plotted the differential cross section at a
CMS scattering angle of 90°. The near threshold enhancement we obtained is not
sufficient to explain the PLUTO data [2]. Fig. 7b shows the cross section integrated
over |cosd,,| <0.6 and the TPC/yy data [3]. They are obviously consistent with
our result. In this region the loop corrections are very small.

5. Conclusion

We have calculated the next to leading order in chiral perturbation theory
prediction for o(yy = 7%°) and o(yy - 7*77). A measurement of the former
process at low center of mass energies (below 700 MeV) provides a stringent test for
the loop expansion within chiral lagrangians since it does not depend on any of the
parameters present in .%,. A typical cross section of ~ 10 nb was obtained at about
450 MeV slowly rising with W,.

A small enhancement for yy — #+7~ was obtained near threshold, 13% at the
peak of the cross section for the central value of earlier determinations of the
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Fig. 7. (a) Comparison with PLUTO data of the differential cross section at cos ,, = 0. (b) Comparison
with TPC /vy data of the cross section integrated over |cos 8., | < 0.6.

constants L5+ L. Changing this constant within errors did not enhance the cross
section enough to coincide with the data [3]. The rather large errors on the data do
not allow us to make any firm conclusion about the failure of the theory. The
corrections are small even up to rather large, 700 MeV, center of mass energies,
indicating that the expansion in quark masses and momenta is valid for this process.
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