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Abstract

We show that the relative difference in polarization between the pumping and target chambers depends
on the ratio of the target chamber spin-relaxation rate to the target chamber diffusion rate. A collection
of parameters and formulas necessary for the calculation of these two rates are presented.
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Figure 1: Basic Geometry of a “Standard” Small Pumping Chamber Cell. Drawn to 5:2 scale with nominal
outer dimensions. Dashed red line represents path of electron beam.

Element kse

(
10−20 cm3/sec

)
kse

(
1/hrs per 1014 cm−3

)
ref.

Rb 6.8 ± 0.2 1/ (40.8 ± 1.2) [1]
K 5.5 ± 0.4 1/ (50.5 ± 3.7) [2]
Na 6.1 ± 0.6 1/ (45.5 ± 4.5) [3]

Table 1: Alkali-3He Spin-Exchange Rate Constants.

1 Polarization Dynamics

1.1 Nuclei Number Rate Equations

A cell is composed of a pumping and target chamber that are connected by a transfer tube, see Fig. (1). In
Sec. 3.2, we will consider in more detail the polarization dynamics within the transfer tube; however, for now,
we will simply ignore the small transfer tube volume. The 3He nuclei in the pumping chamber are polarized
via spin-exchange collisions with polarized alkali atoms with a rate constant kse, see Tab. (1). The 3He nuclei
in the target chamber are polarized via diffusion through the transfer tube. Because of the low alkali vapor
pressure in the target chamber, we will ignore the spin exchange with alkali atoms in the target chamber.
The number of 3He nuclei is N±

pc,tc where the superscript ± labels the spin state and the subscript labels
the chamber. Similarly the total number of 3He nuclei in a given chamber is Npc,tc

(
= N+

pc,tc + N−
pc,tc

)
.

Consequently the total number of 3He nuclei is N (= Npc + Ntc) and the fraction of 3He nuclei in either
chamber is fpc,tc (= Npc,tc/N).

Assuming that the alkali polarization reaches equilibrium very quickly and remains constant while the
3He polarization approaches equilibrium, the rate of change of the number of ± nuclei in either chamber is
governed by the following equations:

dN+
pc

dt
= kse[A+]N−

pc − kse[A−]N+
pc +

(
Npc

2
− N+

pc

)
Γpc + N+

tcdtc − N+
pcdpc

dN−
pc

dt
= kse[A−]N+

pc − kse[A+]N−
pc +

(
Npc

2
− N−

pc

)
Γpc + N−

tcdtc − N−
pcdpc

dN+
tc

dt
= N+

pcdpc − N+
tcdtc +

(
Ntc

2
− N+

tc

)
Γtc
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dN−
tc

dt
= N−

pcdpc − N−
tcdtc +

(
Ntc

2
− N−

tc

)
Γtc (1)

where [A±] is the alkali number density in the pumping chamber for the ± spin state. The spin-relaxation
rates per nucleus Γpc,tc represent interactions which show no preference for either state and therefore push
equilibrium towards equal numbers of ± nuclei. The diffusion rate dtc(pc) is the probability per unit time
per nucleus that a nucleus will exit the target (pumping) chamber and enter the pumping (target) chamber,
where we have neglected the transfer tube volume.

1.2 Total Nuclei Number Equilibrium

The rates of change of the total number of nuclei in the two chambers are given by:

dNpc

dt
=

dN+
pc

dt
+

dN−
pc

dt
= Ntcdtc − Npcdpc

dNtc

dt
=

dN+
tc

dt
+

dN−
tc

dt
= Npcdpc − Ntcdtc

dN

dt
=

dNpc

dt
+

dNtc

dt
= 0 (2)

When the total number of nuclei in either chamber reaches equilibrium, the total diffusion rates into and
out of each chamber must balance:

Ntcdtc = Npcdpc → ftcdtc = fpcdpc (3)

Equilibrium in this regard is achieved when the temperature of the two chambers has stabilized and when
the pressure throughout the cell is constant. To estimate how long if takes for the pressure to equalize
throughout the cell, we’ll look at two limits. The slow limit is found by calculating the finite one dimensional
diffusion time scale:

τ ≈ L2
tt

π2D
≈ 20 sec (4)

where Ltt is the transfer tube length and D ≈ 0.2 cm2/s is the 3He diffusion constant under operating
conditions.

The fast limit is found by applying Poiseuille’s equation for viscous incompressible flow through a tube
due to a pressure differential [4]:

d

dt
(ρpcVpc) = − A2

tt

8πηLtt
(ppc − ptc) (5)

where ρpc is the mass density of the 3He in the pumping chamber, Vpc is the pumping chamber volume, Att is
the cross sectional area of the transfer tube, η is the viscosity, ppc is the pumping chamber pressure, and ptc is
the target chamber pressure. We’ll assume that the temperature in the pumping chamber is instantaneously
changed to its operating value. Consequently the pressure in the pumping chamber is initially higher than
the pressure in the target chamber. The change in the mass flow rate from the pumping chamber can be
rewritten as:

d

dt
(ρpcVpc) =

d

dt

(
M.W. × ppcVpc

RTpc

)
(6)

where M.W. is the molecular weight of 3He and R is the ideal gas constant. Using the fact the total number
of particles in the cell is constant, we can rewrite the pressure in the target chamber in terms of the pressure
in the pumping chamber:

ptc = ntcRTtc = (N − Npc)
RTtc

Vtc
=

Vpc

Vtc

Ttc

Tpc
(N − Npc)

RTpc

Vpc
=

v

t

(
NRTpc

Vpc
− ppc

)
(7)

3



where v and t are the pumping chamber to target chamber ratios of the volumes and temperatures, respec-
tively. Putting this altogether we get:

d

dt

(
M.W. × ppcVpc

RTpc

)
= − A2

tt

8πηLtt

[
ppc − v

t

(
NRTpc

Vpc
− ppc

)]
(8)

which can be rewritten as:
dppc

dt
=

p∞pc − ppc

τ
(9)

where the time constant τ and equilibrium pressure p∞pc are given as:

τ =
8πηLtt × M.W. × Vpcftc

A2
ttRTpc

& p∞pc =
fpcNRTpc

Vpc
(10)

To calculate τ , we have estimated the viscosity η ≈ D by using the diffusion constant D which is reasonable
for a mono-atomic gas [5]. Therefore the fast limit for the pressure equilibration time scale is about 0.3 μsec.

Finally, we estimate how long it takes for the temperature of the glass wall of the pumping chamber to
equilibrate. Once again using the finite one dimensional diffusion timescale [6]:

τ ≈ t2pc

π2Dg
=

t2pcC
g
pρg

π2kg
≈ 2 sec (11)

where we have the following values for the thermal conductivity of glass kg = 1 W/m/K [7], the heat
capacity of glass Cg

p = 1 J/g/K, the density of glass ρg = 2.5 g/cm3, and the thickness of the pumping
chamber tpc = 3 mm. All of these time estimates indicate that the cell temperature & pressure equilibrate
very quickly compared to the polarization timescale. In reality, the main factor that determines how quickly
the cell reaches thermal equilibrium are the time scales related to the forced air oven heater feedback system,
which can be several minutes.

1.3 Polarization Rate Equations

Polarization for any spin-1/2 particle is defined as:

Ppc,tc =
N+

pc,tc − N−
pc,tc

N+
pc,tc + N−

pc,tc

=
N+

pc,tc − N−
pc,tc

Npc,tc
= f+

pc,tc − f−
pc,tc (12)

Combining the nuclei number rate Eqns. (1) in the manner defined above, noting the following relationships:

f±
pc,tc =

1
2

(1 ± Ppc,tc) fpc,tc = f+
pc,tc + f−

pc,tc 1 = fpc + ftc (13)

and, to reiterate, assuming that the alkali polarization reaches equilibrium very quickly and remains constant
during the 3He polarization build-up, the polarizations in the two chambers of the cell are given by:

dPpc

dt
= γse (PA − Ppc) − ΓpcPpc − dpcPpc +

(
dtcNtc

Npc

)
Ptc

dPtc

dt
=

(
dpcNpc

Ntc

)
Ppc − dtcPtc − ΓtcPtc (14)

where γse (= kse[A]) is the spin-exchange rate per nucleus and PA is the pumping chamber volume averaged
equilibrium alkali polarization. If we assume that the total nuclei number in each chamber has reached
equilibrium before the polarization process is initiated (i.e. the cell is brought to operating temperature
before the lasers are turned on), then we can take advantage of the relationship defined by Eqn. (3) to give
the following:

dPpc

dt
= γse (PA − Ppc) − ΓpcPpc − dpc (Ppc − Ptc) = aPpc + bPtc + B (15)

dPtc

dt
= dtc (Ppc − Ptc) − ΓtcPtc = cPpc + dPtc (16)
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where the following substitutions are made:

a = − (γse + Γpc + dpc) b = dpc c = dtc d = − (Γtc + dtc) B = γsePA (17)

The coupled rate equations can be rewritten as a matrix equation:

d

dt

[
Ppc

Ptc

]
=
[

a b
c d

] [
Ppc

Ptc

]
+
[

B
0

]
→ d�P

dt
= M�P + �B (18)

1.4 Analytic Solution to Polarization Rate Equations

Eqn. (18) is solved by finding the eigenvalues of the rate matrix M. These eigenvalues:

Γ± = −1
2

[
a + d ±

√
(a − d)2 + 4bc

]
(19)

are the characteristic rates of the system and, as will be explained shortly, are labeled slow and fast:

Γs =
1
2

[
dpc+dtc+γse+Γpc+Γtc−(dpc+dtc)

√
1−2 (fpc−ftc) u+u2

]
(20)

Γf = dpc + dtc + γse + Γpc + Γtc − Γs (21)

u =
γse + Γpc − Γtc

dpc + dtc
=

difference in the total rates between the two chambers
sum of the diffusion rates

(22)

These rates can be written as:

Γs = 〈γse〉 + 〈Γ〉 − δΓ (23)
Γf = (dpc + dtc) + (γse − 〈γse〉) + (Γpc + Γtc − 〈Γ〉) + δΓ (24)

where again we have made use of Eqn. (3) in the form of:

dpc − dtc

dpc + dtc
=

dtc

(
ftc
fpc

)
− dtc

dtc

(
ftc
fpc

)
+ dtc

=
ftc − fpc

ftc + fpc
= ftc − fpc (25)

and we have defined the following quantities:

〈γse〉 ≡ γsefpc (26)
〈Γ〉 ≡ Γpcfpc + Γtcftc (27)

δΓ ≡ dpc + dtc

2

[√
1 − 2 (fpc − ftc) u + u2 − 1 + (fpc − ftc) u

]
(28)

≈ fpcftc
(γse + Γpc − Γtc)

2

dpc + dtc
+ O

(
(γse + Γpc − Γtc)

3

(dpc + dtc)
2

)
(29)

where the brackets 〈· · ·〉 refer to an average over all nuclei. Note that the correction term δΓ is small and
consequently Γs = 〈γse〉 + 〈Γ〉 is a very good approximation when:

1. The diffusion rates are the fastest rates in the cell, dpc, dtc � γse,Γpc,Γtc.

2. The difference in the total rates of the pumping chamber and target chamber is small, γse +Γpc ≈ Γtc.

Both of these scenarios are true during the spindown of a long lifetime cell (> 40 hrs). Fig. (2) depicts the
slow and fast time constants (note that a time constant is defined to be the inverse rate, τ ≡ 1/γ) to different
orders for two cell types.

The solutions to the coupled rate equations are given by:

Ppc(t) = P∞
pc +

[
P 0

pc − P∞
pc − cpc

]
exp (−Γst) + cpc exp (−Γft) (30)

Ptc(t) = P∞
tc +

[
P 0

tc − P∞
tc − ctc

]
exp (−Γst) + ctc exp (−Γft) (31)
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Figure 2: Slow (upper) and Fast (lower) Time Constants for Two Chambered Cells. Time constants (inverse
rates) are plotted as a function of the spin-exchange time constant (γ−1

se ). Leading order (dotted black), next
to leading order (dashed red), and full (solid black) calculations are depicted. The next to leading order
(dashed red) is nearly identical to the full calculation (solid black). A typical “Standard SPC Rb” cell has
dimensions Ltt = 6 cm & Vpc = 90 cc and contains pure Rb; whereas a typical “Gn

E LPC K/Rb” cell has
dimensions Ltt = 9 cm & Vpc = 310 cc and contains a hybrid mix of mostly K and some Rb. The observed
spin-up time constant, which is essentially Γ−1

s , is always longer than the spin-exchange time constant. In
addition, the spin-up time constants for the two different cells converge for sufficiently fast spin exchange.
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where P 0
pc,tc are set by the initial conditions and the equilibrium (t → ∞) polarizations are found by setting

the rate equations to zero:

P∞
pc =

Bd

bc − ad
& P∞

tc = −
( c

d

)
P∞

pc (32)

The above can be written in a more illuminating form by using Eqn. (3) and after some algebra:

P∞
pc = PA

⎡
⎢⎣ γsefpc

γsefpc + Γpcfpc + Γtcftc

(
1 + Γtc

dtc

)−1

⎤
⎥⎦ (33)

P∞
tc = P∞

pc

[
1 +

Γtc

dtc

]−1

(34)

Finally, the coefficients cpc,tc can be obtained by satisfying the coupled rate equations and after some algebra:

cpc =
Γs

(
P∞

pc − P 0
pc

)− bP 0
tc − aP 0

pc − B

Γf − Γs
(35)

ctc =
Γs

(
P∞

tc − P 0
tc

)− dP 0
tc − cP 0

pc

Γf − Γs
(36)

These can be written in terms of the rates themselves:

cpc =

[
ftc

(
P 0

pc − P 0
tc

)
+

Γs

(
P∞

pc − P 0
pc

)
+ γse

(
P 0

pc − PA

)
+ ΓpcP

0
pc

dpc + dtc

] [
1 +

γse + Γpc + Γtc − 2Γs

dpc + dtc

]−1

(37)

ctc =

[
fpc

(
P 0

tc − P 0
pc

)
+

Γs

(
P∞

tc − P 0
tc

)
+ ΓtcP

0
tc

dpc + dtc

] [
1 +

γse + Γpc + Γtc − 2Γs

dpc + dtc

]−1

(38)

1.5 Time Evolution Near t = 0

Near t = 0 when tΓf 	 1, we can Taylor expand the exponentials to second order:

Ppc(t) = P∞
pc +

[
P 0

pc − P∞
pc − cpc

] [
1 − Γst +

Γ2
s

2
t2
]

+ cpc

[
1 − Γft +

Γ2
f

2
t2
]

= P 0
pc + mpct +

qpc

2
t2(39)

Ptc(t) = P∞
tc +

[
P 0

tc − P∞
tc − ctc

] [
1 − Γst +

Γ2
s

2
t2
]

+ ctc

[
1 − Γft +

Γ2
f

2
t2
]

= P 0
tc + mtct +

qtc

2
t2 (40)

where the linear slopes are given by:

mpc = PAγse − P 0
pc (γse + Γpc) +

(
P 0

tc − P 0
pc

)
dpc (41)

mtc = −P 0
tcΓtc +

(
P 0

pc − P 0
tc

)
dtc (42)

and the quadratic slopes are given by:

qpc =
(
P∞

pc − P 0
pc

)
ΓfΓs − (Γf + Γs)

[−ΓpcP
0
pc + dpc

(
P 0

tc − P 0
pc

)
+ γse

(
PA − P 0

pc

)]
(43)

qtc =
(
P∞

tc − P 0
tc

)
ΓfΓs − (Γf + Γs)

[−ΓtcP
0
tc + dtc

(
P 0

pc − P 0
tc

)]
(44)

For the special case of zero initial polarization, P 0
pc = P 0

tc = 0:

Ppc(t) = γsePA

[
1 − t

2
(γse + Γpc + dpc)

]
t (45)

Ptc(t) = γsePA
dtc

2
t2 (46)
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1.6 Fast Diffusion Limit

In the limit the diffusion rates approach infinity, dpc,tc → ∞, the rates, equilibrium polarizations, and
coefficients become:

Γf → ∞ (47)
Γs → 〈γse〉 + 〈Γ〉 (48)

P∞
pc → PA

[
γsefpc

γsefpc + Γpcfpc + Γtcftc

]
= PA

[ 〈γse〉
〈γse〉 + 〈Γ〉

]
=

fpcγsePA

Γs
(49)

P∞
tc → P∞

pc (50)

cpc → ftc

(
P 0

pc − P 0
tc

)
(51)

ctc → fpc

(
P 0

tc − P 0
pc

)
(52)

which gives for the polarizations in the two chambers:

Ppc(t) = Ptc(t) → P∞
pc +

[
P 0

pcfpc + P 0
tcftc − P∞

pc

]
exp (−Γst) = P∞ [1 − exp (−Γst)] +

〈
P 0
〉
exp (−Γst) (53)

After the fast exponential has decayed away, the polarization in the two chambers evolves identically as if
the initial polarization in the two chambers had been a volume of average of the true initial polarizations in
the two chambers.

Near t = 0 when tΓs 	 1, we can Taylor expand the exponential to second order:

P (t) = P∞ +
[〈

P 0
〉− P∞] [1 − Γst +

Γ2
s

2
t2
]

(54)

=
〈
P 0
〉

+
[
fpcγsePA − Γs

〈
P 0
〉]

t

(
1 − Γs

2
t

)
(55)
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parameter value
c0 +1.2319E+0
c1 +2.8591E−1
c2 −2.1793E−1
c3 −1.4426E−2
c4 +5.3315E−1
c5 +1.2376E+3
T0 296.15 K

Table 2: Parameters for Nuclear Dipolar Relaxation Temperature Dependence Eqn. (58). Except for T0, all
parameters are unitless.

2 Relaxation Mechanisms

2.1 Spin Relaxation Due to Nuclear Dipolar Interactions

The theoretical minimum spin-relaxation rate is due to a direct coupling between two nearby 3He nuclei.
Newbury et al. [8] have calculated this 3He-3He nuclear dipolar spin-relaxation rate per nucleus at 23 oC:

Γdip =

[
3He
]

(744 amg · hrs)
(56)

Fig. (3) [8, adapted from Figs. 2 and 3] depicts the temperature dependence of the relaxation rate from 0
K to 10 K and 1 K to 550 K calculated using one particular choice for the He-He inter-atomic potential.
Newbury et al. state that two alternative models for the inter-atomic potential give consistent results within
a few percent. An analytical form of the temperature dependence is not given; therefore we have prepared
a “homemade” parameterization of this curve:

Γdip =

[
3He
]

(744 amg · hrs) · fdip(T )
(57)

fdip(T ) = c0 ·
(

T

T0

)c1

+ c2 + c3 ·
(

T

T0

)
+

c4

1 + c5 · T
T0

(58)

where the values of the parameters are listed in Tab. 2. Note that at T = T0 = 23 oC = 296.15 K, the
temperature function fdip equals 1 as expected:

fdip(T0) = c0 + c2 + c3 +
c4

1 + c5
= 1 (59)

This parametrization reproduces the curve in Fig. (3) to better than 0.5% from 2 K to 550 K. All things
considered, a reasonable estimate for the uncertainty associated with this calculation/parametrization is
about 5%.

2.2 Basic Mechanism of Beam Depolarization

Ionizing radiation increases the nuclear spin relaxation in the target chamber. Also known as “beam depo-
larization,” it is essentially a two step process. First, the beam ionizes an 3He atom which results in an free
electron and an atomic ion 3He+. There is also the possibility that the atomic ion bonds with an neutral
3He atom to form an molecular ion 3He+

2 . Second, interactions with 3He ions induce 3He nuclear spin flips.
Therefore, the total relaxation rate due to ionization by the beam is given by:

Γbeam =
[

ionization rate
per target chamber atom

]
·
[

mean number of nuclear spin flips
per atomic ion

]
(60)

=
[(

electrons
per unit time

)
·
(

atomic ions created
per electron

)
· (atoms in tc)−1

]
· (na + nm) (61)
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=
[(

I

e

)
·
(

total energy lost
mean energy per ion

)
·
(

1
Vtc[He]tc

)]
· (na + nm) (62)

=

⎡
⎣(I

e

)
·
⎛
⎝
[

1
ρ

dE
dx

]
Ltc[He]tc

Ei

⎞
⎠ ·
(

1
Vtc[He]tc

)⎤⎦ · (na + nm) (63)

=
(

I

e

1
Ei

[
1
ρ

dE

dx

]
1

Atc

)
· (na + nm) (64)

= Γion · (na + nm) (65)

where I is the electron beam current, Ei is the mean energy for ion-electron pair creation, Atc is the mean
cross sectional area of the target chamber, Γion is the ionization rate per 3He atom in the target chamber,
and na & nm are the average number of spins lost per atomic ion created due to interactions with atomic &
molecular ions respectively.

2.3 Beam Energy Lost to Ionizing Interactions

The electron beam loses energy to collisions and to radiation in the form of bremsstrahlung. At JLab energies,
the dominant mode of energy loss is bremsstrahlung, see Fig (4). We will show, however, that the dominant
mode of ionization is collisional energy loss. The energy lost to collisions per unit density per unit length is
given by the celebrated Bethe-Bloch formula and, for an electron beam, it is [11]:[

1
ρ

dE

dx

]
c

= 2πr2
emec

2 Z

β2

[
log
(
[γ − 1]2 [γ + 1]

)
− δ + 2 log

(
mec

2

IBB

)
− F (γ) − 2

Cs

Z

]
(66)

2πr2
emec

2 = 6.85 eV/amagat/cm (67)

F (γ) =
[
1 +

2
γ
− 1

γ2

]
log(2) − 1

8

[
1 − 1

γ

]2
− 1

γ2
(68)

γ =
1√

1 − β2
=

Ebeam

mec2
(69)

where Z is the target atomic number, β(= v/c) is the electron velocity relative to the speed of light, IBB is
the mean excitation potential of the target material, δ is the density correction, and Cs is the shell correction.
The shell correction is significant only when the incident electron velocity is roughly equal to or slower than
the bound electron orbital velocity. For JLab beam energies, this is not the case; therefore the shell correction
will be neglected (Cs = 0). The density correction δ is given by [11, 12]:

δ(Y ) =

⎧⎪⎨
⎪⎩

δ0 exp [2 (Y − Y ′
0)] Y ≤ Y ′

0

2 (Y − Y ′
a) + [δ0 − 2 (Y ′

0 − Y ′
a)]
[

Y ′
1−Y

Y ′
1−Y ′

0

]m
Y ′

0 < Y ≤ Y ′
1

2 (Y − Y ′
a) Y ′

1 < Y

⎫⎪⎬
⎪⎭ (70)

Y = log (βγ) (71)

Y ′
a,0,1 = Ya,0,1 − log

√
[N]/[N]0 (72)

where Ya, Y0, Y1, m, and [N]0 depend on the target material at 1 atm & 20 oC and for 3He are listed in
Tab. (3).

For a 3He density of 8.3 amg or higher, the equivalent beam energy for Y = Y ′
1 is 700 MeV or less.

Therefore for typical 3He experiments at JLab, the density correction is:

δ(Y ) = 2 log(βγ) − 2Ya + log ([N]/[N]0) (73)

Plugging this into Eqn. (66) for 3He:

[
1
ρ

dE

dx

]
c

=
4πr2

emec
2

β2

[
log

(
[γ − 1]2 [γ + 1]

[βγ]2

)
+ 2Ya − log

(
[N]
[N]0

)
+ 2 log

(
mec

2

IBB

)
− F (γ)

]
(74)
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Figure 4: Upper: Relative Energy Loss to Collisions and to Radiation for Electrons in Helium gas at 1 atm
and 20 oC. Energy loss is relative to the collisional energy loss for an electron beam energy of 2 GeV. Data is
from NIST-ESTAR [9]. Lower: Relative Photoabsorption Cross Sections in Helium. Cross section is relative
to the total photoabsorption cross section of a 2 GeV photon. Data is from NIST-XCOM [10].
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parameter value comments
Z 2 atomic number

IBB 41.8 eV mean excitation potential
Cs 0 for shell correction

δ0 0

for density correction (1 atm & 20 oC)

Ya 5.5697
Y0 5.0696
Y1 8.3174
m 5.8347

[N]0 0.93141 amg

Table 3: Bethe-Bloch Formula Parameters for Electron-Helium Interactions. All values taken from [12].

and noting that for JLab beam energies ≥ 700 MeV:

β ≈ 1 & γ � 1 (75)

log

(
[γ − 1]2 [γ + 1]

[βγ]2

)
≈ log(γ) = log

(
Ebeam

mec2

)
(76)

F (γ) ≈ log(2) − 1
8

(77)

we get: [
1
ρ

dE

dx

]
c

= 4πr2
emec

2

[
log
(

Ebeam

mec2

)
+ 2Ya − log

(
[N]
[N]0

)
+ 2 log

(
mec

2

IBB

)
− log(2) +

1
8

]
(78)

= 4πr2
emec

2

[
log
(

Ebeam

1 GeV

)
− log

(
[N]

10 amg

)
+ 34.6

]
(79)

4πr2
emec

2 = 510 keV · barn = 13.70 eV/amagat/cm (80)

Above electron beam energies of 700 MeV, the previous equation gives the energy loss due to collisions in
helium to much better than one percent compared to the full formula Eqn. (66).

Collisional energy loss leads directly to ionization of atoms in the target material. On the other hand,
energy loss to radiation ionizes atoms only if the emitted bremsstrahlung photons subsequently interact with
the target atoms. To provide an upper limit for the ionization contribution from radiation, we assume the
following:

1. The photoelectric effect, Compton scattering, and pair production can all result in ionization.

2. One rescattered/reabsorbed bremsstrahlung photon ionizes at most one atom.

3. Every photon must travel half the length of the target chamber before exiting.

The energy loss to radiation that contributes to ionization per unit density per unit length is given by:[
1
ρ

dE

dx

]
ri

=
(

total energy lost to radiation
per unit density per unit length

)
· (fraction of energy that ionizes) (81)

Bremsstrahlung can produce any number of photons with any energy such that the total energy does not
exceed the energy of the incident electron. The probability that any of these photons subsequently ionizes
depends on its energy; therefore, we must convolute the bremsstrahlung spectrum with the total photoab-
sorption cross section over all photon energies:[

1
ρ

dE

dx

]
ri

= E

∫ 1

0

u

[
1
ρ

d2Φ(u)
du · dx

]
〈f(u)〉 du (82)
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where u(= hν/E) (unitless) is the photon energy as a fraction of the electron energy, d2Φ(u)/du/dx is the
number of bremsstrahlung photons created per frequency bin per unit length, and 〈f(u)〉 is the average
fraction of photons reabsorbed/rescattered:

〈f(u)〉 = 1 − exp (−σγ(u)[He]tcLtc/2) (83)

In this case, we’ll assume [He]tc = 10 amg and Ltc = 40 cm.
Bethe and Heitler [13] have shown that the energy per frequency bin of the bremsstrahlung spectrum

is roughly constant, see Fig. (5), and when the electron energy is so high that complete screening can be
assumed, this constant is [14]:

1
E

[
1
ρ

dE

dx

]
rad

= Φrad ≡
∫ 1

0

u

[
1
ρ

d2Φ(u)
du · dx

]
du = 4αr2

e

(
Z2 [L(Z) − f(Zα)] + ZL′(Z)

)
(84)

4αr2
e = 2.318 millibarns (85)

where for Helium L(2) = 4.79, f(2α) = 2.56 × 10−4, L′(2) = 5.621 and therefore Φrad = 70.47 millibarns.
This reduces the convolution integral to an integral over 〈f(u)〉:[

1
ρ

dE

dx

]
ri

≈ EΦrad

∫ 1

0

〈f(u)〉 du =
[
1
ρ

dE

dx

]
rad

∫ 1

0

〈f(u)〉 du (86)

To approximate this integral, we first note that small photon energies have large photoabsorption cross
sections (see Fig. (4)) but represent a small frequency range in the bremsstrahlung spectrum. Therefore we
separate 〈f(u)〉 into three rectangular frequency bins and find:∫ 1

0

〈f(u)〉 du ≈
∑

n

un 〈f(u)〉n =

(
10−2 MeV

) · (1.00)
Ebeam

+

(
10 MeV − 10−2 MeV

) · (0.01)
Ebeam

+

(
Ebeam − 10 MeV − 10−2 MeV

) · (3 × 10−4
)

Ebeam

≈ 0.01 MeV
Ebeam

+
0.1 MeV
Ebeam

+ 3 × 10−4

≈ 0.11 MeV
Ebeam

+ 3 × 10−4 (87)

Using the above approximation for the integral in Eqn. (82) and dividing by the energy loss due to collisions
gives the following estimate for the ratio:

η ≡

[
1
ρ

dE
dx

]
ri[

1
ρ

dE
dx

]
c

≈ 0.015 + 0.042 · (Ebeam
1 GeV

)
log
(

Ebeam
1 GeV

)
+ 34.6

< 0.02 (for Ebeam ≤ 16 GeV) (88)

Even though the energy loss to radiation is about 3 to 30 times larger than the energy loss due to collisions
at JLab energies, it contributes very little to the ionization.

2.4 Mean Energy for Helium Ion-Electron Pair Creation

The mean energy per ion-electron creation has been measured in helium a number of times, see Tab. (4).
The early measurements found about 32 eV per pair. As later authors noted on more than one occasion
[15, 16, 17, 18], these early measurements were performed on insufficiently pure helium samples. Later
measurements, which took great care to purify the helium sample, obtained results about 10 eV per pair
higher. We need to know the value for pure He because we are interested in knowing how many He ions are
created. Consequently, we use a weighted average of five “modern” measurements that went to great lengths
to purify their He sample. As a side note, the mean energy per ion-electron creation Ei is entirely different
than the mean excitation potential IBB. It is merely a coincidence that they have nearly the same value for
He. We are finally in a position to calculate the mean ionization rate per atom:
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Figure 5: Upper: Bremsstrahlung Spectrum (adapted without permission from [13]). The horizontal axis is
the photon frequency relative to the beam energy (u = hν/E). The vertical axis is the total photon energy
per frequency bin normalized to the average value over all frequencies

(
u

Φrad

[
1
ρ

d2Φ(u)
du·dx

])
. The lower bound

of the pink shaded region corresponds to a beam energy of 500 MeV; while, the upper bound to the limit of
infinite beam energy. In the convolution integral, Eqn. (82), this curve is taken to be independent of both
u & Ebeam and set equal to 1, which corresponds to the horizontal red line. Lower: Average Fraction of
Bremsstrahlung Photons Absorbed as a Function of Photon Energy. The horizontal axis is the log base 10
of the photon energy in MeV. The vertical axis is the log base 10 of 〈f(u)〉 evaluated for a 10 amg/40 cm
cell. The black curve is the true form of 〈f(u)〉 and the red curve is the rectangular approximation used for
the integral Eqn. (87). In summary, the integral of Eqn. (82) is a convolution of the black curves in these
two plots; whereas we approximate this integral by taking a convolution of the red curves in these plots.
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Ei(eV) year comments ref.

26.2 1925 purified in charcoal at liquid air temps, possible double ionization of He? [19]
31 1927 purified in charcoal at liquid air temperatures [20]

31.0 1944 value listed in [21] and [22] [23]
29.9 1951 tank He at 99.95% purity with traces amounts of N2 and O2 [24]
30.9 1952 cited in [16, 25] [26]

(32.5 ± 0.5) 1952 He/Ar/CH4 mixture [27]
29.7 1952 He with 0.13% Ar [15]41.3 purified with charcoal at liquid air temperatures

(26.0 ± 1.6) 1953 was purified, but not pure enough? [28]
(42.7 ± 0.2)∗ 1953 purified with charcoal at liquid air temperatures [16]

33.8 1954 tank He with less than 0.02% N2 [29]
(44.2 ± 0.9)∗ 1954 purified with Ca-Mg chips at 470oC [25]
(46.0 ± 0.5)∗ 1954 two sets of He samples with different purification methods [17]
(42.3 ± 0.3)∗ 1955 purified with charcoal at liquid air temperatures [30]
(40.3 ± 0.8)∗ 1956 purified with charcoal at liquid air temperatures [31]
55,60 (±5%) 1957 used He-ethylene mix, but applied an “impurity” correction [32]

29.9/35.2 1954 theoretical calculation for impure He sample [18]41.1 theoretical calculation for pure He

42.7,42.3 1964 sensitivity to impurities discussed, but no original sources listed [33]
41 1994 [11]

Ei(weighted mean) = (43.2 ± 0.1) eV

Table 4: Mean Energy per Ion-e− Pair Creation in He Gas. Only measurements performed on carefully
purified samples (*) are used in the calculation of the weighted mean. The different measurement techniques
and their respective sensitivities to impurities are discussed in the 1958 review article by Valentine and
Curran [34].

16



Ebeam

(GeV)

[
1
ρ

dE
dx

]
c

η
(%)

β−1(
hr · μA/cm2

)
0.7 0.97 0.1 110.1
1.0 0.98 0.2 109.0
2.0 1.00 0.3 106.8
4.0 1.02 0.5 104.8
8.0 1.04 1.0 102.8
16.0 1.06 1.8 100.9
32.0 1.08 3.6 99.04
64.0 1.10 7.0 97.26

Table 5: Variation of Ionizing Energy Loss Parameters with Electron Beam Energy. The second column is
the energy lost to collisions relative to the value at 2 GeV. The maximum relative ionization contribution
from radiation, η, is estimated assuming a 3He density of 10 amg and a target chamber length of 40 cm.

Γion =
(

1
eEi

[
1
ρ

dE

dx

]
c

)
I

Atc
= β

I

Atc
(89)

where e is the elementary charge, I is the beam current, Atc is the mean cross sectional area of the target
chamber, and β−1 is tabulated in Tab. (5) for various beam energies. The dependence of β on the beam
energy is soft; consequently the mean ionization rate per atom within 5 percent over all JLab energies is:

Γion =
(

0.0095
cm2

μA · hr

)
I

Atc
=
(

1
21 hrs

)
·
(

I

10 μA

)
·
(

2.0 cm2

Atc

)
(90)

2.5 Spin Relaxation Due to Atomic and Molecular Helium Ions

Atomic ions contribute to polarization loss due to a “spin-exchange”-like interaction between the 3He nu-
cleus and the unpaired electron in the atomic ion. Because charge exchange occurs readily, electrons from
highly polarized neutral atoms jump to lowly polarized atomic ions. The newly formed atomic ion partially
depolarizes until it undergoes charge exchange and so on. The cumulative effect is at most one nuclear
spin flip [35]. In addition to this process, molecular ions also lose polarization to the rotational degrees of
freedom via a spin-rotation interaction [36]. Little mention is made in the literature about relaxation due
to interactions with free electrons, consequently, we’ll show in the next section that their effect is negligible.
Before estimating the number of spin flips induced by both processes, it is useful to first estimate the fraction
of ions of both types and their typical lifetimes. First we write down the rate equations for the density of
atomic ions and molecular ions (in the target chamber) assuming that most of the atoms are neutral:

d[He+]tc
dt

= +Γion[He]tc −
∑

i

ki[Xi]tc[He+]tc − km[He+]tc[He]2tc + D∇2[He+]tc (91)

d[He+
2 ]tc

dt
= +km[He+]tc[He]2tc −

∑
j

[Xj ]tc
(
k′

j + k′′
j [He]tc

)
[He+

2 ]tc + D∇2[He+
2 ]tc (92)

where km, ki, k′
j , & k′′

j are the rate constants for molecular formation, atomic ion charge transfer to Xi,
binary molecular charge transfer to Xj , and three body molecular charge transfer to Xj , see Tab. (7). Losses
due to diffusion can be estimated by:

D∇2 → γd ≈ Dπ2

[
1

R2
+

1
L2

]
(93)

where D is the 3He self-diffusion constant, R is the characteristic diffusion size in the radial direction, and L
is the characteristic diffusion size along the target chamber. Using the intrinsic radius of the beam ≈ 100 μm
and the target chamber length ≈ 40 cm, we get γd ≈ 200 kHz. Since all of the other rates are on the
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parameter value units description

[He]tc 10 amg operating target chamber density
[N2]tc 0.1 amg operating target chamber density

ρ 1.0 - ratio of N2 to 3He densities relative to 0.01
h 1.0 - density of 3He relative to 10 amg
I 10 μA beam current

Atc 2 cm2 target chamber cross sectional area

Γion 1/20 hrs−1 ionization rate per atom
D 1.8 cm2/s 3He self-diffusion constant at STP

km[He]2tc 6.0 GHz molecular ion formation rate
kn[N2]tc 2.7 GHz atomic ion rate of charge transfer to N2

k′
n[N2]tc 3.0 GHz molecular ion binary rate of charge transfer to N2

k′′
n[N2]tc[He]tc 9.8 GHz molecular ion 3-body rate of charge transfer to N2

τa 115 ps mean lifetime of atomic ions
τm 78 ps mean lifetime of molecular ions
τex 6.7 ps mean time between atomic charge transfers

h∞
a 1.5 × 10−15 - fraction of nuclei that are in atomic ions

h∞
m 7.2 × 10−16 - fraction of nuclei that are in molecular ions

Aa/h 8.66 GHz atomic ion hyperfine coupling constant [35]
γmN/h 29 MHz molecular ion spin-rotation coupling constant [36]

Qm ≤ 1 - relative molecular ion relaxation rate
nm ≤ 0.002 - spin flips due to molecular ions per atomic ion created

Ω 0.36 radians amount of nuclear spin precession in between charge transfers
r 17 - mean number of atomic charge transfers before neutralization
na 0.50 ± 0.07 - spin flips due to atomic ions per atomic ion created

Table 6: Parameters Relevant to Relaxation Due to Ion Formation. These values are calculated for typical
operating conditions.
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reaction type binary 3-body ref

He+ + He → He + He+ charge exchange 15 ± 5 - [37]

He+ + N2 → He + N+
2 charge transfer 27 ± 8 - [38]

He+ + O2 → He + O+
2 23 ± 7 -

He+ + 2He → He + He+
2 molecular formation - 0.060 ± 0.012 [39]

He+
2 + He → He + He+

2 charge exchange 6 ± 3 - [36]

He+
2 + CO2 → 2He + CO+

2 charge transfer 48 ± 13 - [40]

He+
2 + (0, 1)He + N2 → (2, 3)He + N+

2 charge transfer 30 ± 3 9.8 ± 1.4 [41]

He+
2 + (0, 1)He + H2 → (2, 3)He + H+

2

charge transfer
11 ± 3 6.5 ± 3.6

[42]He+
2 + (0, 1)He + H2O → (2, 3)He + H2O+ 22 ± 11 87 ± 18

He+
2 + (0, 1)He + O2 → (2, 3)He + O+

2 27 ± 8 25 ± 7

Table 7: Atomic and Molecular Ion Reaction Rate Constants. Binary rate constants are in GHz/amg and
3-body rate constants are in GHz/amg2. All values are assumed to be measured at 300 K and to have
negligible temperature dependence within the quoted uncertainties.

order of GHz, we can safely ignore the effect of diffusion. In other words, the exact details of the transverse
spatial distribution of beam current is irrelevant. All that matters is the total current that passes through
the target chamber. Charge recombination is assumed to be negligible. Dividing out the total 3He density
and assuming that N2 is the only other gas in the target chamber, we get rate equations for the fraction of
atoms ions ha and molecular ions hm, where we have assumed ha, hm 	 1:

dha

dt
= +Γion − ha

τa
(94)

τ−1
a = kn[N2]tc + km[He]2tc (95)

dhm

dt
= +kmha[He]2tc −

hm

τm
(96)

τ−1
m = [N2]tc (k′

n + k′′
n[He]tc) (97)

where τa and τm are the mean atomic and molecular ion lifetimes. The equilibrium fractions are obtained
from setting the rates to zero and give:

h∞
a = Γionτa =

Γion

kn[N2]tc + km[He]2tc
(98)

h∞
m = km[He]2tcτmh∞

a =
Γion

[N2]tc (k′
n + k′′

n[He]tc)

(
1 +

kn[N2]tc
km[He]2tc

)−1

(99)

Under our conditions, we find τa, τm ≈ 100 ps and h∞
a , h∞

m ≈ 10−15, which justifies our previous assumption
that there are very few ions.

The presence of a foreign gas such as N2 greatly limits the lifetime of molecular ions. Whereas molecular
ions have the potential to depolarize many nuclei, their effect is greatly reduced because they are so short
lived. Relaxation due to molecular ions is discussed in [36] and they derive an expression for nm of the
following form:

Γionnm =
〈

γmN

h

〉
h∞

mQm → nm =
〈

γmN

h

〉(
h∞

m

Γion

)
Qm (100)
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where γmN/h is the molecular spin-rotation coupling constant and Qm is the unitless relative relaxation rate
that depends on the magnitude of the magnetic field and the density of 3He. Since Qm can be at most 1,
the maximum value for nm is given as:

nm ≤
〈

γmN
h

〉
[N2]tc (k′

n + k′′
n[He]tc)

(
1 +

kn[N2]tc
km[He]2tc

)−1

≈ 0.002 (101)

Relaxation due to atomic ions is discussed in [35] and their calculation gives:

na(r,Ω) = 1 +
a1

1 − rγ1
+ 


(
a2

1 − rγ2

)

a1 =
−|γ2|2 + Ω2/2

|γ2|2 + 2γ1 (1 + γ1)

a2 =
2
(
Ω2/2 − γ1γ

∗
2

)
(γ1 − γ∗

2 )
(γ∗

2 − γ2) [|γ2|2 + 2γ1 (1 + γ1)]

γ1 = S + T − 2
3

γ2 =

(
i
√

3 − 1
2

)
S −

(
i
√

3 + 1
2

)
T − 2

3

S = (Q + R)1/3

T = (Q − R)1/3

Q =
1

108
(
4 + 9Ω2

)
R =

Ω
12
√

3

(
8 − 13Ω2 + 16Ω4

)1/2

Ω = 2π

(
Aa

h

)
τex

r =
τa

τex
(102)

where τex is the mean time between atomic charge exchange collisions, Aa/h is the atomic ion hyperfine
coupling constant, r is the mean number of charge exchange collisions before the atomic ion is neutralized,
and Ω is a measure of “how much” the nuclear spin and unpaired electron interact before a charge exchange
collision occurs. Note that since Q and R are positive definite, γ1 and a1 are necessarily real and we can and
must choose T to be real as well. In our specific case, τa and τex can be calculated by:

τ−1
ex = kex[He]tc (103)

τ−1
a = kn[N2]tc + km[He]2tc (104)

where kex is the binary He-He charge transfer rate constant, kn is the binary He-N2 charge transfer rate
constant, and km is the three body He molecular ion formation rate constant.

Fig. (6) depicts na for various values of r, Ω, 3He density, and N2 to 3He density ratio. The red point
in the left plot corresponds to our typical conditions with na = 0.50 ± 0.07, where all of the uncertainty
comes from our (lack of) knowledge of the atomic charge transfer and molecular formation rate constants.
It is quite tedious to calculate na directly from the above set of equations. Therefore we have prepared a
“homemade” parameterization in matrix form which reproduces the full calculation of na to better than
2.0% for 3He densities from 5 to 15 amg with N2 to 3He density ratios from 0% to 5%:

na (h, ρ) =

⎡
⎢⎢⎣

1
h − 1

(h − 1)2

(h − 1)3

⎤
⎥⎥⎦

T ⎡⎢⎢⎣
+5.0539E−1 −8.1948E−2 +1.1033E−2 −8.6382E−4
−6.5344E−1 +4.7939E−2 +9.9539E−4 −4.4021E−4
+1.8737E−1 +1.0659E−1 −2.2923E−2 +2.0191E−3
+2.5606E−1 −1.2834E−1 −9.7831E−3 −3.7214E−5

⎤
⎥⎥⎦
⎡
⎢⎢⎣

1
ρ − 1

(ρ − 1)2

(ρ − 1)3

⎤
⎥⎥⎦

(105)
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where h and ρ are given by:

h =
[3He]tc
10 amg

& ρ = 100 · [N2]tc
[3He]tc

(106)

The right half of Fig. (6) shows a comparison between the full calculation for na and the matrix parameter-
ization as a function of 3He density for different N2 to 3He density ratios. The desired amount of N2 in the
cell is usually about one percent or ρ = 1. In this case, the matrix form of na collapses to give:

na (h, ρ = 1) = 0.50539 − 0.65344 · (h − 1) + 0.18737 · (h − 1)2 + 0.25606 · (h − 1)3 (107)

If the 3He density is 10 amg or h = 1, the matrix collapses to give:

na (h = 1, ρ) = 0.50539 − 0.081948 · (ρ − 1) + 0.011033 · (ρ − 1)2 − 0.00086382 · (ρ − 1)3 (108)

Over a 3He density range of 9 amg to 12 amg and a N2 to 3He density ratio range of 0.5% to 2%, the
following reproduces the full calculation to better than 3%:

na = 0.50618 − [0.62409 − 0.05691 · (ρ − 1)] · (h − 1) − 0.075812 · (ρ − 1) (109)

2.6 Estimates for Other Beam Related Spin Relaxation Mechanisms

We will estimate the spin relaxation rate due to the following beam related sources:

1. Spin exchange with unpolarized free electrons due to a hyperfine-like Fermi contact interaction

2. Inhomogeneities in the magnetic field generated by the beam

Although the beam is polarized, it flips sign at 30 Hz. Averaged over the much longer 3He polarization
timescale (hours), the beam is essentially unpolarized. Therefore spin exchange with electrons in the beam
are depolarizing. The spin exchange cross section between a free electron and a nucleus with spin K was
estimated using the distorted-wave born approximation to give [43]:

σse =
[
128πm2

e

27h̄4

] [(μ0

4π

)
μBμK

]2
η4
0

(
1 +

1
K

)
≈ (2.2×10−32 cm2

)
η4
0

(
1 +

1
K

)(
μK

μN

)2

(110)

where me is the electron mass, h̄ is the Planck constant divided by 2π, μ0 is the magnetic permeability of
free space, μB is the Bohr magneton, μK is the magnetic moment of the nucleus, η0 is the spin exchange
enhancement factor [44], and μN is the nuclear magneton. For comparison, the Rb-3He spin exchange cross
section is ≈ 4×10−25 cm2. Using K = 1/2 , μK/μN = −2.1, and η0 ≈ −7 for 3He and multiplying the cross
section by the electron flux Φe gives the relaxation rate:

Γse = σseΦe = σse
I/e

Atc
≈ (1.3×1010 hrs

)−1
[

I

10 μA

] [
2.0 cm2

Atc

]
(111)

where I is the beam current, e is the elementary charge, and Atc is the average cross sectional area of the
target chamber. This rate is tiny and therefore the spin exchange with free electrons is negligible.

The electron beam produces a nonuniform magnetic field within the target chamber. Assuming a uniform
current density with beam radius rb, the magnetic field produced by the beam is:

B(r) =
(μ0

4π

)(2I

rb

){
r/rb r ≤ rb

rb/r r > rb

}
= 0.1 mg

(
I

10 μA

)(
200 μm

rb

){
r/rb r ≤ rb

rb/r r > rb

}
(112)

where r is the distance from the center of the beam. We’ll assume that the beam is centered within the
target chamber. The relaxation rate due to magnetic field inhomogeneities is given as [45, 46]:

Γ∇B = D

∣∣∣�∇Bt

∣∣∣2
Bz

(
1 + ω2τ2

c

)−1
(113)
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Figure 6: Mean Number of Spin Flips Due to Atomic Ions. Upper: na as function of r and Ω. This is a
recreation of Fig. (1) from [35] with the addition of the red curve which corresponds to a 3He density of
10 amg. The red point corresponds to values for na and r when the N2 to 3He density (ρ) is 1%. Lower:
na as a function of 3He density for three different values of ρ. The black curves are obtained from the full
calculation, Eqns. (102); whereas the red points are obtained from the matrix parameterization, Eqn. (105).
This parameterization reproduces the full calculation to better 2% over (0.5 ≤ h ≤ 1.5) and (0 ≤ ρ ≤ 5).
Note that increasing the relative density of N2 helps suppress na.
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where D = 0.2 cm2/s is the diffusion constant, Bt is the transverse component of the magnetic field, Bz is
the longitudinal component of the field, ω is the Larmor frequency associated with Bz, and τc ≈ D/v̄2 is the
mean time between collisions. The field is in the azimuthal direction and consequently the magnitude of the
transverse gradient is: ∣∣∣�∇B(r)

∣∣∣ = (μ0

4π

)(2I

r2
b

){
1 r ≤ rb

(rb/r)2 r > rb

}
(114)

The position dependent relaxation rate is therefore:

Γ∇B(r) = D
(μ0

4π

)2
(

2I

Bzr2
b

)2 (
1 + ω2τ2

c

)−2
{

1 r ≤ rb

(rb/r)4 r > rb

}
(115)

For a field of Bz = 10 gauss and mean thermal velocity of v̄ = 1.8×105 cm/s, the frequency of collisions
τ−1
c = 160 GHz is much greater than the Larmor frequency ω = 200 kHz. Using the fact that ωτc 	 1 and

then averaging the rate over the circular target chamber cross section with radius rtc gives:

〈Γ∇B〉 =
1

πr2
tc

∫ rtc

0

Γ∇B(r) 2πr dr = 2D

[(μ0

4π

)( 2I

Bzrbrtc

)]2(
1 − r2

b

r2
tc

)
(116)

At JLab, the intrinsic size of the beam is much smaller than the target chamber, rb 	 rtc, so we can drop
the last factor to give:

Γ∇B =
(
4.4×1010 hrs

)−1
[

I

10 μA

]2 [2.0 cm2

Atc

] [
200 μm

rb

]2
(117)

Although this is the same size as the free electron spin exchange rate, it is still much smaller than the typical
3He polarization rates (10 hrs)−1 and therefore negligible.
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3 Polarization Diffusion

3.1 Diffusion Rate Per Atom

To calculate the diffusion rates, we’ll follow the arguments presented in [47, 48]. The flux of particles �J of
the ith type due to diffusion is [4]:

�Ji = −nD
[
�∇fi − kT log(T ) − kp log(p)

]
(118)

where fi is the fraction of particles of the ith particle type such that
∑

i fi = 1, D is the diffusion constant,
kT (p) is the thermal diffusion (barodiffusion) ratio, n is the total density of particles, and T (p) is the tem-

perature (pressure) of the gas. Reducing the problem to one dimension
(

�∇ → ẑ d
dz

)
, labeling i as the up and

down spins, and subtracting one from the other gives us the net polarization flux through the transfer tube:

Jtt = ẑ ·
(

�J+ − �J−
)

= −n(z)D(z)ẑ · �∇ (f+ − f−) = −n(z)D(z)
dP (z)

dz
(119)

Note that we have assumed that the diffusion ratios kT and kp depend only on the type of chemical species
and not on the specific spin state. To solve this equation for Jtt, we’ll make the assumption that Jtt is
constant, dJtt

dz ≈ 0, and that there is a linear temperature gradient between the two chambers [48]. The
temperature dependence of the diffusion constant can be seen by considering the diffusion relation for a gas
using kinetic theory [5]:

D ≈ v̄lmfp =

√
8RT

πM

1
nσ

= D0

√
T

T0

(n0

n

)(σ0

σ

)
= D0

(
T

T0

)m−1 (n0

n

)
= D0

(
T

T0

)m

(120)

=
(
0.235 cm2/s

)( T

400 K

)0.7(10 amg
n

)
(121)

where v̄ is the mean thermal velocity, lmfp is the mean free path, n is the gas density, and σ is the collisional
cross section. At constant pressure, the density has an inverse temperature dependence and the cross section
has some temperature dependence that has to be determined empirically:

m =
1
2

(from the velocity) + 1 (from the density) + mσ (from the cross section) (122)

Using this form of the diffusion constant, moving some things around, and integrating along the transfer
tube length gives:

Jtt = −n(z)D0

(
T

T0

)m−1
n0

n(z)
dP (z)

dz

−JttT
m−1
0

D0n0

∫ Ltt

0

T (z)1−m dz =
∫ Ltt

0

dP (z)
dz

dz

−JttT
m−1
0

D0n0

Ltt

Tpc − Ttc

∫ Tpc

Ttc

u1−m du = P (Ltt) − P (0)

−JttT
m−1
0

D0n0

Ltt

Tpc − Ttc

(
T 2−m

pc − T 2−m
tc

2 − m

)
= Ppc − Ptc (123)

Finally solving for Jtt gives:

Jtt = − (Ppc − Ptc)

[
D0

(
Ttc

T0

)m−1
n0

ntc

]
ntc

Ltt

(2 − m) (t − 1)
(t2−m − 1)

& t =
Tpc

Ttc
(124)

where D0 is the diffusion constant at a reference temperature T0 and density n0 listed in Tab. (8), Ttc &
ntc are the temperature and density of the target chamber, and t is the ratio of the pumping chamber to
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parameter value units
D0 2.79 cm2/s
T0 353 K
n0 0.773 amg
m 1.70 -

Table 8: 3He Self-Diffusion Constant Parameters from [49].

target chamber temperature. Note that Jtt is the total rate per unit area, whereas we want the rate per
atom. Multiplying by the transfer tube cross sectional area Att, dividing by the number of particles in each
chamber, and comparing to Eqns. (15) & (16) give the following relations for the diffusion rates per atom:

dpc = − JttAtt

Vpcnpc (Ppc − Ptc)
=

Att

VpcLtt

[
D0

(
Tpc

T0

)m−1
n0

npc

]
(2 − m)

(
1 − t−1

)
(1 − tm−2)

dtc = − JttAtt

Vtcntc (Ppc − Ptc)
=

Att

VtcLtt

[
D0

(
Ttc

T0

)m−1
n0

ntc

]
(2 − m) (t − 1)

(t2−m − 1)
(125)

where we have made use of the following identity:[(
Tpc

T0

)m−1
] (

1 − t−1
)

(1 − tm−2)
=

[(
Ttc

T0

)m−1
]

(t − 1)
(t2−m − 1)

(126)

Therefore the following quantities are averages over a linear temperature gradient:

〈nD〉 =

[
n0D0

(
Tpc

T0

)m−1
]

(2 − m)
(
1 − t−1

)
(1 − tm−2)

=

[
n0D0

(
Ttc

T0

)m−1
]

(2 − m) (t − 1)
(t2−m − 1)

(127)

=
(
0.706 amg·cm2/s

)( Tpc

400 K

)0.7[ 1−t−1

1−t−0.3

]
=
(
0.706 amg·cm2/s

)( Ttc

400 K

)0.7[
t−1

t0.3−1

]
(128)

〈D〉 =
[
D0

(
Tpc

T0

)m
n0

npc

]
(m − 1)

(
1 − t−1

)
(tm−1 − 1)

=
[
D0

(
Ttc

T0

)m
n0

ntc

]
(m − 1) (t − 1)

(1 − t1−m)
(129)

=
(
0.187 cm2/s

)[ Tpc

400 K

]1.7[10 amg
npc

][
1−t−1

t0.7−1

]
=
(
0.187 cm2/s

)[ Ttc

400 K

]1.7[10 amg
ntc

][
t−1

1−t−0.7

]
(130)

Note that the pumping chamber and target chamber operating densities are related by:

npc =
ntc

t
= nfill

(
1 + v

t + v

)
& v =

Vpc

Vtc
& t =

Tpc

Ttc
(131)

where v is the ratio of the pumping chamber volume to the target chamber volume and we have tac-
itly assumed that the fraction of nuclei in the transfer tube is negligible. Combining this relation with
Eqns. (125) & (3) gives:

fpc =
v

t + v
(132)

ftc =
t

t + v
(133)

dpc =
(

t

v

)
dtc (134)

dtc =
Att

VtcLttnfill

[
D0n0

(
273.15 K

T0

)m−1
]

(t + v) (2 − m) (t − 1)
t (1 + v) (t2−m − 1)

(
Ttc

273.15 K

)m−1

(135)
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where: [
D0n0

(
273.15 K

T0

)m−1
]

= 6488.21
cm2 · amg

hr
(136)

The diffusion rate out of the target chamber per atom can be alternatively written as:

dtc =
(
0.60 hr−1

)( Att

0.5 cm2

)(
6 cm
Ltt

)(
90 cm3

Vtc

)(
10 amg

ntc

)(
0.3t − 0.3
t0.3 − 1

)(
Ttc

273.15 K

)0.7

(137)

=
(
0.80 hrs−1

)( Att

0.5 cm2

)(
6 cm
Ltt

)(
90 cm3

Vtc

)(
10 amg

ntc

)(
Υ (Tpc, Ttc)

4/3

)
(138)

Υ (Tpc, Ttc) = 0.3
(

t − 1
t0.3 − 1

)(
Ttc

273.15 K

)0.7

(139)

where Υ is a dimensionless factor, usually between 1.2 and 1.5, that depends only on the cell temperatures.
Note that when the cell is at a uniform temperature, Tpc = Ttc:

lim
t→1

Υ = lim
t→1

0.3
(

t − 1
t0.3 − 1

)(
Ttc

273.15 K

)0.7

= lim
t→1

0.3
(

1
0.3

)(
Ttc

273.15 K

)0.7

=
(

Ttc

273.15 K

)0.7

(140)

3.2 Depolarization Within the Transfer Tube

Thus far we have neglected the polarization dynamics in the transfer tube since only a small fraction of 3He
nuclei are in the transfer tube volume. In this section, we will estimate the size of the correction needed
to account for spin relaxation in the transfer tube. First we need to estimate the fraction of nuclei in the
transfer tube volume. This is obtained from an integral over the transfer tube length:

ftt =
Ntt

Ntot
=

Att

nfillVtot

∫ Ltt

0

ntt(z) dz (141)

Assuming a linear temperature gradient with one end being at the pumping chamber temperature and the
other end being at the target chamber temperature:

T (z) = Tpc + (Ttc − Tpc)
z

Ltt
(142)

gives the following equivalent integral over temperature:

ftt =
Vtt

nfillVtot

P

R (Ttc − Tpc)

∫ Ttc

Tpc

dT

T
(143)

Rewriting in terms of densities gives:

ftt =
Vtt

Vtot

[
nfill

npc
− nfill

ntc

]−1

log
(

ntc

npc

)
(144)

If we make the assumption that ftt 	 1, then we can use Eqn. (131) and fpc/ftc = v/t to get:

ftt =
Vtt

Vtc

log(t)
(1 + fpc/ftc) (t − 1)

(145)

Under typical conditions, t = 1.7, fpc/ftc varies very roughly from 1 to 2, Vtt = 4 cc, and Vtc = 90 cc, which
gives ftt ≤ 0.02. This justifies our approximation that the fraction of nuclei in the transfer tube is very
small.

Next, we’ll model the transfer tube as a virtual “chamber” somewhere between the pumping and target
chambers. The spin relaxation that occurs throughout the physical transfer tube will be averaged to find
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Figure 7: Diffusion Rates per Nuclei As a Function of Temperature. Upper Left: dtc as function of tempera-
tures. Upper Right: dpc as a function of temperatures. Lower: Unitless temperature parameter Υ(t, Ttc) as
a function of temperature. Solid curves are for SPC (small pumping chamber cells), whereas dotted curves
are for LPC (large pumping chamber cells). Only the volume ratio v is varied between the SPC and LPC
curves with all else being equal. The blue curves and axis represent varying pumping chamber tempera-
tures for a constant target chamber temperature. The red curves and axis represent varying target chamber
temperatures for a constant pumping chamber temperature.
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the equivalent spin relaxation in this virtual chamber. Under these assumptions, it is straightforward to
generalize the two chamber polarization rate equations, Eqn. (14), into three chamber polarization rate
equations:

dPpc

dt
= γse (PA − Ppc) − ΓpcPpc − dtt

pc (Ppc − Ptt) (146)

dPtt

dt
= −ΓttPtt − dpc

tt (Ptt − Ppc) − dtc
tt (Ptt − Ptc) (147)

dPtc

dt
= dtt

tc (Ptt − Ptc) − ΓtcPtc (148)

where Ptt is the effective transfer tube polarization and Γtt is the average transfer tube relaxation rate. Note
that we now have four diffusion rates which correspond to diffusion from the pumping and target chambers
into the virtual chamber and vice versa. At nuclei number equilibrium, they must satisfy:

fpcd
tt
pc = fttd

pc
tt & ftcd

tt
tc = fttd

tc
tt (149)

where the subscripts and superscripts on d refer to the source and destination chambers respectively. At
equilibrium, the polarizations in the three chambers are:

P∞
tc

P∞
tt

=
[
1 +

Γtc

dtt
tc

]−1

(150)

P∞
tt

P∞
pc

=

[
1 +

Γtt

dpc
tt

+
(

Γtc

dtt
tc

)(
dtc
tt

dpc
tt

)(
1 +

Γtc

dtt
tc

)−1
]−1

(151)

P∞
pc

PA
=

[
1 +

Γpc

γse
+

dtt
pc

γse

(
Γtt

dpc
tt

[
1 +

Γtc

dtt
tc

]
+

Γtc

dtt
tc

dtc
tt

dpc
tt

)([
1 +

Γtt

dpc
tt

] [
1 +

Γtc

dtt
tc

]
+

Γtc

dtt
tc

dtc
tt

dpc
tt

)−1
]−1

(152)

If we assume that the system is at nuclei number equilibrium, then we can use Eqn. (149) to write these
equilibrium polarizations in a more illuminating form:

P∞
pc =

PAγsefpc

γsefpc + Γpcfpc +
[(

1 + Γtc
dtt
tc

)
Γttftt + Γtcftc

] [
1 + Γtcftc

(
1

ftcdtt
tc

+ 1
fpcdtt

pc

)
+
(
1 + Γtc

dtt
tc

)
ftt
fpc

Γtt
dtt
pc

]−1

(153)

P∞
tc

P∞
pc

=
[
1 + Γtcftc

(
1

ftcdtt
tc

+
1

fpcdtt
pc

)
+
(

1 +
Γtc

dtt
tc

)(
ftt

fpc

)(
Γtt

dtt
pc

)]−1

(154)

In the limit that the diffusion rates approach infinity, dtt
pc, d

tt
tc → ∞, the above equations reduce to a very

satisfying result:

P∞
tc

P∞
pc

→ 1 & P∞
pc → PA

γsefpc

γsefpc + Γpcfpc + Γttftt + Γtcftc
= PA

〈γse〉
〈γse〉 + 〈Γ〉 (155)

In the limit that the fraction of nuclei in the transfer tube approaches zero, ftt → 0, the three chamber
equilibrium polarization equations reduce to the familiar two chamber results, Eqns. (33) & (34):

P∞
pc =

PAγsefpc

γsefpc + Γpcfpc + Γtcftc

[
1 + Γtcftc

(
1

ftcdtt
tc

+ 1
fpcdtt

pc

)]−1 (156)

P∞
tc

P∞
pc

=
[
1 + Γtcftc

(
1

ftcdtt
tc

+
1

fpcdtt
pc

)]−1

(157)

To make this reduction manifest, note our prior assumption that the nuclei flux is constant throughout the
transfer tube:

Jtt = constant =
dtcNtc

Att
(Ppc − Ptc) =

dtt
tcNtc

Att
(Ptt − Ptc) =

dtt
pcNpc

Att
(Ppc − Ptt) (158)
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If, in addition to the above identities, we make the assumption that the polarization varies linearly along
the transfer tube and then dropping common factors gives:

dtcftcLtt = dtt
tcftcxLtt = dtt

pcfpc (1 − x)Ltt (159)

where x is the “fractional distance” along the physical transfer tube length where the virtual chamber “is
located.” To recap, assuming a constant nuclei flux, a linear temperature gradient along the transfer tube,
and a linear polarization gradient along the transfer tube, we get the following relationship among the
diffusion rates for the two chamber and three chamber systems:

ftc

(
1

ftcdtt
tc

+
1

fpcdtt
pc

)
= ftc

(
x

dtcftc
+

1 − x

dtcftc

)
=

1
dtc

(160)

which insures that the three chamber solutions Eqns. (156) & (157) reduce to the two chamber solutions
Eqns. (33) & (34) in the limit that the fraction of nuclei in the transfer tube approaches zero.

The most significant source of spin relaxation in the transfer tube is spin exchange with alkali vapor.
This vapor has a negligible polarization since it is not directly exposed to laser light. Because there is a
temperature gradient along the transfer tube, there is also an alkali vapor density gradient as well as 3He
density gradient. Therefore we collapse the alkali density gradient into a 3He density weighted average alkali
density:

〈[A]〉tt =

∫ Ltt

0
[A](z)n(z) dz∫ Ltt

0
n(z) dz

=

∫ Ttc

Tpc
[A](T )

(
P

RT

) (
L dT

Ttc−Tpc

)
∫ Ttc

Tpc

(
P

RT

) (
L dT

Ttc−Tpc

) =

∫ Ttc

Tpc
[A](T )dT

T∫ Ttc

Tpc

dT
T

(161)

The temperature dependence of the alkali density is obtained from the vapor pressure curve combined with
the ideal gas law:

[A](T ) =
exp
(
Avp − Bvp

T

)
RT

= exp
[−Bvp

(
T−1 − T−1

pc

)](Tpc

T

)
[A]pc (162)

where Apc & Bpc are the vapor pressure constants listed in Tab. (9) and [A]pc is the alkali density in the
pumping chamber. Plugging in this form of the alkali density and performing the integral in the numerator:

∫ Ttc

Tpc

[A](T )
dT

T
= Tpc[A]pc exp

(
Bvp

Tpc

)∫ Ttc

Tpc

exp
(
−Bvp

T

)
T 2

dT

=
Tpc

Bvp
[A]pc exp

(
Bvp

Tpc

)[
exp
(
−Bvp

Ttc

)
− exp

(
−Bvp

Tpc

)]

=
Tpc

Bvp
[A]pc

[
−1 + exp

(
Bvp

Tpc
− Bvp

Ttc

)]

=
Ttc[A]tc − Tpc[A]pc

Bvp
(163)

Dividing this by the integral in the denominator gives:

〈[A]〉tt =
Tpc[A]pc − Ttc[A]tc

Bvp log
(

Tpc
Ttc

) (164)

The average alkali spin-exchange rate in the transfer tube is:

〈γse〉tt = γse

⎛
⎝ Tpc

Bvp log
(

Tpc
Ttc

)
⎞
⎠ (165)

where we’ve taken advantage of the fact that, under typical operating conditions, the alkali density in the
target chamber is negligible, see Tab. (10).

In principle, the same type of calculation should be done for all other sources of spin relaxation in the
transfer tube, such as the nuclear dipolar relaxation. However, since:
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over solid Li Na K Rb Cs
Tmin = 298 K

A′
vp 5.667 5.298 4.961 4.857 4.711

B′
vp 8310 K 5603 K 4646 K 4215 K 3999 K

Avp 24.57 23.73 22.95 22.71 22.37
Bvp 19134 K 12901 K 10698 K 9705 K 9208 K

melting point, K 453.7 370.87 336.53 312.46 301.59
melting point, oC 180.5 97.72 63.38 39.31 28.44

over liquid Li Na K Rb Cs
A′

vp 5.055 4.704 4.402 4.312 4.165
B′

vp 8023 K 5377 K 4453 K 4040 K 3830 K
Avp 23.17 22.36 21.66 21.45 21.12
Bvp 18474 K 12381 K 10253 K 9302 K 8819 K

Tmax, K 1000 700 600 550 550

Table 9: Vapor Pressure Constants for the Alkali Metals. Data from 1995 CRC [7]. The forumula
is good to ±5% for Tmin ≤ T ≤ Tmax. Vapor pressure in atm is given as: v.p. = 10A′

vp−B′
vp/T =(

1 atm
101325 Pa

)
exp (Avp − Bvp/T )

1. the spin exchange with essentially unpolarized alkali vapor dominates the spin relaxation

2. the nuclear dipolar relaxation has a soft temperature dependence

3. we ignore, if any, the temperature dependence of the wall relaxation

it is much easier to simply use the geometric mean of the pumping chamber relaxation rate and the total
non-beam related relaxation for the target chamber, which gives:

Γtt = 〈γse〉tt + 〈Γdip〉tt + 〈Γwall〉tt + 〈Γother〉tt ≈ 〈γse〉tt +
√

ΓpcΓ0
tc (166)

3.3 Polarization Gradient Between the Pumping and Target Chambers

The polarization gradient between the two chambers is given by:

Δ ≡ 1 − P∞
tc

P∞
pc

= 1 −
[
1 + Γtcftc

(
1

ftcdtt
tc

+
1

fpcdtt
pc

)
+
(

1 +
Γtc

dtt
tc

)(
ftt

fpc

)(
Γtt

dtt
pc

)]−1

(167)

Assuming a linear polarization gradient along the physical transfer tube and placing the third virtual chamber
half way between the two chambers gives the following:

2dtcftc = dtt
tcftc = dtt

pcfpc (168)

Note that this amounts to choosing x = 1/2 in Eqn. (159). Using the above relationship and Eqn. (160)
allows us to write the polarization gradient as:

Δ3 chamber = 1 −
[
1 +

Γtc

dtc
+
(

1 +
Γtc

2dtc

)(
ftt

ftc

)(
Γtt

2dtc

)]−1

(169)

which should be compared to the equation for a two chamber cell neglecting the transfer tube volume:

Δ2 chamber = 1 −
[
1 +

Γtc

dtc

]−1

(170)
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T [Rb] 1/γse [K] 1/γse [Na] 1/γse

(oC) (1014 cm−3) (hrs) (1014 cm−3) (hrs) (1014 cm−3) (hrs)

25.0 1.29×10−4 3.16×105 5.88×10−6 8.59×106 7.88×10−9 5.78×109

50.0 1.47×10−3 2.79×104 8.71×10−5 5.80×105 2.07×10−7 2.20×108

75.0 1.08×10−2 3.80×103 8.62×10−4 5.86×104 3.37×10−6 1.35×107

100.0 6.01×10−2 679 5.78×10−3 8.73×103 3.87×10−5 1.18×106

125.0 0.270 152 3.04×10−2 1.66×103 2.91×10−4 1.56×105

150.0 1.01 40.5 0.131 385 1.72×10−3 2.64×104

175.0 3.25 12.6 0.478 106 8.32×10−3 5.47×103

180.3 4.08 10.0 0.617 81.9 1.13×10−2 4.02×103

200.0 9.21 4.44 1.52 33.3 3.39×10−2 1.34×103

225.0 23.5 1.74 4.28 11.8 0.120 380
229.3 27.2 1.50 5.05 10.0 0.147 311
241.2 40.8 1.00 7.91 6.39 0.253 180
250.0 54.5 0.749 10.9 4.64 0.374 122
275.0 117 0.349 25.4 1.99 1.05 43.4
297.1 217 0.188 50.5 1.00 2.43 18.8
300.0 235 0.174 55.0 0.919 2.69 16.9
315.0 346 0.118 84.6 0.597 4.55 10.0
325.0 443 9.22×10−2 111 0.454 6.36 7.16
350.0 794 5.14×10−2 212 0.238 14.0 3.25
375.0 1.36×103 3.01×10−2 385 0.131 29.0 1.57
391.6 1.89×103 2.16×10−2 557 9.06×10−2 45.5 1.00
400.0 2.23×103 1.83×10−2 667 7.57×10−2 56.7 0.803

Table 10: Pure Alkali Number Density and 3He Spin-Exchange Rate vs. Temperature.
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We will now perform a binomial expansion to estimate the size of (1) the polarization loss in the transfer
tube and (2) the lowest order term of the polarization gradient. Under typical conditions, the diffusion rate
dtc is faster than the relaxation rates in the transfer and target chamber. Applying this approximation to
second order in dtc gives:

Δ = 1 −
(

1 −
[
Γtc +

Γtt

2
ftt

ftc

]
d−1
tc +

[
Γ2

tc +
Γ2

tt

4
f2
tt

f2
tc

+
3ΓtcΓtt

4
ftt

ftc

]
d−2
tc

)
+ O

(
Γ3

tc

d3
tc

)
(171)

=

⎡
⎣1 +

1
2

ftt

ftc

Γtt

Γtc

⎛
⎝1−1

2
ftt

ftc

Γtt

dtc
− 3

2
Γtc

dtc︸ ︷︷ ︸
⎞
⎠− Γtc

dtc

⎤
⎦ Γtc

dtc
(172)

Note that under typical conditions, ftt/ftc is roughly the same order of magnitude as Γtc/dtc. Therefore
we can drop the under-braced terms, which are essentially third order, to give the lowest order terms of the
polarization gradient:

Δ =
[
1 +

1
2

ftt

ftc

Γtt

Γtc
− Γtc

dtc

]
Γtc

dtc
+ O

(
Γ3

tc

d3
tc

)
(173)

Therefore the polarization lost traversing through the transfer tube is a second order correction. When there
is no beam depolarization in the target chamber, the polarization gradient is written as:

Δ0 =
[
1 +

1
2

ftt

ftc

Γtt

Γtc
− Γ0

tc

dtc

]
Γ0

tc

dtc
=

[
1 +

1
2

(
〈γse〉tt

Γ0
tc

+

√
Γpc

Γ0
tc

)
ftt

ftc
− Γ0

tc

dtc

]
Γ0

tc

dtc
(174)

where we have used Eqn. (166). The relaxation in the target chamber that is independent of the beam
current, Γ0

tc, can be estimated from the lifetime of the cell assuming that the wall relaxation is independent
of temperature:

Γlifetime = τ−1
lifetime = Γwall + Γdip (Tlifetime) (175)

Γ0
tc = Γwall + Γdip (Ttc) (176)

= Γlifetime − Γdip (Tlifetime) + Γdip (Ttc) (177)

= Γlifetime

[
1 +

Γdip (Ttc) − Γdip (Tlifetime)
Γlifetime

]
(178)

where Ttc is the target chamber temperature under operating conditions and Tlifetime is the target chamber
temperature during the lifetime measurement. Note that the target chamber temperature affects both the
density of the target chamber and the nuclear dipolar rate constant. Finally, we can write the contributions
to the polarization gradient from both sources up to next to leading order:

Δ = Δ0 + Δbeam (179)

Δ0 =
Γ0

tc

dtc

[
1 +

1
2

(
〈γse〉tt

Γ0
tc

+

√
Γpc

Γ0
tc

)
ftt

ftc
− Γ0

tc

dtc

]
(180)

Δbeam =
Γbeam

dtc

[
1 −

(
2Γ0

tc + Γbeam

)
dtc

]
(181)

It is now useful to enumerate every assumption and approximation used to derive these relationships:

1. The transfer tube volume is very small compared to the volume of the cell.

2. The target chamber has a negligible vapor pressure of alkali metal.

3. The alkali vapor reaches equilibrium polarization very fast relative to the 3He polarization.

4. The alkali polarization is independent of the 3He polarization.

5. The cell is at thermal equilibrium throughout the 3He polarization process.
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6. The diffusion rates per nucleus are the fastest rates in the system.

7. The beam energy is in the range of 1–16 GeV.

8. Only a tiny fraction of the 3He atoms in the target chamber are ionized at any instant of time.

9. Very little of the ionization is due to bremsstrahlung.

10. The electrons created during ionization contribute little to the beam depolarization.

11. Diffusion in the radial direction of the target chamber is essentially instantaneous.

12. Molecular 3He ions contribute little to the beam depolarization.

13. There is a linear temperature gradient along the transfer tube.

14. There is a constant polarization flux through the transfer tube.

15. The wall relaxation is uniform throughout the cell and independent of temperature.

3.4 Discussion and Representative Examples

To get a qualitative and lowest order quantitative handle on the polarization gradient, we’ll drop all the higher
order terms (including the polarization lost in the transfer tube). Using the reasonable approximation that
Γ0

tc = Γlifetime, the beam independent polarization gradient becomes:

Δ0 =
Γ0

tc

dtc
+ higher order terms (182)

=
(

1 hr
6488.21 cm2 · amg

)(
Ltt · Vtc · ntc

τlifetime · Att · Υ (Tpc, Ttc)

)
(183)

=
(

1
36

)(
40 hrs
τlifetime

)(
0.5 cm2

Att

)(
Ltt

6 cm

)(
Vtc

80 cm3

)(
ntc

10 amg

)(
4/3

Υ (Tpc, Ttc)

)
(184)

and the beam dependent polarization gradient is:

Δbeam =
Γionna

dtc
+ higher order terms (185)

=
(

1
681262 μA · amg

)(
I · na · Ltc · Ltt · ntc

Att · Υ (Tpc, Ttc)

)
(186)

=
(

1
38

)(
I

10 μA

)( na

0.5

)( Ltc

40 cm

)(
0.5 cm2

Att

)(
Ltt

6 cm

)(
ntc

10 amg

)(
4/3

Υ (Tpc, Ttc)

)
(187)

Both sources contribute equals amounts to the polarization gradient (Δ0 = Δbeam) to lowest order when the
following relationship between cell lifetime and beam current is true:

I · τlifetime =
(
420 μA · hrs · cm2

)( Atc

2.0 cm2

)(
0.5
na

)
(188)

In other words, the contribution to the total polarization gradient due to a beam current of 10 μA in a cell
with a lifetime of 42 hrs is the same. Some representative values for past experiments are given in Tab. (11)
assuming a beam current of 10 μA and a cell lifetime of 42 hr. The lowest order, next to leading order, and full
calculation for both a 2 chamber and 3 chamber cell model all produce that same polarization gradient within
10 percent relative. The parameter that varies largest on a cell to cell basis is the transfer tube cross sectional
area. Unfortunately the polarization gradient also happens to be very sensitive to this parameter. Increasing
the relative amount of N2 in the cell helps suppress beam depolarization. Alternatively, a long lifetime cell
helps suppress the polarization gradient that is independent of the beam. The largest uncertainty comes
from our imprecise knowledge of the various ionic rate constants used to calculate the beam depolarization.
In practical terms, na is known to only about 15 percent.
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The next largest source of uncertainty is in our knowledge of the wall relaxation. The target chamber
has a larger surface area to volume ratio than the pumping chamber, so, naively, one would imagine that the
wall relaxation would be greater in the target chamber. We also don’t know its temperature dependence;
however, the relative change in the target chamber temperature is at the level of 10 percent. Finally, we use a
fairly simple diffusion model to estimate the diffusion rates per nucleus. If we apply a 10 percent uncertainty
to the diffusion rates as well, then our overall uncertainty is about 20 percent relative on a usually 5 percent
relative correction.

3.5 Estimating Diffusion and Beam Parameters Empirically

In principle, it is possible to estimate these parameters empirically from data rather than having to rely
upon theoretical calculations. To obtain information on the diffusion rates, spin-up data can be taken on
the target chamber, or even better both chambers, and then fit to Eqn. (31). This method would probably
benefit from taking spin-up data under different initial conditions, for example:

1. Start with both chambers at zero polarization, P 0
tc = 0 and P 0

pc = 0.

2. Start with both chambers at the opposite polarization, P 0
tc = −P∞

tc and P 0
pc = −P∞

pc . This could easily
be accomplished by reversing the spins by AFP after the polarization has reached equilibrium.

3. Start with one chamber at the equilibrium polarization, while the other chamber is at zero, P 0
tc = 0

and P 0
pc = +P∞

pc . This could be accomplished by a transient burst of on-resonance RF localized near
the target chamber.

Another way to get the diffusion rate dtc is to do the following:

1. Start with zero polarization in both chambers, P 0
pc = P 0

tc = 0.

2. Monitor the polarization of both chambers during a spinup over a time scale much shorter than the
diffusion time scale, t 	 1/Γf .

3. Fit the pumping chamber polarization data to a second order polynomial.

4. Fit the target chamber polarization data to a third order polynomial.

5. From Eqns. (45) & (46), the ratio of the quadratic coefficient from the target chamber (qtc) to the
linear coefficient from the pumping chamber (mpc) gives the target chamber diffusion rate, dtc:

qtc

mpc
=

γsePAdtc/2
γsePA

=
dtc

2
(189)

To obtain information about the beam depolarization, one can compare the equilibrium polarizations with
beam on and off. This works best when the diffusion rates are much faster than all other rates. Under those
conditions:

P∞ = P∞
pc = P∞

tc =
PAγsefpc

γsefpc + Γpcfpc + Γtcftc
(190)

P∞
off =

PAγsefpc

γsefpc + Γpcfpc + Γ0
tcftc

(191)

P∞
on =

PAγsefpc

γsefpc + Γpcfpc + Γ0
tcftc + Γbeamftc

(192)

P∞
off

P∞
on

= 1 +
Γbeamftc

γsefpc + Γpcfpc + Γ0
tcftc

= 1 + τoff
slowΓbeamftc (193)

Γbeam =
Γoff

s

ftc

[
P∞

off

P∞
on

− 1
]

(194)

This method requires knowledge of the “slow” spin-up time constant with the beam off, Γs.
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parameter E142 E154 GDH A1n g2n saGDH GEn-spc GEn-LPC units

[3He]fill 7.88 8.83 9.62 8.69 8.19 8.78 8.25 7.40 amg
[N2]fill 0.0663 0.0776 0.0964 0.0824 0.0940 0.0913 0.125 0.112 amg
Rpc 2.64 2.62 2.94 3.02 3.02 2.93 2.90 4.12 cm
Att 0.704 0.709 1.01 0.537 0.537 0.645 0.385 0.385 cm2

Ltt 5.9 6.2 6.02 6.52 6.52 6.11 10.1 8.89 cm
Atc 3.09 3.56 2.27 2.05 2.05 2.47 2.03 2.03 cm2

Ltc 29.8 29.8 39.6 25.6 39.5 39.5 40.3 40.3 cm
Tpc 435 465 492 505 505 485 558 558 K
Ttc 338 343 330 333 333 331 309 309 K

Vpc 77.0 75.0 106 115 115 105 102 292 cm3

Vtt 4.15 4.39 6.08 3.50 3.50 3.94 3.88 3.42 cm3

Vtc 92 106 89.8 52.4 80.9 97.5 81.8 81.8 cm3

t 1.28 1.35 1.49 1.51 1.51 1.46 1.80 1.80 -
v 0.83 0.71 1.18 2.19 1.42 1.07 1.24 3.58 -

fpc 0.394 0.343 0.442 0.591 0.484 0.424 0.408 0.664 -
ftt 0.024 0.023 0.030 0.021 0.017 0.019 0.020 0.010 -
ftc 0.605 0.656 0.557 0.408 0.515 0.575 0.591 0.335 -

npc 6.81 7.31 7.85 7.48 6.75 7.17 6.07 6.29 amg
ntc 8.77 9.90 11.7 11.34 10.23 10.51 10.96 11.36 amg
pop 10.8 12.4 14.1 13.8 12.4 12.7 12.4 12.8 atm

ρ 0.84 0.87 1.00 0.94 1.14 1.03 1.51 1.51 -
Ω 0.413 0.366 0.309 0.319 0.354 0.345 0.33 0.319 rad
r 19.9 18.0 15.4 16.0 16.2 16.4 14.0 13.7 -
na 0.6007 0.5191 0.3998 0.4243 0.4761 0.4672 0.4066 0.3849 -

nmax
m 0.0024 0.0019 0.0012 0.0014 0.0013 0.0014 0.0008 0.0007 -

τbeam 54.6 73.1 60.9 51.7 46.0 56.5 53.4 56.5 hr
τ0
tc 40.8 40.6 38.4 37.3 38.4 39.0 36.7 34.6 hr

τtc 23.3 26.1 23.5 21.7 20.9 23.1 21.8 21.5 hr

τtt 32.4 20.4 12.0 8.4 8.5 14.1 9.6 9.4 hr
Υ 1.27 1.30 1.32 1.33 1.33 1.31 1.35 1.35 -

d−1
pc 0.533 0.566 0.581 1.207 1.089 0.839 1.846 4.828 hr

d−1
tc 0.820 1.081 0.731 0.832 1.159 1.138 2.669 2.434 hr

Δ0
0, Eqn. (182) 2.00 2.66 1.91 2.23 3.02 2.92 7.27 7.04 % rel.

Δ1
0, Eqn. (180) 2.01 2.69 2.04 2.45 3.17 2.97 7.23 6.94 % rel.

Δ0
beam, Eqn. (187) 1.50 1.48 1.20 1.61 2.52 2.02 5.00 4.31 % rel.

Δ1
beam, Eqn. (181) 1.41 1.38 1.14 1.51 2.31 1.86 4.02 3.52 % rel.

Δ0, Eqn. (182;187) 3.51 4.14 3.11 3.84 5.54 4.93 12.3 11.4 % rel.
Δ1, Eqn. (180;181) 3.43 4.07 3.18 3.96 5.47 4.82 11.3 10.5 % rel.
Δ2ch, Eqn. (170) 3.39 3.98 3.02 3.70 5.25 4.70 10.9 10.2 % rel.
Δ3ch, Eqn. (169) 3.43 4.07 3.18 3.95 5.47 4.83 11.3 10.5 % rel.

Table 11: Polarization Gradient for Representative Cells with I = 10 μA and τlifetime = 42 hr.
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3.6 Polarization Gradient Within the Target Chamber

Thus far we’ve assumed that the polarization is uniform throughout the target chamber. However, the
polarization at the ends of the target chamber must be lower than the polarization at the junction between
the transfer tube and the target chamber. In addition, the beam depolarizes only within an area defined
by the beam raster. To account for a spatial variation in polarization due to these effects, we’ll model the
transfer tube-target chamber junction as a delta function source for polarization and the beam raster area
as a sink for polarization. Therefore, Eqn. (16) is generalized to:

dPtc(r, z, t)
dt

= dtcA (Ppc − Ptc) δ(z)δ(r − rtc) −
(
Γ0

tc + ΓbeamΘ(r − r0)
)
Ptc + D∇2Ptc (195)

where A is the characteristic area of the polarization source, Θ(r − r0) is the Heaviside function, r0 is the
radius of the beam raster, and D is the diffusion constant evaluated at the target chamber temperature and
density.

To solve this equation, we’ll have to make some simplifying arguments. First, we will consider the system
only at equilibrium, t → ∞; therefore the polarization has reached a steady state value throughout the
cell, dPtc/dt = 0. Second, we will assume that the polarization dynamics within the pumping chamber are
sensitive to only the volume averaged target chamber polarization 〈Ptc〉 (as opposed to some small region
localized near the transfer tube-target chamber junction). This is true when the diffusion rates are fast
relative to all other polarization/relaxation rates in the cell. This implies that P∞

tc in all previous equations
is to be interpreted as the volume averaged target chamber polarization.

Third, we will assume that the gradient in the radial direction is negligible relative to the gradient in the
longitudinal direction [47]. To justify this assumption, consider the characteristic distance that a 3He atom
travels during the characteristic relaxation time under typical conditions:

λ =
√

D

Γtc
≈
√

0.2 cm2/sec
1/20 hrs−1

≈ 120 cm (196)

The polarization gradient within the target chamber scales as the ratio between the characteristic size and
this characteristic diffusion length:

rtc = 0.85 cm
λ

≈ 0.007 	 Ltc/2 = 20 cm
λ

≈ 0.17 < 1 (197)

This justifies our third assumption and finally we get:

0 = dtc�
(
P∞

pc − 〈Ptc〉
)
δ(z) − ΓtcPtc + D

d2Ptc

dz2
(198)

where � is the characteristic size of the polarization source. Note the we have tacitly defined the coordinate
system such that the transfer tube-target chamber junction occurs at z = 0 and the target chamber ends are
at z = ±Ltc/2.

Finally we can solve this equation by performing a Laplace transform and solving for LPtc:

−ΓtcLPtc + D
[
k2

zLPtc − kzPtc(0) − P ′
tc(0)

]
= −dtc�

(
P∞

pc − 〈Ptc〉
)[−Γtc + Dk2

z

]LPtc = DkzPtc(0) + DP ′
tc(0) − dtc�

(
P∞

pc − 〈Ptc〉
)

LPtc =
kzPtc(0) + P ′

tc(0) − dtc�
D

(
P∞

pc − 〈Ptc〉
)

k2
z − Γtc

D

(199)

where kz is the conjugate variable to z and Ptc(0) & P ′
tc(0) are the polarization and first derivative of the

polarization evaluated at z = 0. Substituting the characteristic diffusion length and taking the inverse
Laplace transform gives:

LPtc =
kzPtc(0) + P ′

tc(0) − dtc�
D

(
P∞

pc − 〈Ptc〉
)

k2
z − λ−2
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L−1LPtc = Ptc(0)L−1

(
kz

k2
z − λ−2

)
+ λ

[
P ′

tc(0) − dtc�

D

(
P∞

pc − 〈Ptc〉
)]L−1

(
λ−1

k2
z − λ−2

)

Ptc(z) = Ptc(0) cosh
( z

λ

)
+ λ

[
P ′

tc(0) − dtc�

D

(
P∞

pc − 〈Ptc〉
)]

sinh
∣∣∣ z
λ

∣∣∣ (200)

The inverse Laplace transforms performed above are only valid for |kz|λ > 1 or analogously |z| < λ. Since
λ ≈ 120 cm and the maximum value is |z| = Ltc/2 = 20 cm, the above solution is valid and we can expand
the hyperbolic trig functions to lowest order to give:

Ptc(z) = Ptc(0) + |z|
[
P ′

tc(0) − dtc�

D

(
P∞

pc − 〈Ptc〉
)]

+ O
( |z|

λ

)2

(201)

The value of the first derivative of the polarization at z = 0 can be estimated by analogy to Eqn. (119):

Jtc(z) = ntcDP ′
tc(z) (202)

We’ll assume that the net total number of particles entering the target chamber at the transfer tube-target
chamber junction is conserved, which implies:

JttAtt = [Jtc(at 0 towards +z) + Jtc(0at 0 towards −z)] Atc (203)

Note that the number of particles entering the target chamber are equally split and directed towards either
end of the target chamber. Combining this with Eqn. (125) gives:

P ′
tc(0) =

Jtc(0)
ntcD

=
1
2

Att

Atc

Jtt

ntcD
=

dtcLtc

2D

(〈Ptc〉 − P∞
pc

)
(204)

The difference in polarization at equilibrium between the two chambers is obtained from Eqn. (34):

P∞
pc − 〈Ptc〉 = 〈Ptc〉

(
1 +

Γtc

dtc

)
− 〈Ptc〉 = 〈Ptc〉 Γtc

dtc
(205)

Putting this altogether, calculating the average value of Ptc along the target chamber, and solving for Ptc(0):

〈Ptc〉 =
1

Ltc

∫ +Ltc/2

−Ltc/2

Ptc(z) dz =
1

Ltc

∫ +Ltc/2

−Ltc/2

Ptc(0) − |z| 〈Ptc〉 Γtc

D

(
� +

Ltc

2

)
dz (206)

= Ptc(0) − Ltc

4
〈Ptc〉 Γtc

D

(
� +

Ltc

2

)
dz (207)

Ptc(0) = 〈Ptc〉
[
1 +

Ltc

4
Γtc

D

(
� +

Ltc

2

)]
(208)

Finally, using this form of Ptc(0) and rearranging a few things gives:

Ptc(z) = 〈Ptc〉
[
1 +
(

1 − 4|z|
Ltc

)(
1 +

2�

Ltc

)(
L2

tc

8

)
Γtc

D

]
(209)

The total center to end relative polarization gradient is given by:

ΔPtc

〈Ptc〉 =
(

1 +
2�

Ltc

)(
L2

tc

4

)
Γtc

D
(210)

Finally, to quantify things, we need to estimate �, the characteristic size of the polarization source. In this
case, the “polarization source” is the transfer tube; therefore it’s reasonable to use the transfer tube diameter
or the square root of the transfer tube cross sectional area. For � =

√
Att 	 Ltc, we find:

ΔPtc

〈Ptc〉 = (3% relative)
(

Ltc

40 cm

)2

(Γtc · 20 hrs)
(

ntc

11 amg

)(
333.15 K

Ttc

)0.7

(211)

Therefore, under typical conditions, the polarization decreases linearly from the center of the target chamber
to the ends. The polarization across the target chamber varies by about ±1.5% relative to the target chamber
average.
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