
Determination of SU(2) ChPT LECs
from 2+1 flavor staggered lattice simulations

Enno E. Scholz

Institut für Theoretische Physik

in collaboration with

S. Borsanyi, S. Dürr, Z. Fodor,
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• SU(2)-ChPT: effective meson-lagrangian for pion-interactions

• LECs ¯̀
3, ¯̀

4 describe quark-mass dependence of fπ, M2
π; decay constant in chiral limit: f

• used in phenomenological models, FV-corrections of lattice data, . . .

value from lattice-QCD simulations

• ChPT often used to extrapolate lattice results at (slightly) too high mup,down to physical masses

systematic error?

• compare fits including and excluding the physical point

• 2+1 flavor staggered QCD-simulation with meson-masses: ≈ 135 MeV → ≈ 435 MeV

S. Borsanyi, S. Dürr, Z. Fodor, S. Krieg, A. Schäfer, EES, K.K. Szabo
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2+1 flavour staggered simulations

• tree-level Symanzik improved gauge action

• 2-level stout-smeared staggererd fermions

• 6 diff. gauge coupl. β: a ≈ 0.097 – 0.284 fm

• vary light quark mass: 135 MeV < Mπ < 435 MeV

• mh fixed to mstrange: tuned via Ms̄s/Mφ

(M2
s̄s = 2M2

K −M
2
π)

• measured Mπ, fπ

• finite volume corrections: resummed Lüscher-formula

(2-, 3-loop) Colangelo, Dürr, Haefeli (2005)

• minimal MπL ≈ 3.2

• L3 ≈ (4.3 fm)3 – (6.8 fm)3

• RM : 0.1 – 2.7 per-mille, −Rf : 0.2 – 7.5 per-mille
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setting the scale

• at each β

∗ fit ratio (aMπ)
2/(afπ)

2, from (M phys
π /f phys

π )2:

physical point amphys
β = (amu + amd)/2

∗ fit (afπ) from (afπ)|amphys
= aβ f

phys
π :

lattice scale 1/aβ

• quadratic and rational fit (3 param.)

• typically include 4 or 5 lightest data points

• combined results

β 3.45 3.55 3.67

1/a [GeV] 0.6947(07) 0.9165(12) 1.3063(25)

β 3.75 3.792 3.85

1/a [GeV] 1.6288(15) 1.7935(22) 2.0410(35)
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NLO-SU(2) ChPT fits

M
2
π =

(
1

a

)2

(aMπ)
2

= χ

[
1 +

χ

16π2f2
log

χ

Λ2
3

]

fπ =
1

a
(afπ) = f

[
1 −

χ

8π2f2
log

χ

Λ2
4

]

χ = 2Bm = (2Bm
phys

)
am

amphys
= χ

phys am

amphys

• combined (M2
π, fπ) global (different lattice spacings) fits

• using 1/a, amphys from scale-setting

• unconstrained fit: 4 fit parameters: f , χphys, Λ3, Λ4

• parameter-reduced fit: 2 fit parameters: f , χphys

and 2 constraints: M2
π

∣∣∣
m=mphys

= (M phys
π )2, fπ

∣∣∣
m=mphys

= f phys
π (→ Λ3, Λ4)
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unconstr. NLO fit, all β, 135 MeV < Mπ < 390 MeV
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unconstr. NLO fit, 1/a > 1.6 GeV, 135 MeV < Mπ < 240 MeV
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unconstrained NLO fits: different Mπ-ranges
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unconstrained NLO fits: different 1/a-ranges
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parameter-reduced NLO-fits

physical point constraints

M
2
π

∣∣∣
m=mphys

= (M
phys
π )

2
, fπ

∣∣∣
m=mphys

= f
phys
π

repeated same analysis (only 2 fit-parameters left). . .

combined results from 1/a > 1.6 GeV, 135 MeV < Mπ < 240 MeV

unconstrained parameter-reduced final

χphys/(10−2GeV2) 1.8578(17)(39) 1.8639(18)(44) 1.8609(18)(74)

f/MeV 122.70(08)(41) 122.73(06)(28) 122.72(07)(35)

Λ3/MeV 628(23)(57) 678(40)(119) 653(32)(101)

Λ4/MeV 1, 012(16)(83) 1, 006(15)(71) 1, 009(16)(77)
¯̀
3 3.08(07)(19) 3.23(12)(30) 3.16(10)(29)

¯̀
4 4.03(03)(17) 4.02(03)(14) 4.03(03)(16)

fphys
π /f 1.0627(05)(30) 1.0626(06)(24) 1.0627(06)(27)
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unconstrained NLO fit, 1/a > 1.6 GeV, 195 MeV < Mπ < 275 MeV
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NLO-ChPT extrapolation to physical point
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M
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SU(2)-ChPT to NNLO

M
2
π = χ

[
1 +

χ

16π2f2
log

χ

Λ2
3

+ NNLOM2

]

fπ = f

[
1 −

χl

8π2f2
log

χl

Λ2
4

+ NNLOf

]

χ = 2Bm = (2Bm
phys

)
am

amphys
= χ

phys am

amphys

NNLOM2,f : Λ12 , kM2 , kf , χ , f ,Λ3 ,Λ4

log Λ
2
12 =

7

15
log Λ
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1 +

8

15
log Λ

2
2 (NLO− LECs)

kM2, kf : NNLO− LECs

3 additional fit parameters
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NNLO-fit, 1/a > 1.6 GeV, 135 MeV < Mπ < 390 MeV
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NNLO-fits with priors: ¯̀prior
12 = 2.1± 0.3 kprior

M2 = 0± 10 kprior
f = 0± 10

¯̀prior
12 from ππ-scattering: ¯̀

1 = −0.4± 0.6, ¯̀
2 = 4.3± 0.1 Colangelo et al. (2001)

M
π
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• NLO-SU(2) chPT fits to staggered data, 135 MeV ≤ Mπ ≤ 240 MeV (≤ . . . , 390, 435 MeV)

• LECs, decay constant ratio

2Bm
phys

= 1.8609(18)stat(74)syst · 10
−2

GeV
2
f = 122.72(07)stat(35)syst MeV

¯̀
3 = 3.16(10)stat(29)syst

¯̀
4 = 4.03(03)stat(16)syst

f phys
π

f
= 1.0627(06)stat(27)syst

Λ3 = 653(32)stat(101)syst MeV Λ4 = 1, 009(16)stat(77)syst MeV

• using average light quark mass from Dürr et al. (2011)

B
MS,µ=2 GeV

= 2.682(36)stat(39)syst GeV Σ
MS,µ=2 GeV

=
(

272.3(1.2)stat(1.4)syst MeV
)3

• NNLO-SU(2) chPT

stable/reasonable results only obtained with external input (priors ¯̀
1,¯̀2)

for more details:

S. Borsanyi, S. Dürr, Z. Fodor, S. Krieg, A. Schäfer, EES, K.K. Szabo

arXiv:1205.0788[hep-lat]
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BACKUP
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unconstrained NLO fits, 1/a > 1.6 GeV I

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

0.0182 0.0184 0.0186 0.0188

1/a > 1.6 GeVχ
phys

 [GeV
2
] M

π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

120 122 124

1/a > 1.6 GeVf [MeV]

E.E. Scholz — Determination of SU(2) ChPT LECs from 2+1 flavor staggered lattice simulations 18



unconstrained NLO fits, 1/a > 1.6 GeV II

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

400 450 500 550 600 650 700 750 800

1/a > 1.6 GeVΛ3 [MeV] M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

900 1000 1100 1200

1/a > 1.6 GeVΛ4 [MeV]
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unconstrained NLO fits, 1/a > 1.6 GeV III

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0

1/a > 1.6 GeVχ
2
/d.o.f. M

π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

1.05 1.06 1.07 1.08

1/a > 1.6 GeVf
π

phys
/f
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unconstrained NLO fits, 1/a > 1.6 GeV IV

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

2.50 2.75 3.00 3.25 3.50

1/a > 1.6 GeVl
-
3

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 195 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]
[ 195 : 240 ]
[ 195 : 275 ]
[ 195 : 340 ]
[ 195 : 390 ]
[ 195 : 435 ]
[ 230 : 275 ]
[ 230 : 340 ]
[ 230 : 390 ]
[ 230 : 435 ]
[ 250 : 340 ]
[ 250 : 390 ]
[ 250 : 435 ]

3.50 3.75 4.00 4.25 4.50

1/a > 1.6 GeVl
-
4
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parameter-reduced NLO fits: different Mπ-ranges

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

0.0184 0.0186 0.0188 0.0190

1/a > 1.6 GeVχ
phys

 [GeV
2
]

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

2.502.753.003.253.503.754.004.254.50

1/a > 1.6 GeVl
-
3

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

500 600 700 800 900 1000 1100 1200

1/a > 1.6 GeVΛ3 [MeV]

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

118 120 122 124

1/a > 1.6 GeVf [MeV]

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

3.50 3.75 4.00 4.25 4.50

1/a > 1.6 GeVl
-
4

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

850 900 950100010501100115012001250

1/a > 1.6 GeVΛ4 [MeV]

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0

1/a > 1.6 GeVχ
2
/d.o.f.

M
π
 range [MeV]
[ 135 : 160 ]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]

1.05 1.06 1.07 1.08

1/a > 1.6 GeVf
π

phys
/f
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parameter-reduced NLO fits: different 1/a-ranges

0

135
2160
2

195
2

230
2

250
2

275
2

340
2

390
2

435
2

 0  0.05  0.1  0.15  0.2  0.25  0.3

M
π2
 [

M
e

V
2
]

a [fm]

β=3.85
β=3.792
β=3.75
β=3.67
β=3.55
β=3.45

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

β all 3.45-
3.792

3.55-
3.85

3.45-
3.75

3.55-
3.792

3.67-
3.85

3.45-
3.67

3.55-
3.75

3.67-
3.792

3.75-
3.85

3.792-
3.85

χ
2
/d.o.f.

Mπ range [MeV]

[135:240]
[135:275]

0.0185

0.0186

0.0187

0.0188

β all 3.45-
3.792

3.55-
3.85

3.45-
3.75

3.55-
3.792

3.67-
3.85

3.45-
3.67

3.55-
3.75

3.67-
3.792

3.75-
3.85

3.792-
3.85

χ
phys

 [GeV
2
]

Mπ range [MeV]

[135:240]
[135:275]

121.5

122.0

122.5

123.0

123.5

β all 3.45-
3.792

3.55-
3.85

3.45-
3.75

3.55-
3.792

3.67-
3.85

3.45-
3.67

3.55-
3.75

3.67-
3.792

3.75-
3.85

3.792-
3.85

f [MeV] Mπ range [MeV]

[135:240]
[135:275]

500

550

600

650

700

750

800

850

900

β all 3.45-
3.792

3.55-
3.85

3.45-
3.75

3.55-
3.792

3.67-
3.85

3.45-
3.67

3.55-
3.75

3.67-
3.792

3.75-
3.85

3.792-
3.85

Λ3 [MeV] Mπ range [MeV]

[135:240]
[135:275]

850

900

950

1000

1050

1100

1150

1200

1250

β all 3.45-
3.792

3.55-
3.85

3.45-
3.75

3.55-
3.792

3.67-
3.85

3.45-
3.67

3.55-
3.75

3.67-
3.792

3.75-
3.85

3.792-
3.85

Λ4 [MeV] Mπ range [MeV]

[135:240]
[135:275]
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NNLO fits w/o priors: different Mπ-ranges

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0.0180 0.0184 0.0188 0.0192

no priors
1/a > 1.6 GeV

χ
phys

 [GeV
2
]

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0 400 800 1200 1600 2000

no priors
1/a > 1.6 GeV

Λ3 [MeV]

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

-160 -120 -80 -40 0

no priors
1/a > 1.6 GeV

kM
2

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

120 122 124 126

no priors
1/a > 1.6 GeV

f [MeV]

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

200 400 600 800 1000 1200 1400 1600

no priors
1/a > 1.6 GeV

Λ4 [MeV]

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0 20 40 60 80 100

no priors
1/a > 1.6 GeV

kf

Mπ range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0.0 0.5 1.0 1.5 2.0 2.5 3.0

no priors
1/a > 1.6 GeV

χ
2
/d.o.f.

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0 200 400 600 800

no priors
1/a > 1.6 GeV

Λ12 [MeV]

M
π
 range [MeV]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

1.03 1.04 1.05 1.06 1.07 1.08 1.09

no priors
1/a > 1.6 GeV

f
π

phys
/f
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NNLO-fit with prior ¯̀
12, 1/a > 1.6 GeV, 135 MeV < Mπ < 340 MeV

120

125

130

135

140

145

150

155

160

0 1 2 3 4 5 6 7 8 9 10

f π
 [
M

e
V

]

am/am
phys

LO+NLO+NNLO
only LO+NLO
β=3.77
β=3.792
β=3.85

129

130

131

132

0.8 1.0 1.2

164

166

168

170

172

174

176

178

180

182

184

186

188

0 1 2 3 4 5 6 7 8 9 10

M
π2
 /
 (

a
m

/a
m

p
h
y
s
) 

[1
0

2
 M

e
V

2
]

am/am
phys

LO+NLO+NNLO
only LO+NLO
β=3.77
β=3.792
β=3.85

180

181

182

183

184

0.8 1.0 1.2

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0 400 800 1200 1600 2000 2400

prior: Λ12
1/a > 1.6 GeV

Λ3 [MeV]
M

π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

400 600 800 1000 1200 1400

prior: Λ12
1/a > 1.6 GeV

Λ4 [MeV]
M

π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

300 350 400 450 500

prior: Λ12
1/a > 1.6 GeV

Λ12 [MeV]
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NNLO fits with prior ¯̀
12: different Mπ-ranges

Mπ range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0.0180 0.0184 0.0188

prior: Λ12
1/a > 1.6 GeV

χ
phys

 [GeV
2
]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0 400 800 1200 1600 2000 2400

prior: Λ12
1/a > 1.6 GeV

Λ3 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

-50 -25 0 25 50

prior: Λ12
1/a > 1.6 GeV

kM
2

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

121 122 123 124 125 126

prior: Λ12
1/a > 1.6 GeV

f [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

400 600 800 1000 1200 1400

prior: Λ12
1/a > 1.6 GeV

Λ4 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

-10 0 10 20 30

prior: Λ12
1/a > 1.6 GeV

kf

Mπ range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0.0 0.5 1.0 1.5 2.0 2.5 3.0

prior: Λ12
1/a > 1.6 GeV

χ
2
/d.o.f.

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

300 350 400 450 500

prior: Λ12
1/a > 1.6 GeV

Λ12 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

1.03 1.04 1.05 1.06 1.07 1.08 1.09

prior: Λ12
1/a > 1.6 GeV

f
π

phys
/f
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NNLO-fit, priors ¯̀
12, kM2, kf , 1/a > 1.6 GeV, 135 MeV < Mπ < 340 MeV

120

125

130

135

140

145

150

155

160

0 1 2 3 4 5 6 7 8 9 10

f π
 [
M

e
V

]

am/am
phys

LO+NLO+NNLO
only LO+NLO
β=3.77
β=3.792
β=3.85

129

130

131

132

0.8 1.0 1.2

162

164

166

168

170

172

174

176

178

180

182

184

186

0 1 2 3 4 5 6 7 8 9 10

M
π2
 /
 (

a
m

/a
m

p
h
y
s
) 

[1
0

2
 M

e
V

2
]

am/am
phys

LO+NLO+NNLO
only LO+NLO
β=3.77
β=3.792
β=3.85

180

181

182

0.8 1.0 1.2

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

400 600 800 1000 1200

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
Λ3 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

600 800 1000 1200 1400

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
Λ4 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

300 350 400 450 500

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
Λ12 [MeV]
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NNLO fits with priors ¯̀
12, kM2, kf : different Mπ-ranges

Mπ range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0.0184 0.0185 0.0186 0.0187 0.0188

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
χ

phys
 [GeV

2
]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

400 600 800 1000 1200

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
Λ3 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

-12 -8 -4 0 4 8 12

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
kM

2

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

121 122 123 124

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
f [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

600 800 1000 1200 1400

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
Λ4 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

-16 -12 -8 -4 0 4 8 12 16

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
kf

Mπ range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

0.0 0.5 1.0 1.5 2.0 2.5 3.0

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
χ

2
/d.o.f.

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

300 350 400 450 500

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
Λ12 [MeV]

M
π
 range [MeV]
[ 135 : 195 ]
[ 135 : 240 ]
[ 135 : 275 ]
[ 135 : 340 ]
[ 135 : 390 ]
[ 135 : 435 ]
[ 160 : 240 ]
[ 160 : 275 ]
[ 160 : 340 ]
[ 160 : 390 ]
[ 160 : 435 ]

1.03 1.04 1.05 1.06 1.07 1.08 1.09

priors: Λ12, kM
2, kf

1/a > 1.6 GeV
f
π

phys
/f
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