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Nucleon structure from dynamical DWF
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Nucleon structure from dynamical DWF

Nucleon Isovector Charge

• Nucleon axial charge:

〈p|A†
µ(0)|n〉 = up[γµγ5gA(q

2) − iqµγ5gP(q
2)]un

• Nucleon vector charge:

〈p|V †
µ (0)|n〉 = up[γµgV (q2) − qµσµνgT(q

2)]un

• Well measured experimentally gA/gV from neutron β decay
⇒ Good test of our understanding of nucleon structure

-3- Huey-Wen Lin @ 3rd LHP workshop, JLab 2006



Nucleon structure from dynamical DWF

Moments of Structure Functions

• Deep Inelastic Scattering:

p

q

k
k¢e-

e-

Γ

N

X

σ ∼ LµνWµν,

Wµν = i

∫

d4xeiqx〈N |T{Jµ(x), Jν(0)}|N〉,

• The symmetric, unpolarized, spin-average:

W {µν}(x,Q2) =

(

−gµν +
qµqν

q2

)

F1(x,Q
2) +

(

pµ −
ν

q2
qµ

)(

pν −
ν

q2
qν

)

F2(x,Q2)

ν
,

• The anti-symmetric, polarized:

W [µν](x,Q2) = iǫµνρσqρ

(sσ

ν
(g1(x,Q

2) + g2(x,Q
2)) −

q · spσ

ν2
g2(x,Q

2)
)

.
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Nucleon structure from dynamical DWF

Moments of Structure Functions (Cont.)

• Polarized

2

∫

dx xng1(x,Q
2) =

∑

q=u,d

e(q)1,n(µ
2/Q2, g(µ))〈xn〉∆q

2

∫

dx xng2(x,Q
2) =

n

(n+ 1)

∑

q=u,d

[

2e(q)2,n(µ
2/Q2, g(µ))dqn(µ)

+ e(q)1,n(µ
2/Q2, g(µ))〈xn〉∆q

]

• Unpolarized

2

∫

dx xn−1F1(x,Q
2) =

∑

q=u,d

c(q)1,n(µ
2/Q2, g(µ))〈xn〉q

∫

dx xn−2F2(x,Q
2) =

∑

q=u,d

c(q)2,n(µ
2/Q2, g(µ))〈xn〉q

• e1, e2, c1, c2 are the Wilson coefficients

• 〈xn〉q, 〈xn〉∆q, dn are the forward nucleon matrix elements
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Implementation on the Lattice

• Interpolating field

Jα
(→
p, t

)

=
∑

→
x,a,b,c

ei
→
p·

→
xǫabc

[

uTa (y1, t)Cγ5db(y2, t)
]

uc,α(y3, t)φ(y1 − x)φ(y2 − x)φ(y3 − x)

• Two-point correlation function

C2pt

(→
p, t

)

=
∑

α,β

(

1 + γ4

2

)

αβ

〈Jβ
(→
p, t

)

Jα
(→
p,0

)

〉

• Three-point correlation function

CΓ,O
3pt

(→
p, t, τ

)

=
∑

α,β

Γα,β〈Jβ
(→
p, t

)

O(τ)Jα
(→
p,0

)

〉

• Operators

unpolarized Oq
µ1µ2...µn =

(

i
2

)n−1
qγµ1

↔
Dµ2

· · ·
↔
Dµn q − trace Γ = 1+γ4

2

polarized O5q
σµ2...µn =

(

i
2

)n
qγσγ5

↔
Dµ2

· · ·
↔
Dµn q − trace Γ = 1+γ4

2
iγ5γk
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Nucleon structure from dynamical DWF

Implementation on the Lattice

• List of operators (ignore disconnected diagram contribution)

〈x〉q 〈x〉∆q

momentum fraction helicity distribution

Oq
44 = q

[

γ4
↔
D4 −1

3

∑

k γk
↔
Dk

]

q O5q
{34}

= iqγ5

[

γ3
↔
D4 +γ4

↔
D3

]

q

3
+
1 6

−
3

R〈x〉q =
C

Γ,O
q
44

3pt

C2pt
= mN〈x〉q R〈x〉∆q

=
C

Γ,O
5q

{34}

3pt

C2pt
= mN〈x〉∆q

Pq
44

−1
= γ4p4 − 1

3

∑

i=1,3 γipi P5q
34

−1
= iγ5 (γ3p4 + γ4p3)

〈1〉δq d1
transversity twist-3 matrix element

Oσq
34 = qγ5σ34q O5q[34] = iqγ5

[

γ3
↔
D4 −γ4

↔
D3

]

q

6
+
1 6

+
1

R〈1〉δq =
C

Γ,O
σq

{34}

3pt

C2pt
= 〈1〉δq Rd1

=
C

Γ,O
5q

[34]

3pt

C2pt
= d1

Pσq
34

−1
= γ5σ34 P5q

[34]

−1
= iγ5 (γ3p4 − γ4p3)
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Domain Wall Fermions

• Formulation

Dx,s;x′,s′ = δx,x′D⊥
s,s′ + δs,s′D

‖
x,x′

D⊥
s,s′ =

1

2
[(1 − γ5)δs+1,s′ + (1 + γ5)δs−1,s′ − 2δs,s′]

−
mf

2
[(1 − γ5)δs,Ls−1δ0,s′ + (1 + γ5)δs,0δLs−1,s′],

D
‖
x,x′ =

1

2

4
∑

µ=1

[

(1 − γµ)Uµ(x)δx+µ,x′ + (1 + γµ)U
†
µ(x

′)δx−µ,x′

]

+ (M5 − 4)δx,x′

0
Ls�2

Ls

s

x

ΨHx,sL

0
Ls�2

x

• Controllable chiral symmetry breaking with Ls
⇒ No complicated operator mixing

• Automatic O(a) off-shell improvement
⇒ Easy to implement RI/MOM NPR
⇒ No extra O(a) off-shell improved on either the action nor the
operators
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Gauge Action Choices

• O(a2)-improved gauge actions:

Sg �
Β

������
3

ReTr

i

k
jjjjjjjjH1 - 8 c1L [1-P_+ c1 [1-P i _y

{
zzzzzzzz

• Constraint: c0 + 8c1 = 1

• Candidates:
- Doubly blocked Wilson 2 (DBW2) with c1 = −1.40686
- Iwasaki action with c1 = −0.331

• Why DBW2?
- Smaller mres

• Why not?
- Suppress topology change
- Scaling issues
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Nucleon structure from dynamical DWF

RBCK Finite Volume Study

• 3 volumes: (1.2 fm)3, (1.5 fm)3, (2.4 fm)3 presented

• mπ ranges 395-765 MeV

0 0.2 0.4 0.6 0.8

MΠ
2

 HGeV2L

0.8

1.0

1.2

1.4

g
A

 � g
V

gA � gV

Wilson, 1.5 fm

DBW2, 1.2 fm

DBW2, 2.4 fm

exp

Blum, Ohta, Orginos, Sasaki ’03
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RBCK quenched results

• DBW2 β = 0.87, a−1 = 1.31 GeV, (2.4 fm)3

• mπ ranges 395-765 MeV

• Result (concentrating on the lightest three)
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• gA = 1.212(27)stat(24)norm
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• Ratio is in very good agreement with ex-
periment

Blum, Ohta, Orginos, Sasaki ’03

Blum, Ohta, Orginos ’05
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RBCK quenched results (Cont.)
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RBC/UKQCD Ensembles

2 flavor (RBC) 2+1 flavor (RBC/UKQCD)
Gauge action DBW2 Iwasaki

β 0.80 2.13
Algorithm HMC RHMC

a−1 ≈ 1.7 GeV ≈ 1.6 GeV
Lattice Size 163 × 32 × 12 163 × 32 × 16, 243 × 64 × 16

L ≈ 2 fm ≈ 2 fm, ≈ 3 fm
amres 0.001372(49) 0.00307(3)
amsea {0.02,0.03,0.04} {0.01,0.02,0.03}

[mstrange

2
,mstrange] [1

4
mstrange,

3
4
mstrange]

M5 1.8 1.8

Measurements

Smearing source Gaussian Gaussian
{tsrc, tsnk} {0,10}, {15,25} {0,12}, {16,28}, {32,44},{48,60}

Conf. 175 , 220, 220 30, 25, 25
mπ(MeV) { 495.(4), 607.(4), 695.(4)} { 393.(4), 523.8(29), 611.7(26)}

• Unitary sea quark mass only

• Preliminary lightest 2f analysis

• Preliminary 2+1 analysis
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Ratios: Plateau

• Example from 2 flavor measurement

2 4 6 8 10 12
t

0.8

1

1.2

1.4

1.6
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u
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• Example from 2+1 flavor measurement
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Ratios: gA/gV

• Preliminary 2+1 data set; ≤ 30 each ensemble

0 0.1 0.2 0.3 0.4 0.5

MΠ

2
 HGeV

2L
1.0

1.2

1.4

1.6

g
A

 � g
V

gA  � gV

2f
2+1f

exp

-15- Huey-Wen Lin @ 3rd LHP workshop, JLab 2006



Nucleon structure from dynamical DWF

Ratios: gA/gV

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Nucleon structure from dynamical DWF

Ratios: gA/gV

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Ratios: 〈x〉q/〈x〉∆q

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Nucleon structure from dynamical DWF

Ratios: 〈x〉q/〈x〉∆q

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Bare d1

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Nucleon structure from dynamical DWF

Bare d1

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Bare d1

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Nucleon structure from dynamical DWF

Bare d1

• Preliminary 2+1 data set; ≤ 30 each ensemble
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Nonperturbative Renormalization

• In general,

Oi(µ) = Zi(µ, a)Oi(µ) +
∑

i 6=j

Zij(µ; a)Oj(µ)

Chiral fermions are free of mixing problem

• Fourier transform Green function

GOΓ
(p; a) =

∑

x,y

e−ip·(x−y)〈ψ(x)OΓ(0)ψ(y)〉

• Calculate point (S(pa; 0)) and point-split (DµS(pa; 0)) source propa-
gator

S(pa; 0) =
∑

x

e−ip·xS(x; 0)

DµS(pa; 0) =
∑

x

1

2
e−ip·x

[

S(x;−µ̂)Uµ(−µ̂) − S(x; µ̂)U †
µ(0)

]

• Truncate the external quark propagator legs

ΛOΓ
(p; a) = S(p; a)−1GOΓ

(p; p′; a)S(p′; a)−1
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Nonperturbative Renormalization (Cont.)

• Example from 2 flavor case with amsea = 0.02
Oq

44

0.5 1 1.5 2 2.5
SinHpaL2

0.5

1

1.5

2

2.5

3

3.5

4

HZ 4
4q
LRI

O5q
34

0.5 1 1.5 2 2.5
SinHpaL2

0.5

1

1.5

2

2.5

HZ 3
45 
q LR

I

• ZRI obtained after projection

ZOΓ
(µ; a)−1Zq(µ; a) =

1

12
Tr (ΛOΓ

(p; a)PΓ)|p2=µ2,

µ must fall inside the renormalization window

ΛQCD ≪ µ≪ 1/a

• Convert to MS scheme
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Nonperturbative Renormalization (Cont.)

• Do RGI running to remove (ap)2 dependence

(Example from 2 flavor case with amsea = 0.02)
Oq

44

0.5 1 1.5 2 2.5
SinHpaL2

0.25

0.5

0.75
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• Renormalized at 2 GeV
⇒ ZOq

44
= 0.983(4) and ZO5q

34
= 0.975(5).
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Nucleon structure from dynamical DWF

Summary of the Renormalization Factors

(Preliminary)

2 flavor 2+1 flavor
Conf. {94, 111, 90} {76, 76, 76}
ZOq

44
{0.983(4), 0.962(3), 0.970(5)} {0.877(13), 0.891(10), 0.866(10)}

ZO5q
34

{0.975(5), 0.999(3), 0.988(3)} {0.997(7), 0.918(4), 0.936(4)}
ZOσq

34
{0.707(1), 0.711(1),0.720(1)} {0.676(2), 0.675(2), 0.663(2)}
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Nucleon structure from dynamical DWF

Summary of the Renormalization Factors

(Preliminary)

2 flavor 2+1 flavor
Conf. {94, 111, 90} {76, 76, 76}
ZOq
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Renormalized 〈x〉q and 〈x〉∆q

(Preliminary)

• Results
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• Not yet extrapolated
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Renormalized 〈x〉q and 〈x〉∆q

(Preliminary)

• Results
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• Not yet extrapolated
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Renormalized 〈x〉q

(Preliminary)

• Comparisons with other calculations

0 0.1 0.2 0.3 0.4 0.5

MΠ

2
 HGeV

2L
0.1

0.2

0.3

0.4

Xx\
q

Xx\q

RBCK 0f
RBCK 2f

LHPC 0f
QCDSF 0f
LHPC 2+fRBCK 2+1f

exp

• Data taken from hep-ph/0509101 (PT renormalized)
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Renormalized 〈x〉q
(Preliminary)

• Comparisons with other calculations
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• Data taken from hep-ph/0509101 (PT renormalized)

• Quenched overlap data from G. Schierholz Trento’06
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Renormalized 〈x〉q

(Preliminary)

• Compare with DWF on 2+1 staggered sea; PT renormalization.
(Renner Lat’06)
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Nucleon structure from dynamical DWF

Renormalized 〈x〉∆q

(Preliminary)

• Compare with DWF on 2+1 staggered sea; PT renormalization.
(Renner Lat’06)
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Nucleon structure from dynamical DWF

Conclusion and Outlook
• Preliminary on lightest 2 flavor and all 2+1 flavor data

From our current data...

• Experimentally consistent ratios of gA/gV and 〈x〉q/〈x〉∆q

• (Preliminary) Renormalized 〈x〉q and 〈x〉∆q are up to 50% higher than
experimental values

• Our 2 flavor and 2+1 flavor data line up nicely

• No curvature observed so far

More to do:

• One more sea quark measurement to finish in 2 flavor case

• More statistics needed from 2+1 flavor case

• Finalize the NPR analysis

• Momentum dependence of the axial and vector charge

• Transversity analysis

In the near future...

• New ensembles with amsea = 0.005 (mπ ≈ 290 MeV) with L ≈ 3 fm
will further explore the lighter mPS region
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