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Lattice Lattice HadronHadron Physics CollaborationPhysics Collaboration

Lattice Lattice HadronHadron Physics CollaborationPhysics Collaboration (LHPC) formed in 2000(LHPC) formed in 2000

LHPC has several broad goalsLHPC has several broad goals

compute QCD spectrum (baryons, mesons,compute QCD spectrum (baryons, mesons,……))

hadronhadron structure (form factors, structure functions,structure (form factors, structure functions,……))

hadronhadron--hadronhadron interactionsinteractions

current members of current members of spectroscopyspectroscopy effort:effort:

Robert Edwards, George Fleming, Jimmy Robert Edwards, George Fleming, Jimmy JugeJuge, Adam , Adam 

LichtlLichtl, CM, , CM, NilmaniNilmani MathurMathur, David Richards, , David Richards, IkuroIkuro Sato, Sato, 

Steve WallaceSteve Wallace
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LHPC spectroscopy effortsLHPC spectroscopy efforts

extracting spectrum of resonances is big challenge!!extracting spectrum of resonances is big challenge!!

need sets of extended operators (need sets of extended operators (correlatorcorrelator matrices)matrices)

multimulti--hadronhadron operators needed toooperators needed too

deduce resonances from finitededuce resonances from finite--box energiesbox energies

anisotropic latticesanisotropic lattices

inclusion of lightinclusion of light--quark loops at realistically light quark quark loops at realistically light quark 

massmass

longlong--term projectterm project

efforts divide into two categoriesefforts divide into two categories

operator technologyoperator technology
Monte Carlo updating technology (light quark loops)Monte Carlo updating technology (light quark loops)

this talk is an interim status reportthis talk is an interim status report

focus on baryonsfocus on baryons

( )t sa a<



July 31, 2006 Hadron spectrum from lattice QCD 4

OutlineOutline

how to extract excitedhow to extract excited--state energies from Monte Carlo state energies from Monte Carlo 

computationscomputations

need for multineed for multi--hadronhadron operatorsoperators

operator constructionoperator construction

spatiallyspatially--extended operatorsextended operators
symmetry channelssymmetry channels

field smearingfield smearing

operator pruningoperator pruning

milestone reached: extraction of nine or more levels in a milestone reached: extraction of nine or more levels in a 

symmetry channel!!symmetry channel!!

outlook and conclusionoutlook and conclusion
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Excited states, resonancesExcited states, resonances
in lattice Monte Carloin lattice Monte Carlo
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Principal Principal correlatorscorrelators

extracting excitedextracting excited--state energies described in state energies described in 
C. Michael, NPB C. Michael, NPB 259259, 58 (1985), 58 (1985)
LuscherLuscher and Wolff, NPB and Wolff, NPB 339339, 222 (1990), 222 (1990)

exploits the exploits the variationalvariational methodmethod

for           for           correlatorcorrelator matrix                                 definematrix                                 define

principal principal correlatorscorrelators as as eigenvalueseigenvalues ofof

where     (the time defining the where     (the time defining the ““metricmetric””) is small) is small

can show can show 

principal effective massesprincipal effective masses

now tend (plateau) to      lowestnow tend (plateau) to      lowest--lying stationarylying stationary--state state 

energies energies 
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Unstable particles (resonances)Unstable particles (resonances)

our computations done in a periodic boxour computations done in a periodic box

momentamomenta quantizedquantized
discrete energy spectrum of stationary                          discrete energy spectrum of stationary                          
states states single single hadronhadron, 2 , 2 hadronhadron, , ……

scattering phase shifts scattering phase shifts resonance masses, widths resonance masses, widths (in (in 

principle) deduced from finiteprinciple) deduced from finite--box spectrumbox spectrum
B. DeWitt, PR B. DeWitt, PR 103103, 1565 (1956)   (sphere), 1565 (1956)   (sphere)
M. M. LuscherLuscher, NPB, NPB364364, 237 (1991)   (cube), 237 (1991)   (cube)

first goal:  get finitefirst goal:  get finite--box spectrumbox spectrum

must extract multimust extract multi--hadronhadron state energiesstate energies
check volume dependencescheck volume dependences
know masses of decay products know masses of decay products placement and pattern placement and pattern 
of multiof multi--particle states roughly knownparticle states roughly known
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Operator constructionOperator construction
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Operator design issuesOperator design issues

must facilitate spin identificationmust facilitate spin identification

shun the usual method of operator construction which shun the usual method of operator construction which 

relies on cumbersome continuum spacerelies on cumbersome continuum space--time time 

constructionsconstructions

focus on constructing operators which transform focus on constructing operators which transform 

irreducibly under the symmetries of the latticeirreducibly under the symmetries of the lattice

one eye on maximizing overlaps with states of interestone eye on maximizing overlaps with states of interest

other eye on minimizing number of quarkother eye on minimizing number of quark--propagator sourcespropagator sources

use building blocks useful for baryons, mesons, multiuse building blocks useful for baryons, mesons, multi--hadronhadron

operatorsoperators

must project onto definite spin polarizations or will observe must project onto definite spin polarizations or will observe 

many many degeneraciesdegeneracies
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Three stage approachThree stage approach

concentrate on baryons at rest (zero momentum)concentrate on baryons at rest (zero momentum)

operators classified according to the operators classified according to the irrepsirreps ofof

(1)(1) basic building blocks: smeared, covariantbasic building blocks: smeared, covariant--displaced quark displaced quark 

fields fields 

(2)(2) construct construct elementalelemental operators (operators (translationallytranslationally invariant)invariant)

flavor structure from flavor structure from isospinisospin, color structure from gauge , color structure from gauge 
invarianceinvariance

(3)(3) groupgroup--theoretical projections onto theoretical projections onto irrepsirreps of of 

GrassmannGrassmann package in Maple to do these calculationspackage in Maple to do these calculations

details in details in PRD72, 094506 (2005)PRD72, 094506 (2005)
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ThreeThree--quark elemental operatorsquark elemental operators

threethree--quark operatorquark operator

covariant displacementscovariant displacements
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Incorporating orbital and radial structureIncorporating orbital and radial structure

displacements of different lengths build up radial structuredisplacements of different lengths build up radial structure

displacements in different directions build up orbital structuredisplacements in different directions build up orbital structure

minimizes number of sources for quark propagatorsminimizes number of sources for quark propagators

useful for mesons, useful for mesons, tetraquarkstetraquarks, , pentaquarkspentaquarks even!even!

can even incorporate can even incorporate hybrid mesonshybrid mesons operator (in progress)operator (in progress)

mock up quark-
diquark

∆-flux

Y-flux

single site

singly-displaced

doubly-displaced-I

doubly-displaced-L

triply-displaced-T

triply-displaced-O
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Enumerating the threeEnumerating the three--quark operatorsquark operators

lots of operators (too many!)lots of operators (too many!)

SingleSingle--sitesite 2020 4040 2020 2424

SinglySingly--displaceddisplaced 240240 624624 384384 528528

DoublyDoubly--displaceddisplaced--II 192192 572572 384384 576576

DoublyDoubly--displaceddisplaced--LL 768768 23042304 15361536 23042304

TriplyTriply--displaceddisplaced--TT 768768 23042304 15361536 23042304

TriplyTriply--displaceddisplaced--OO 512512 15361536 10241024 15361536

,++ −∆ Ω 0,+Σ Ξ N + 0Λ
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Spin identification and other remarksSpin identification and other remarks

spin identification possible by pattern matchingspin identification possible by pattern matching

total numbers of operators is huge total numbers of operators is huge uncharted territoryuncharted territory

ultimately must face twoultimately must face two--hadronhadron scattering statesscattering states

total numbers of operators assuming two 
different displacement lengths
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SingleSingle--site operatorssite operators

choose Diracchoose Dirac--Pauli convention for Pauli convention for γγ--matricesmatrices
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∆∆++ single++ single--site operatorssite operators
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SingleSingle--site site N+N+ operatorsoperators
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QuarkQuark--field and linkfield and link--variablevariable
smearing issuessmearing issues
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Run parametersRun parameters

run parameters for all results presented hererun parameters for all results presented here

anisotropic lattice anisotropic lattice 
Wilson gauge, Wilson Wilson gauge, Wilson fermionfermion actionsactions
lattice lattice spacingsspacings
quark masses such thatquark masses such that
quenchedquenched
correlatorcorrelator matrices averaged over matrices averaged over irrepirrep rowsrows
use of oppositeuse of opposite--parity timeparity time--reversed propagators to reversed propagators to 
double statisticsdouble statistics
number of configurations usednumber of configurations used

–– 50 for operator smearing tests50 for operator smearing tests
–– 200 for operator 200 for operator pruningsprunings

312 48×

0.1 fm, / 3.0s s ta a a∼ ∼
700MeVmπ ∼
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QuarkQuark-- and gaugeand gauge--field smearingfield smearing

smeared quark and gluon fields smeared quark and gluon fields fieldsfields dramatically reduced dramatically reduced 

coupling with short wavelength modescoupling with short wavelength modes

linklink--variablevariable smearing (stout links PRDsmearing (stout links PRD6969, 054501 (2004)) , 054501 (2004)) 

definedefine

spatially isotropicspatially isotropic

exponentiateexponentiate traceless traceless HermitianHermitian matrixmatrix

iterateiterate

quarkquark--field smearing (covariant field smearing (covariant LaplacianLaplacian uses smeared uses smeared 

gauge field)gauge field)

parameters to tune:parameters to tune:

2
2( ) 1 ( )4

n
sx xn

σ

σ

σψ ψ
⎛ ⎞

= + ∆⎜ ⎟
⎝ ⎠

��

( )
)ˆ()ˆ()()( µνρ ν

µν
µνµνµ ++= +

≠±
∑ xUxUxUxC

x

µ̂
ν̂

( ) ( )Tr2 2
i iC U Q Nµ µ µ µ µ µ µµ

+ + +Ω = = Ω −Ω − Ω −Ω

( )( 1) ( ) ( )expn n nU iQ Uµµ µ
+ =

0, 44 === kkjk ρρρρ

µµ µµ
UUUU n ~)()1( ≡→→→ "

, , ,s n nσ ρσ ρ



July 31, 2006 Hadron spectrum from lattice QCD 21

QuarkQuark--field smearing tuningfield smearing tuning

focus on three particular operators for smearing testsfocus on three particular operators for smearing tests

a singlea single--site operator      in the      site operator      in the      irrepirrep
a singlya singly--displaced operator      with a particular choice of displaced operator      with a particular choice of 
Dirac indices and 3Dirac indices and 3--link displacement lengthlink displacement length
a triplya triply--displaceddisplaced--T operator       with a particular choice T operator       with a particular choice 
of the Dirac indices (3of the Dirac indices (3--link displacement lengths)link displacement lengths)

define effective mass as usualdefine effective mass as usual

use                to compare different quarkuse                to compare different quark--field field smearingssmearings

smeared links                      since displaced operators noismeared links                      since displaced operators noisysy

SSO

SDO

TDTO

1gG
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LinkLink--variable smearing tuningvariable smearing tuning

first, used the effective mass           associated with the stafirst, used the effective mass           associated with the static tic 

quarkquark--antiquarkantiquark potential at spatial separationpotential at spatial separation

found that linkfound that link--smearing did not appreciably alter values of smearing did not appreciably alter values of 

baryon effective masses, but had dramatic effect on baryon effective masses, but had dramatic effect on variancevariance

compared relative jackknife error              of               compared relative jackknife error              of               for for 

different linkdifferent link--smearing parameterssmearing parameters

lesson learned: preferred parameters from static potential lesson learned: preferred parameters from static potential 

produce smallest errors in baryon effective masses              produce smallest errors in baryon effective masses              

( 0)E t =
5 0.5 fmsR a= ∼

( 4 )i tM t a=( 4 )i tt aη =

1,2,4,8,16,32nρ =

( 4.0, 32)s nσσ = =
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Importance of smearingImportance of smearing
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Both Quark and Link Smearing

•Nucleon G1g channel

•effective masses of 
the 3 selected 
operators

•noise reduction from 
link variable smearing, 
especially for displaced 
operators

•quark-field smearing 
reduces couplings to 
high-lying states

•effect on excited 
states shows                
better
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Smearing and excited statesSmearing and excited states

previous tests involved lowest state onlyprevious tests involved lowest state only

important to tune smearing for excited states as wellimportant to tune smearing for excited states as well

lowest 4 principal effective                                    lowest 4 principal effective                                    

masses for 10x10 matrix of                                      masses for 10x10 matrix of                                      

DDI      operators shownDDI      operators shown

same link smearingsame link smearing

quarkquark--field field smearingssmearings

with           did not                                          with           did not                                          
reduce errorsreduce errors

preferred:preferred:

1gG

2.5, 16n nρ ρρ = =

red2.0 ( ), 3.0 ( ),
4.0 (black

bl
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e
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us

nσ
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Smearing summarySmearing summary

From our quenched study of the      nucleon channel on small    From our quenched study of the      nucleon channel on small    

lattices            for              and               lattices            for              and               andand , , 

the preferred smearing parameters arethe preferred smearing parameters are

factors still to consider:factors still to consider:

evidence for same smearing for other evidence for same smearing for other irrepsirreps
expect same smearing for other expect same smearing for other isospinisospin channelschannels
dependence on lattice spacingdependence on lattice spacing
dependence on quark massdependence on quark mass

32, 3.0snσ σ= =2.5, 16n nρ ρρ = =

1gG
0.1 fmsa ∼ 700MeVmπ ∼/ 3.0s ta a ∼312 48×
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Operator pruningOperator pruning
issuesissues
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Operator plethoraOperator plethora

Number of    operators given below (1 displacement length)Number of    operators given below (1 displacement length)

total of 179 operators in      channeltotal of 179 operators in      channel

since 179x179 matrix too large to be practical, operator since 179x179 matrix too large to be practical, operator 

pruning is clearly necessarypruning is clearly necessary

will focus on      channel firstwill focus on      channel first

SingleSingle--sitesite 33 00 11

SinglySingly--displaceddisplaced 2424 88 3232

DoublyDoubly--displaceddisplaced--II 2424 88 3232

DoublyDoubly--displaceddisplaced--LL 6464 6464 128128

TriplyTriply--displaceddisplaced--TT 6464 6464 128128

1gG 2gG gH

N +

1gG

1gG
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Operator plethora (G1g Nucleon)Operator plethora (G1g Nucleon)
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G1g nucleon operatorsG1g nucleon operators
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G2g nucleon operatorsG2g nucleon operators
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HuHu nucleon operatorsnucleon operators
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Pruning: step onePruning: step one

look at effective masses of diagonal elements of correlation look at effective masses of diagonal elements of correlation 

matrix and discard noisy operatorsmatrix and discard noisy operators

examples shown belowexamples shown below

all 179 effective massesall 179 effective masses

( 2.5, 16, 32, 4.0 used)sn n nρ ρ σρ σ= = = =
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Pruning: step one (continued)Pruning: step one (continued)

retain 64 operators out of the 179retain 64 operators out of the 179

SS:  0, 1, 2SS:  0, 1, 2
SD:  3, 5, 6, 8, 10, 12, 14, 17, 19, 20, 22, 24, 25 SD:  3, 5, 6, 8, 10, 12, 14, 17, 19, 20, 22, 24, 25 
DDI:  27, 29, 30, 31, 33, 36, 38, 41, 43, 44, 45, 48 DDI:  27, 29, 30, 31, 33, 36, 38, 41, 43, 44, 45, 48 
DDL:  52, 54, 56, 57, 58, 59, 60, 61, 62, 72, 74, 76,           DDL:  52, 54, 56, 57, 58, 59, 60, 61, 62, 72, 74, 76,           

78, 85, 88, 94, 97, 98, 105, 110 78, 85, 88, 94, 97, 98, 105, 110 
TDT:  116, 118, 119, 124, 125, 126, 132, 134, 136, 138 TDT:  116, 118, 119, 124, 125, 126, 132, 134, 136, 138 

149, 158, 162, 163, 169, 174 149, 158, 162, 163, 169, 174 
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Noise, noise, noise, noiseNoise, noise, noise, noise

noise is the enemy!!noise is the enemy!!

intrinsic noise in each operatorintrinsic noise in each operator
presence of small singular values indicates operator set presence of small singular values indicates operator set 
not not ““independent enoughindependent enough”” noise can creep innoise can creep in

examine renormalized matrix at early time examine renormalized matrix at early time t=1t=1

sort operators in order of increasing noisesort operators in order of increasing noise

keep 6 least noisiest operators of each kind (SD,DDI,keep 6 least noisiest operators of each kind (SD,DDI,……) ) 

which yield acceptable matrix condition numberwhich yield acceptable matrix condition number

from above set, choose 25 operators which still yield from above set, choose 25 operators which still yield 

acceptable matrix condition numberacceptable matrix condition number

try to keep different operator types if condition number try to keep different operator types if condition number 

allowsallows

ˆ (1) (1) / (1) (1)ij ij ii jjC C C C=
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Milestone: principal effective massesMilestone: principal effective masses

G1g nucleons (16x16 matrix) using 200 configurationsG1g nucleons (16x16 matrix) using 200 configurations

world record: 9 levels extracted (even more possible!)world record: 9 levels extracted (even more possible!)

effect of 
time-backward
propagation of
anti-baryons
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G1u Nucleon channelG1u Nucleon channel

can see effect of 
time-backward
propagation of
anti-baryons
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G2g nucleon channelG2g nucleon channel
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G2u nucleon channelG2u nucleon channel
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Hg nucleon channelHg nucleon channel
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HuHu nucleon channelnucleon channel
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Future workFuture work

threethree--quark operator pruning to be completedquark operator pruning to be completed

all all irrepsirreps, all , all isospinisospin channelschannels
different displacement different displacement lengthslengths

include mesons (in progress)include mesons (in progress)

include multiinclude multi--hadronhadron operatorsoperators

stochastic allstochastic all--toto--all propagators with dilution, low all propagators with dilution, low 
eigenvectorseigenvectors
will also facilitate disconnected diagramswill also facilitate disconnected diagrams

goal: operator technology ready to go when unquenched goal: operator technology ready to go when unquenched 

simulations near realisticallysimulations near realistically--light quark masses become light quark masses become 

possiblepossible

LHPC recently was awarded 1/6 of QCDOC to generate LHPC recently was awarded 1/6 of QCDOC to generate 

configurations on large lattices with dynamical quarks such configurations on large lattices with dynamical quarks such 

that that pionpion mass around 300 mass around 300 MeVMeV
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SummarySummary

progress report on ongoing efforts of LHPC to extract progress report on ongoing efforts of LHPC to extract hadronhadron

spectrum with large sets of extended operatorsspectrum with large sets of extended operators

need for correlation matrices of good operatorsneed for correlation matrices of good operators
spin identification must be addressedspin identification must be addressed
multimulti--hadronhadron operators will become importantoperators will become important

exploration of 3exploration of 3--quark baryon operators nearly donequark baryon operators nearly done

study of meson operators beginningstudy of meson operators beginning

major milestone reached: can extract 9 or more states!!major milestone reached: can extract 9 or more states!!

ultimately, MC updating with realistically light quark masses ultimately, MC updating with realistically light quark masses 

neededneeded

very challenging calculationsvery challenging calculations

will keep hammering at it! will keep hammering at it! 
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