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1. Introduction

Motivation
e Understanding of hadron dynamics based on lattice QCD

Strict test of Standard model requires comparison of theory and experi-
ment. But one of main theoretical uncertainties is hadronic effect.

Especially mm scattering case, many works employed effective theory such
as chiral perturbation theory (ChPT) to estimate that effect.

In order to calculate the scattering based on QCD,
non-perturbative method is required.

J
One of possible methods is lattice QCD.



e 'Dynamical’ physical quantity

Most of lattice studies have focused on ’'static’ physical quantities, e.g.
hadron spectrum. 1

non-perturbative test of QCD
It is also important to study 'dynamical’ physical quantities, e.g. scattering
phase shift and decay width, beyond the static physical quantities.

e /] = 2 7 scattering is one of simple hadron scatterings.

Only scattering («rm) state exists in I = 2 system at low energy region.
In I = 0 or 1 system, not only scattering (x7) state but also unstable (o
or p) states exist.

e First step toward decays of hadrons

I =1 Channel p — TT
I = 0 Channel o — T
I = 0,2 Channel K — wrm direct calculation

( Traditional calculation method is K — 0 and K — =« relate to K — nw with ChPT.)
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Present status of I = 2 =« scattering on lattice
Isospin I = 2 S-wave 7w Scattering amplitude

167E 1 -
T(p) = ;T = (e2z5(p) _ 1) . ag = ;i_r% 6(p)/p, E=2\/mZ+p°

scattering length ag and scattering phase shift §(p)
were calculated by many groups with finite volume method.

Liischer, CMP105 153(1986)
NPB354 531(1991)

'92 Sharpe, Gupta and Kilcup '03 BGR Collaboration

'93 Gupta, Patel and Sharpe Kim

Kuramashi et al. '04 CP-PACS Collaboration
'990 JLQCD Collaboration Du, Meng, Miao and Liu
'01 Liu, Zhang, Chen and Ma '05 CP-PACS Collaboration
'02 CP-PACS Collaboration BGR Collaboration

NPLQCD Collaboration
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I = 1 7w scattering phase shift d(p)

O L A
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I = 1 7w scattering phase shift §(p)

P e T M=2a =001 fm
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d(p) was evaluated with
1. Diagonalization of correlation function matrix,

Liischer and Wolff, NPB339 222(1990)
2. Finite volume method,

3/2
tandé(p) = for S-wave (I = 0),
Z00(1; ¢2)
where p? = (27T)2q2 Zoo(1; q2) = ! Z 1
=7 )7 Zoolia)=—7=> 5>
L am ncZ3 ne

In previous works for I = 2 nw scattering, p2 iIs determined from two-pion
energy E = 2+1/m2 + p? through time correlator.

In derivation of method, there is important assumption of size of interac-
tion.

However, we did not confirm assumption is satisfied in previous works.

Our naive question;
Assumption is valid or not in present calculation.



2. Finite volume method

Lischer, CMP105 153(1986)
NPB354 531(1991)

Conditions of finite volume method

1. Finite volume L3 in center of mass system
with periodic boundary condition in spatial directions

2. Two-pion wave function satisfies effective Schrodinger equation

(V2 412) 6() = [dx'Uy(r )6

Up(r,r’) . Fourier transform of modified Bethe-Salpeter kernel
r : relative coordinate of two pions, n(x)n(y) r=x—y
p?° = EZ;/4—-mz=(2r/L)? ¢* q¢*¢Z

my 1S independent of L
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2. Finite volume method

Lischer, CMP105 153(1986)
NPB354 531(1991)

Conditions of finite volume method

1. Finite volume L3 in center of mass system
with periodic boundary condition in spatial directions

2. Two-pion wave function satisfies effective Schrodinger equation

(V2 +5?) 6(r) = V()6 (x)

Vp(r) : effective scattering potential
r : relative coordinate of two pions, n(x)n(y) r=x—y
p? = EZ./4-mz=(2r/L)% ¢* ¢*¢Z

mqy 1S independent of L
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2. Finite volume method

Liischer, CMP105 153(1986)
NPB354 531(1991)

Conditions of finite volume method
1. Finite volume L3 in center of mass system
with periodic boundary condition in spatial directions

2. Two-pion wave function satisfies effective Schrodinger equation

(V2 +12) 6(r) = Vp(r)6(x)

Important assumption

1. Two-pion interaction is small.
— Interaction range R exists.

# 0 (r <R)
Vo(r) { 20 (~e ) (r > R)
2. Vp(r) is not affected by boundary. — R < L/2

Helmholtz equation
(V24+p?)¢(xr) =0inr >R (R<L/2)

12



One-dimension L case with periodic boundary condition

Two-pion wave function satisfies periodic boundary condition.

Free case Interacting case

(V2 4 p2) ¢(r) = Vp(r)e(r)

(V2 +p3) ¢(r) =0

Interaction rar]

—-L/2 0 L/2 -L/2

0]

ge

L/2

L, 6(p) — p? = (27/L)? - ¢°,

p% = (27/L)? - n, n is integer. 5

q< IS not integer.
Vp(r) #0 in r <R

p2 has information of §(p).

13



T hree-dimensional case with periodic boundary condition

In >R (Vp(r) = 0), ¢(r) satisfies the Helmholtz equation

(V2 +p?)e(r) = 0.
1. Solution in » > R (neglecting [ > 4 scattering)
¢(r) = C-G(r;p)

. . 2
_ o Z eirn(2r/L) > _ E
n2 —q2 ’ 1 2T
ncz3

2. Expansion by spherical Bessel j;(pr) and Noeman n;(pr) functions:

¢(r) = Bo(p)no(pr) + Y  VATYjm (0r, or)oy(p)5i(pr)
Im

3. Scattering phase shift §;(p) is defined by

14



From relations 1.—3. Luscher found

finite volume formula for S-wave (I = 0)

3/2
T/ 2q
tand(p) =
Zzoo(l;q2)
27 1 1
h 2= (=) ¢% Zoo(1;¢%) = — —
where p (L)q, 0o(1;4¢%) i R
ncZz3

Field theoretical derivation has already done.
C.-J.D. Lin et al. NPB619 465(2001)
CP-PACS PRD71 094504(2005)
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Motivations of this work

1. Is it possible to calculate wave function?

Two-pion wave function is useful to check validity of assumptions.

2. 7w interaction is small enough in present calculation?

Check assumption of finite volume formula

V2o (r)
o(r)

1. Vp(r) =0 in |r| > R, R : interaction range
2. R is included in finite volume (R < L/2)

= Vp(r) — p2

3. Can we determine physical quantity from wave function?

In derivation, 6(p) is determined by wave function in r > R.

In principle we can obtain §(p) from wave function.

16



Motivations of this work

1. Is it possible to calculate wave function?
Yes.

Two-pion wave function is useful to check validity of assumptions.

2. 7w interaction is small enough in present calculation?

Check assumption of finite volume formula

V2p(r) B 2
—¢(r) —Vp() p

1. Vp(r) =0 in |r| > R, R : interaction range
2. R is included in finite volume (R < L/2)

3. Can we determine physical quantity from wave function?

In derivation, 6(p) is determined by wave function in r > R.

In principle we can obtain §(p) from wave function.
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Motivations of this work

1. Is it possible to calculate wave function?
Yes.
Two-pion wave function is useful to check validity of assumptions.

2. 7w interaction is small enough in present calculation?
Yes, at least in L = 3.9 fm box.
Check assumption of finite volume formula

V2o (r)
o(r)

1. Vp(r) =0 in |r| > R, R : interaction range
2. R is included in finite volume (R < L/2)

= Vp(r) — p2

3. Can we determine physical quantity from wave function?

In derivation, 6(p) is determined by wave function in r > R.
In principle we can obtain §(p) from wave function.
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Motivations of this work

1. Is it possible to calculate wave function?
Yes.
Two-pion wave function is useful to check validity of assumptions.

2. 7w interaction is small enough in present calculation?
Yes, at least in L = 3.9 fm box.
Check assumption of finite volume formula

V2o (r)
o(r)

1. Vp(r) =0 in |r| > R, R : interaction range
2. R is included in finite volume (R < L/2)

= Vp(r) — p2

3. Can we determine physical quantity from wave function?
Yes, if assumptions are satisfied.
In derivation, 6(p) is determined by wave function in r > R.
In principle we can obtain §(p) from wave function.
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4. Definition of wave function
C.-J.D. Lin et al. NPB619 465(2001)

J. Balog et al. NPB618[FS] 315(2001)
Definition of wave function ¢(r)

o) =3 S (0l RIx] + X)m(X) | p),
R X

Y projection to zero total momentum

X

Y projection to AT sector ~ S-wave up to | > 4
R

|7wm; p) 1 two-pion state with Eqp = 2\/m72T _|_p2
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4. Definition of wave function
C.-J.D. Lin et al. NPB619 465(2001)

J. Balog et al. NPB618[FS] 315(2001)
Definition of wave function ¢(r)

o) =3 3 (0r(RIr] 4 X)m(X)|rri p),
R X

Calculation of wave function

Grr(r,t) = > Y (Olr(R[r] + X, t)w(X, ) (W (t0)W (to + 1))7|0)
R X

— C-o(r) - G_Emrt, t>1t0+1, Erg= 2\/77’1,721. +p2
Wall source : W(t) = Zw(x, t)

X
Grr(t) = ZGm(r,t) is usual wall-point two-pion four-point function.

r

Grr(r,t)

qb(r) — up to normalization

Grr(rg,t)

21



Parameters

e Only ground state (p? ~ 0) ~ only scattering length ag

e Iwasaki gauge action g = 2.334
Clover quark action with tad-pole improved cgyy = 1.398
a~1 =1.207[GeV], a = 0.1632[fm]

e gquenched approximation

o [3xT =243(203,163) x 80 L = 3.92(3.26,2.61) fm
e Source position tg = 12

e m; = 0.52,0.58,0.66,0.76,0.85[GeV]

e 7 of Conf. = 506

22



5. Results

,t) = (0,52) slice

Wave function ¢(r) at (z

0.52 GeV

normalized at rg ~ 9 with my
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5. Results

Wave function ¢(r) at (z,t) = (0,52) slice
normalized at rg ~ 9 with m; = 0.52 GeV

0.85 |

8 en/elr) 1~

l‘.’

07 | /" m_=0.52[GeV]

A ¢

J t=52

5 d// :

e T

Signal is very clean.

o(r) increases as r increases, which is consistent with repulsive interaction
of I = 2 nw channel.
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at (z,t) = (0,52) slice

0.52 GeV

with mx

Repulsive, localized effective potential is seen.

We do not focus on form or structure of effective potential.

(V24(r))/¢(r) in large r region seems to be flat.

25



. . 2 V2¢(I’) .
Effective potential V,(r) —p* = W at t = 52 with m; = 0.52 GeV
r
or—.T 7
[ 0002 ——7T——7T 7T
06 ¢ \

o5 | \
|| 0

04f | __Wﬁ__.f
' -0.002 - | ! 11

0.3 5 ¢

02

01 F Y 4 8 12 16 20 24]

Flat region starts from smaller than L/2 = 12.

Interaction range R < L/2. — Assumption is satisfied.

Value in flat region is consistent with —p? obtained from Exx = 2v/m2 + p=2.
R does not have direct relation to effective range rg

pcot§(p) = 1/a + rop?/2 + O(p*)
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Time dependence of (v2¢(r))/¢(r) with m; = 0.52 GeV
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m, dependence of effective potential Vj(r) — p? and Vp(r)/p2 at t = 52
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1 Interaction
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IxI

Vp(r) — p? at all my in
large r are flat and agree
with p2 from time corre-
lator.

Vi, (r)/p? agrees with zero
at r < L/2 = 12.

Assumptions are satisfied
in all my region.

range R

increases.
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Physical quantities from ¢(r)
Two parameters fit C, ¢2 of wave function ¢(r) inr>R ( R~ 9)

Solution of Helmholtz equation on L3

1.05

1.04

1.03

1.02

1.01

0.99

0.98

- @(r)/¢g(r,) r,~9

4'. < fit result
$
&
8 12 16 20

eirn(2mr/L)

n2 — g2
We can fit ¢(r) in » > R very well.

O(100) data is fitted by two pa-
rameters.

p? = (27/L)?-¢? is extracted from

P(r).
— We can obtain §(p) from p?
through finite volume formula.
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Comparisons of ag/mx
1. p? from Grr(t) =), Grr(r,t) = A e brrt B — 2\/m72T + p?
2. p2 from two parameter fit of ¢(r) at t = 52

3. p? from Vp(r) — p? at t = 52 with constant fit in r > R
obtain ag using finite volume method

-1.2 r

-1.4 r

-1.6 |

-1.8

a,/m_[1 /GeV’]

o
-

® time correlator
m @(r) at t=52
* V(r)—p2 at t=52

-
.

04, 05 06 07 08 09
m_[GeV']

| Consistency is very well.

1 Errors of ¢(r) and V,(r) — p? are
| smaller than Grx(t) in L = 24,

disadvantage of Grx(t)
e large # of ¢(r) inr > R

advantage of ¢(r) and Vp(r) —p2
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Comparisons of ag/mx
1. p? from Grr(t) =), Grr(r,t) = A e brrt B — 2\/m72T + p?
2. p2 from two parameter fit of ¢(r) at t = 52

3. p? from Vp(r) — p? at t = 52 with constant fit in r > R
obtain ag using finite volume method

-1.2 r

-1.4 r

-1.6 |

-1.8

% ® time correlator
/

/7 m @(r) at t=52
4 * V(r)—p2 at t=52
/ —— poly.
7 —— log
/7

01 02 03 04,05 06 07 08
m_[GeV']

i Fit with Vp(r) — p?

_- Fitting forms

o A1 + Bymz 4+ C1my
o Ay/(1+4 Bomzlog(mz/C2))

| Both fits are reasonable.

| ag/mx [1/GeV?] at chiral limit

~—2.117(83) (A7)
—2.39(16) (A5)
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Smaller volume L = 20 (3.27 fm) at t = 52

vQ
Vp(r) — p° = qbé(;)
0.000 T % ......................
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-0.002 :
-0.003 -

-0.004 L
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Ixl
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- M WHM hy ]
ool \W**““*M+Nmuuwnw
0.4 M,+

R L
0.4 _.M *

ol Tl e ' iyl fm I

Vy(r)—p? at all m, are flat
and agree with p? from
time correlator in large r.

But Vp(r)/p® seems to
disagree with zero at r <
L/2 =10 at heavier m.

Because interaction

range R seems to in-
crease as mg INncreases.
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Volume dependence of ag/mx

a,/m_(1/GeV?)

0.8 | , | | .
_ . B |
S fomT - Vp(r)_/p #0atr=1L/2in

A0f e o o e fromy . heavier ms. .

_ 5 § (# " from¢ | ¢(r) and Vp(’r) — p< analyses

S ; AL { are not applied.

R 5 :
I N #) ______ M' | However,

AT # #f* wl 1 significant volume depen-
i +++ A " ] dence of ag/ms obtained

16 | M # 4 from Grr(t) (T') is not seen
_ | in L = 16,20,24 (2.61,

1.8 i | | | | | 1 3.26, 3.92 fm)

16 20 24
L

Effects of deformation of two-pion interaction due to finite size effects is
smaller than statistical error in L > 2.6 fm.
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6. Conclusions

e \We have investigated validity of finite volume formula.
Assumptions are satisfied in L = 3.92 fm.
R increases as my increases.
Effects of deformation of two-pion interaction is smaller than statistical
error in L > 2.6 fm.

e Physical quantity can be extracted from two-pion wave function
o solution of Helmholtz equation
o flat region of effective potential
Consistency between two methods and traditional method is very well.
Statistical error of two methods are smaller than traditional method at
larger volume.
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Future works
e Higher energy state
Scattering phase shift from two-pion wave function

e Non-zero total momentum system
Similar wave function discussion has been done
iIN Rummukainen and Gottlieb NPB450, 397(1995).

e Other scattering system
wave function of 180 NN scattering system, Ishii et al. at Lattice2006

e Decay system
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Al =3/2K — 7w decay
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Calculation of Re(g’/e) with reduction method
(K—-0,K—m) - (K — 7m)
'03 CP-PACS, RBC Collaboration

Re e\ _ [ (-7.7+£20) x 107* (CP-PACS)
e) | (=4.0+2.3) x107% (RBQ)

Sign is opposite to experiment. (Re(e'/e) = 16.6 +1.6)

Main systematic errors

e Reduction method

e Leading order Chiral perturbation theory(ChPT)
e Quenched approximation

e Finite lattice spacing

Reduction method may cause large systematic error, because final state
interaction effect is expected to play an important role in the decay process.

To get rid of the systematic errors,
it is important to calculate with direct method.
(without reduction method and ChPT)

37



Problems of direct calculation

1. K — n(p)m(—p) with p = 206 MeV
We cannot directly treat K — w(p)w(—p) by traditional analysis method,
because |7 (0)x7(0)) is ground state. ‘90 Maiani and Testa
solutions: Diagonalization ('02 Ishizuka), H-Parity boundary condition ('04 Kim)

Non-zero total momentum (Lab) system ('05 Boucaud et al.)
lw(P)m(0)) is ground state, which relates to |n(p)7w(—p)) with p % 0 in
center-of-mass(CM) system.

2. Calculation on finite volume (2-3 fm)
Finite volume effect of two-particle state is large, we need LL formula
to connect decay amplitude in infinite volume to finite volume.
ASM| = F(EWW,5)|M‘(/:M| (‘01 Lellouch and Liischer)
However, LL formula is in CM system.

Extension of LL formula to Lab system '05 Kim et al. and Christ et al.
ASM| = F(Err, 8,7) | My2°)

To apply two methods to Al =3/2 K — wrw decay

38



I = 2 7w Scattering phase shift

0 ——————

\ 1 85
AN d(deg.) 1 To obtain 5 we employ
BN I p
ol 1 global fitting for m2 and p=.
: CM \\\\\ |
ot _ \\\ 1 tans(p)E
e N\a 2 = homs Aoy
m,=0.04 T | P 2 2 2
a5t Am =0.05 N +Apg1p” + A11mzp
| —— ChPT+exp. Lab ™3
0 0.02 0 04p2[GeV2] 0.06 0.08 0.1
Alo[GeV_Q] Ago[Ge\/—4] A01[Gev—2] All[GeV_4] X2/d.0.f.
-1.813(99) | 1.26(21) -2.8(1.0) 3.2(2.2) 0.98

06 /0p is extracted from fit result.(Solid lines)
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Preliminary result of ReA>[GeV]

1.6e-07

experiment

' @ CM p~0.08GeV
[ @ Lab p~0.26GeV
12207 T @ p=0.206 GeV

8e-08 F

4e-08 F

ReA,[GeV]
Preliminary

0 0.1

0.2 0.3

mnz [GeVZ]

0.4

Non-perturbative renormaliza-
tion at u = 1.44[GeV]

'04 Kim for RBC
Physical point m2 = 4(m2 + p?)

maqa — (). ].Zl() :<:5€3\V/:
mi = 0.498[GeV]
p = 0.206[GeV]

To extract ReA, at physical
point, we employ global fitting
of ReA, for m2 and p=.

(p? = m%/4 — m2)

Fitting form clom% + 001p2 + Cllm%pz

Calculation with non-zero total momentum is possible.
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Preliminary result of ReA,>[GeV] (cont'd)

3e-08

E()RB'C K—>n'(u=1.5'1GeV)' ' ' ' | Physical point m% = 4(m2 + p?)
[ ACP-PACS K->t (1i=1.3GeV) | _ - -
2.5¢-08 ;VJLQCD K> (1=2GeV) myr = 0.140[{GeV
- Jcexperiment , myg = O.498:G€V:
2e-08 | .
' ‘{7 ] p = 0.206[GeV]
Rl 4’ To extract ReA, at physical
ol ¢ ] point, we employ global fitting
: # this work | of ReA; for m2 and p?.
5e-09 | - 2 2 2
| . — 4 —
| ReA,[GeV] Prehmmary : (p? = mic/4 —mx)
. L2

Flttmg form Clom + Co1p? + C11m2p?

ReAQ experiment | this work | CP-PACS RBC JLQCD
[x1078GeV] 1.50 1.59(40) 1.53(19) 1.151(52) 1.64(22)

Error is large, but result is consistent with experiment.
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