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the spectrum of OCD




real OCD

real OCD has very few stable particles : T, K7 N, 27 A, E, ()

‘states’ like p, A ... are resonances

asymptotic states of the theory include multi-pion states

e.g. in the CM frame /dﬁ Y[rfn (ﬁ) ‘W(ﬁ)ﬂ(_ﬁ)>

with } ﬁ ‘ varying continuously up from zero

e.g. T scattering in isospin-1

JLab Advanced Study Institute
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real OCD

real OCD has very few stable particles : T, K7 N, Z, A, E, ()

‘states’ like p, A ... are resonances

asymptotic states of the theory include multi-pion states
.g. in the CM f SR ~ —_n
e.g. in the rame dp YL (p) ‘ﬂ-(p)ﬂ-( p)>

with } ﬁ ‘ varying continuously up from zero

r*p—xtpal

e.g. T scattering in isospin-1 70 |— 2085 events —

Tt Tt

o 10

for small t

200 400 600 800 1000 1200 1400
TUTC Invariant mass (MeV)
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real OCD

real OCD has very few stable particles : T, K7 N, 27 A, E, ()

‘states’ like p, A ... are resonances
asymptotic states of the theory include multi-pion states

e.g. in the CM frame /dﬁ Y[rfn (ﬁ) ‘W(ﬁ)ﬂ(_ﬁ)>

with } ﬁ ‘ varying continuously up from zero

within the field-theory we have correlators 5
pv (E)

e.g. the (Euclidean) vector correlator A

Co(t) = [dE " py (B)

2Mm.
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real OCD

-

\_

m/MeV

a lattice calc.

3000

2500

2000

1500

1000

2Mm.
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field theoryin a

consider the case of one space dimension with a boundary condition

wp (33' ) — Bip T free particle

% (CI? -+ L) periodic boundary condition

<=

S

2
|

2T

eipLzl — — — n
P=7

JLab Advanced Study Institute 77



two-particle states in a finite volume

in a three-dimensional cubic box 27T

ﬁ: f [nxanyanz}

7[000] [000]

[100]7[-100]
4 / V4 /[110]7r[-1-10]

non-interacting
spectral function

E(L)

A
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two-particle states in a finite volume

but hadrons do interact, and sometimes strongly

W — p —> T
TN - A =N

e.g.

what is the impact of these interactions on the finite-volume spectrum ?

JLab Advanced Study Institute
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two-particle states in a finite volume

e.g. non-rel quantum mechanics in one-dimension

two spinless bosons separated by I scattering solutions of
interacting through a potential V(CIZ‘) _iﬂ +V(2)y = Ey
m dx? N
in center-of-momentum frame E = k_Q >0
m

b(x — 00) = N cos [k|z| + 5(k))

finite length world —L/2 << L/2 with periodic b.c.

wavefunction and derivative continuous at boundary

—ktan [ 4 §(k)| = ktan |52 + 6(k)]
tan [2E +6(k)] = 0

2
kL 4+ 20(k) =0 mod 27
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two-particle states in a finite volume

e.g. quantum mechanics in one-dimension

kL +20(k) =0 mod 27

discrete & volume-dependent spectrum of scattering states

- k:2i<n 5(k)>

m L L

shift due to
interaction

k

A

e.g. a weak attraction
o=l k\

e 3
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two-particle states in a finite volume

the analogous expression for two-particle elastic scattering
in a finite cubic volume has been derived by Liischer

somewhat complicated by the lack of full rotational symmetry (a cube)

for our purposes, we’ll pretend that it’s as simple as
0¢(E) = fo(E, L)

known function of
energy and box length

so we ‘measure’ [, on one or more volumes

and plug into the formula to determine () at discrete energies

JLab Advanced Study Institute
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T 1sospin-2 scattering
e.g.

mt "

empirically: weak & repulsive scattering
N Tt
005 01 015 02 025 03 035 04 Pem/GeV’

10}

sl LR }

-20

dp / °

T

-25

I
——
Lo
———
—
——
——
b
—

T

-30

-35

T

r

-40
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T isospin-Z scattering - field theory calculation

C(t) = (0|0, ()OI, () - O+ (0)O,+ (0)]0)

no quark-annihilation C[ D d
in these correlators C[ D
d
t 0

t
7T[000]7'[000]
variational in a basis “mtrt” of various 7T:1()O: 7-‘-:'100]
of operators : relative momenta 7.‘_:110: 7.‘.:_1_10]
eg. P = 000]  7[111]7[-1-1-1]

=g

=g
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Hadron Spectrum Collaboration

T isospin-2 scattering ArXiv-1203.6041
7T1000] 7T [000]
variational in a basis “mmr” of various 71100] 7[-100]
of operators : relative momenta
7T1110]77[-1-10]
eg. P =[000]  7[111]7}-1-1-1]

04f : P = [000]|Af
o
0.35 =
—~ ) 2
extracted energies S sl o . = [-2,0,0],[2,0,0]
shifted upward slightly I .
from non-interacting ng 005 > T
pion pairs ° -1,-1,0], 1,1, 0]
0.2} -1,0,0],[1,0,0]
0150 5 o o 0,0,0],[0,0,0]
1I6 1I8 2IO 2I2 2I4 2I6 L/CLS El ]%’2

JLab Advanced Study Institute 85



T 1sospin-2 scattering

S-wave scattering phase-shift

0.002 0.004 0.006 0.008 0.01 0.012 0.014 (atp )2
I I I I l ! cm

MEE

20 SR |

do / °

H

H—==H
—H—DH

-30 |
-40 | A L/CLS = 24 ;Z (1)88
0 L/a, = 20 E - 110
oLlag=16|_ =
-50 L \ y mn~400 MeV
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T 1sospin-2 scattering

S-wave scattering phase-shift

0

-10

0.002 0.004

0.006 0.008

04} . P = [000] A}
0.35} i
:Z -2,0,0],[2,0,0]
= [-1,-1,-1],[1,1,1]
-1,-1,0],[1,1,0]
[-1,0,0], 1, 0,0]

[0,0,0], [0,0,0]

26 L/as E17E2

-20 foH E
O
\ _
-
e
-30
-40 A L/CLS = 24 ;Z (1)88
0 L/a, = 20 E - 110
oLlag=16|_
5oL L mn~400 MeV
JLab Advanced Study Institute 87



T 1sospin-2 scattering

S-wave scattering phase-shift

(=

04| . P = [000] A}
0 0.002 0.004 0.006 0.008 o
! ! ! ! :ﬁ 2,0, 0], 2,0, 0]
E & [-1,-1,-1],[1,1,1]
N [-1,-1,0],[1,1,0]
E [-1,0,0],[1,0,0]
-10
[0,0,0],[0,0,0]
E % Lia. . F
E 5 J
-20 E A E % /
tcH
°_ I . E
o + T
Lo 1
-30
-40 A L/CLS = 24 ;Z (1)88
0 L/a, = 20 E - 110
oLlag=16|_ =
sl L ) my~400 MeV
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T 1sospin-2 scattering

S-wave scattering phase-shift

(=

04| P = [000] A}
0 0.002 0.004 0.006 0.008 | " .
! ! ! ! = sl :i 2,001, [2,0, 0]
LTE dm = [-1,-1,-1],[1,1,1]
T S 0251 [-1,-1,0],[1,1,0]
02r [-1,0,0],[1,0,0]
-10 1 
\9’1‘5"@ 0,0, 0], 0,0, 0]
E 16 18 20 22 24 2 Ljas i\ Ty
E \_ J
20 L7 E
tcH
° S i
- -+ T
Lo 1
-30
40 s L/a, = 24 ]]; = (1)88
0 L/a, = 20 E - 110
oLlag=16|_ =
ol | my~400 MeV
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T 1sospin-2 scattering

S-wave scattering phase-shift

0

MEE

20 SR |

0.002 0.004 0.006 0.008 0.01 0.012 0.014 (atp )2
I I I I l ! cm

do / °

H

H—==H
—H—DH

-30 |
-40 | A L/CLS = 24 ;Z (1)88
0 L/a, = 20 E - 110
oLlag=16|_ =
-50 L \ y mn~400 MeV
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T 1sospin-2 scattering

D-wave scattering phase-shift

0.002 0.004 0.006 0.008 0.01 0.012  0.014 2
) : ! : | | I I (CLt pcm)
O x = = :l: T:_;::
i T
O T
S 5t
Lo
10
a Ljas =24 | P =[000]
0 L/as =20 | P = [100]
o L/as =16 | P = [110]
155 L / my~400 MeV
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T 1sospin-2 scattering

summary (with effective range fits) k%_l_l cot 55 — aig —|—__% Tgkz + ...

0 0.002  0.004 0006 _ 0.0 001 0.01F] 0014 (s Pem)”
E T — -1—‘- _________ - ____---I ~~~~~~ - T T
% = ‘~~_. ______ ~~€ —
} -

10} ,}
] -20 E : vy E :
<~ : E I
~ } ! : E =0

-30 | '

40 |

50 L myx~400 MeV
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T 1sospin-2 scattering

lattice OCD : my~400 MeV | experimental compendium
0.05 01 015 0.2 025 03 035 04 pgm/GeV2

2
0.002  0.004 0006 _ 0008 001  0.01F] 0.014 (atPpem)

oL S e - —— ~ e, ‘K="=% _ R
! % i N X
- E % ~ k}ﬁ § s H\}LLU
5 | | EJE <o =] H} Sl |
N i
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T 1sospin-1 scattering

more interesting scattering channels are those featuring resonances

e.g. the p in

01(E) |

100 -

50

JLab Advanced Study Institute



T 1sospin-1 scattering

more interesting scattering channels are those featuring resonances

150 -

100 |-

50

SiIl2 51

1 L L L L L L L L L L L L | L
400 600 800 1000 1200

0.8 -
0.6 -
04 r

02

‘ ; . ! ! ! ! ! ! ! ! ! ! | !
400 600 800 1000 1200
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T 1sospin-1 scattering

. . my=139 MeV
expected finite-volume spectrum given a p resonance m,=770 MeV

rp= 150 MeV

1000 + + N + + + + +
+ + + + +
+ + + + + +
+ + + + ++ ++
+
+ + + t + +
+ u + + +, oy
— + + +
900 * + + + + + .,
+ + + + ty +
+ - - + + +
+ + + + + +
+ -+ + -+
+ + + + ++
+ + + + +
800 . " g ,, ¥ ;
+ + + + + +
+ + + + +
+ 4 + + + T4
+ + + * 4 +
+ + + +
+ + + + +
+ 4 + 4 + + 4 + 4
+ + + +
+ + + +

700 ty ty 4 T

600 - ty

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

++++
500 - e, ( )
T+

400 -

300

2.0 3.0 4.0 5.0 6.0 7.0 L / fm
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T 1sospin-1 scattering

a strongly volume-dependent spectrum

1000
900
800 1
700

600

500

400

300

300 400 500 600 700 800 900 1000
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T 1sospin-1 scattering

. . my=139 MeV
expected finite-volume spectrum given a p resonance m,=770 MeV

rp= 150 MeV

1000 + + N + + + + +
+ + + + +
+ + + + + +
+ + + + ++ ++
+
+ + + t + +
+ u + + +, oy
— + + +
900 * + + + + + .,
+ + + + ty +
+ - - + + +
+ + + + + +
+ -+ + -+
+ + + + ++
+ + + + +
800 . " g ,, ¥ ;
+ + + + + +
+ + + + +
+ 4 + + + 4+
+ + + * 4 +
+ + + +
+ + + + +
+ 4 + 4 + + 4 + 4
+ + + +
+ + + +

700 ty ty 4 T

600 - ty

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
=+
-+

500

400 -

300

2.0 3.0 4.0 5.0 6.0 7.0 L / fm
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T 1sospin-1 scattering

expected finite-volume spectrum given a p resonance

level .
° +
repulsion ty

E / MeV

L /fm
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T 1sospin-1 scattering

expected finite-volume spectrum given a p resonance

mpr=139 MeV
m,=770 MeV
,=150 MeV

1000 B + + + + + +
+ + + + + +
+ + + + ++ ++
+ t + + *+, t
[ + + +
900 * A+ + A+ + +
+ + + + + +
+ + + + + +
- + + + +
+ + + +
+ + + T
t = T4 ty
. r 9r +
800 . | + T e & S
+ + + + 4
+ + + +
+ + + + +
+ o ar + +
++ ++ ++ ++
> 700 [~ + ++ ++ ++
+ + +
T4 + +
O N ¥
+ + 4 + 4
+ + TF
+ T4 +
+ + + 4
+ + 4 + 4
\ 600 [~ +++ +++
+ Ty
+ 5 + 5
+ +
+ T+
+ + 5
Tty =8
500 — ++++
+
++++
+++
++++
++
++++
400 -
300_ \\\‘\\\‘\\\
| | | | | |
2.0 3.0 4.0 5.0 6.0 7.0 Z/fm
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T 1sospin-1 scattering

expected finite-volume spectrum given a p resonance

mpr=139 MeV
m,=770 MeV
rp=150 MeV

1000 + N + + + + +
+ + + + +
+ + + + + +
+ * + + * T Ty
+ + + t + +
+ t + + +, t
n + + +
900 * + + + + +
+ + + + ty +
+ + + + + +
- + + + +
+ + + +
+ + + + .,
+ + + +
800 + gy ty Ty +
i + + 4 + 4 T + 4
+ + + + 4 + 4
+ + + + +
+ ++ ++ ++ +
Tyl + + + 4 +
+ + *t + 4 + 4
+
+++ + 5 + 4 +++ +
:> 700 - * Ty Ty N
T, Yy, + 4
<) . +
+ + +
+ +
:g e + t
+ * T+
+ + 4 + 4
\ 600 [~ +++ +++
+ Ty
+ T+
ty + .
hﬂ + T+
+ +
+ 4 T+
+
500 — +++
T 1 1 d d
+| strongly volume dependent
spectrum
400
300
| | | | | |
2.0 3.0 4.0 5.0 6.0 7.0 Z/fm
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the spectrum using ‘local’ operators - T17~

m~400 MeV
no systematic volume dependence observed in the spectrum

04 O ® o

(|
03F e 8 -
02F
0.1F
ol L=16 L=20 [=24
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the spectrum using ‘local’ operators - T17~

mx~400 MeV

0.4 o e -

. . :

02

0.1 - - ) —
[=16 =20 [=24

0.0~
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the spectrum using ‘local’ operators - T17~

mx~400 MeV

V4 - . ) a ~ = i
o o
(=] P O
| e— |
= =] S
)3 - e _
O
= -
| e
)2 - a
2m g
J).1 - i
no sign of any
multi-meson
[=16 =20 [=24 physics ?

0 - -
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the spectrum using ‘local’ operators

we suspect that this effect can be understood

= hypothesise that energy eigenstates are superpositions of

* a ((Q state, call it ‘p>

* “non-interacting”

TTT > basis states

= hypothesise that local qq operators have a suppressed overlap onto |7T7T>

by at least a factor of 1/ L3
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T 1sospin-1 scattering

expected finite-volume spectrum given a p resonance

level .
° +
repulsion ‘e

E / MeV

a simple two-state mixing model:

El> —=cosf|p)+sinb

E2>:—sin9 + cos

L /fm
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the spectrum using ‘local’ operators

El> — cosf p)+sinf

a simple two-state mixing model:

EZ>:—sin9 + cos 6

if we only use operators which overlap well with and not with

then a variational solution won’t be able to find the orthogonal combinations

the principal correlator will behave like

<p{€_Ht‘p> — cos® Qe Pt 4 sin? e 2t

0172 0.172

0.170+ EZ 0.170
f 6 =70° 7
S 7 9 — 450 \
0.166 - 9 — 90° 0.166 - -
0.164 - E_‘L 0.164
o‘“‘10‘“‘20””30””40”‘{; o 10 200 30
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T isospin-1 scattering - lattice calculation

do it properly !

operator basis:
~ usual big set of derivative-based fermion bilinears

= TITi-like operators of definite relative momentum

need quark annihilation diagrams

e.g.
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[100] Al - with & without tTr operators

just ‘local’ vector operators

CLtE

0.19 + .

0.18 | s i

0.1688(6)

é T |+
_ 5 3
0.17 Hﬁﬂﬁ—H THM_

0.16 + 1 |

0.15 | o

014 | | | | |
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[100] Al - with & without tTr operators

just ‘local’ vector operators

CLtE
0.19 i
0.18 i
0.17 S S lTTlllI y 0.1688(6
_Tft*Tfﬁ%%_fI[*lTTllll; (6)
0.16 . [
0.170 EZ
0-15 a:: 9:700
SQJ0.168 9:450
0.166I 9:200
0.14 | | | |
) 10 15 2( ‘“T £
0 o ‘1‘0‘ o ‘2‘0‘ ‘3‘0‘ ‘4‘0‘ ‘t
Lattice 2012 - spectroscopy overview \- 0




T isospin-1 scattering - a lattice calculation

m;=396 MeV
180 J_;;;O_' — O -
160 m,=854(2) MeV
[,=8.5(5) MeV
140 B + 7
120 B .QQ T1mm —{1— |
ot <H D4A1m —o0—
O S ~y] D4E2m —2—i
~_ 100 3> D2A1m —o0— 7]
N || D2B1m +——=—
— < D2B2m +———
“> g0}t 22 £ ~) DSAIm i
& D3E2m
%szs‘l’ D4A1m +—o—
B &y _
) © D4A1m —o—
“Z”§ — D4E2m +—a—
40 D2A1Tm —o0—
|| Bzg1m —A—|
2B2m +——
20 + ‘q D3A1m —O0— |
D3E2m —=2—
O | | | | |
0.14 0.15 0.16 0.17 0.18 0.19 aE
cm
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T isospin-1 scattering - a lattice calculation

m;=396 MeV

180 [
barrier factors required
160 - to get this region right
140 | -
S ET(E)
=
. tan 01 (F£) = _
120 § an o1 (E) me —
® )
\ 100 B ; F<E) _ 92 kS [1_|_(kRR)2] —
— o 6r mrE | 1+ (kR)?
< 80+ 5 -
=
(go]
60 m,=854(2) MeV il
[0=8.5(5) MeV
ol »=8.5(5) _
R=1.25(15) fm
k3 behaviour ]
required here
O | | | | | |
0.14 0.15 0.16 0.17 0.18 0.19 aEcm
112
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the spectrum using ‘local’ operators - T17~

mx~400 MeV

04F C O -

. . -
02}

0.1F — _
ool L=16 L=20 L=24
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T isospin-1 scattering - pion mass dependence

European Twisted Mass Collaboration

PRD83 (2011) 094505
= two-flavour calculation (no strange quarks)

- four different quark masses

= setting the lattice scale ?

= computed in relatively few frames

(f; 180

160 | —

140 |

m=480 MeV
mp=1118(14) MeV
80 | rp:40(8) MeV

60 -

120 |

40 |

20 |

E /MeV

1 1 1 1 1 1
1000 1100 1200 1300 1400 1500 1600 1700
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T isospin-1 scattering - pion mass dependence
(f; 180 - 180

—a— [
160 F ——— 1 160 F \
140 140
120 F 120 F

m;=480 MeV my=420 MeV

80 80 F

n my=1118(14) MeV | mp=1047(15) MeV
40 rp:40(8) MeV 20k rp:55(1 ]_) Mev
°l E/MeV |

1 m;=330 MeV 1 m;=290 MeV

140:mp=1033(31)1\/lev /xﬁ 140: m»=980(31) MeV |
ot Tp=123(43)MeV L =f  [p=156(41) MeV -

100 | 100 F
80 | 80 |
60 [ 60 [
40 | 40
20 | 20 |
0 ' ' . . . . . ' . ) 0 ' . ' . ' . . . )
750 800 850 900 950 1000 1050 1100 1150 1200 1250 650 700 750 800 850 900 950 1000 1050 1100
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forthcoming resonance calculations

computationally challenging:

« pion-nucleon elastic scattering (A resonance)

X

-

s

= lots of quark lines
= ]ots of matrix multiplication

... computer time
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forthcoming resonance calculations

computationally challenging:

« pion-nucleon elastic scattering (A resonance)

requires untested formalism:

= meson-meson inelastic scattering (e.g ao in Tn-KK )

e.g. 2-channel
inelastic scattering

finite-volume formalism

Eu(L) = £ (6:(E).62(E). n(E); L)

‘measured’

47

47 ne

2'i51 1

k1 21

JI—n2ei(51452)

(&

dr  A/1—n2e’P1102) 7]

L\ k‘lkz

2

VEkiko

A n€2i52 1

2

ko

21
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forthcoming resonance calculations

computationally challenging:

« pion-nucleon elastic scattering (A resonance)

requires untested formalism:

« meson-meson inelastic scattering (e.g ao in nr]—KI_( )

~ three-meson decays, e.g. w,ai,az...— TN

all the complications of building unitary, analytic
scattering amplitudes present for experiment !
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