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Schedule (tentative)

Lecture 1: Introduction to chiral perturbation theory

• chiral symmetry

• construction of effective Lagrangian

• power counting

Lecture 2: The pion vector form factor

• dispersion relations, calculation of discontinuities. . .

• Omnès solution

• application(s)

Lecture 3: Dispersion relations for 3-body decays

• quark-mass ratios and η → 3π

• construction of a solution based on Omnès functions

Chiral perturbation theory and dispersion relations – p. 2



“Strong” and “weak” QCD

QCD
O(α  )

245 MeV

181 MeV

Λ
MS
(5) α  (Μ  )s Z

0.1210

0.1156

0.1

0.2

0.3

0.4

0.5

αs(Q)

1 10 100
Q [GeV]

Heavy Quarkonia
Hadron Collisions
e+e- Annihilation
Deep Inelastic Scattering

N
L

O

N
N

L
O

Theory
Data L

at
tic

e

211 MeV 0.1183
s
4 {

• anti-screening:
strong coupling becomes
weak at high energies!

• asymptotic freedom at
high energies ("weak QCD")

• confinement at low energies
("strong QCD"):

no quarks + gluons, only
(colour-neutral) hadrons

baryons (rgb) + mesons (rr̄)

• perturbation theory in αs at low energies: impossible!
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QCD: the spectrum of hadrons
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−→ what does this spectrum have to do
with the theory of quarks and gluons?
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Illustration: spontaneous symmetry breaking

figures courtesy of A. Wirzba
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Weinberg’s power counting argument

ν =
∑

d

Vd(d− 2) + 2L+ 2

• example: ππ scattering

ν = 2

only lowest-order tree graphs: Vd>2 = 0, L = 0
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Weinberg’s power counting argument

ν =
∑

d

Vd(d− 2) + 2L+ 2

• example: ππ scattering

ν = 4

one-loop graphs with L(2): Vd>2 = 0, L = 1

or one insertion from L(4): V4 = 1, Vd>4 = 0, L = 0
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Weinberg’s power counting argument

ν =
∑

d

Vd(d− 2) + 2L+ 2

• example: ππ scattering

ν = 6

two-loop graphs with L(2): Vd>2 = 0, L = 2

or one-loop with one vertex from L(4): V4 = 1, Vd>4 = 0, L = 1

or two insertions from L(4): V4 = 2, Vd>4 = 0, L = 0

or one insertion from L(6): V4 = 0, V6 = 1, Vd>6 = 0, L = 0
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The Lagrangian L
(4) in SU(2)

L(4) =
ℓ1

4
〈DµU

†DµU〉2 +
ℓ2

4
〈DµU

†DνU〉〈DµU †DνU〉+
ℓ3

16
〈χ†U + χU †〉2

+
ℓ4

4
〈DµUDµχ† +DµχD

µU †〉+ ℓ5〈FR,µνU
†F

µν
L U〉

+
iℓ6

2
〈Fµν

R DµU
†DνU + F

µν
L DµUDνU

†〉 −
ℓ7

16
〈χ†U − χU †〉2 + LWZW

Symbols:

• DµU = ∂µU − i[vµ, U ]− i{aµ, U} covariant derivative

χ = 2B(s+ ip) , s = M+ . . . (pseudo)scalar sources

F
µν
R = ∂µrν − ∂νrµ − i[rµ, rν ] , F

µν
L = . . . field strength tensors

rµ = vµ + aµ , lµ = vµ − aµ right-/left-handed currents

• Wess–Zumino–Witten term / chiral anomaly LWZW:
⊲ of odd intrinsic parity / odd number of Goldstone bosons

⊲ describes processes such as π0 → γγ , γπ− → π0π− . . .
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The Lagrangian L
(4) in SU(2)

L(4) =
ℓ1

4
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4
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L U〉
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iℓ6

2
〈Fµν

R DµU
†DνU + F

µν
L DµUDνU

†〉 −
ℓ7

16
〈χ†U − χU †〉2 + LWZW

Physics:

• ℓ1,2 = O(∂4): needs 4 pions ⇒ (e.g.) D-wave ππ scattering

• ℓ3 = O(m2
q) , ℓ4 = O(∂2mq): "symmetry breakers", control

mq-dependence of M2
π , Fπ

• ℓ5: requires 2 currents: radiative π decay π+ → ℓ+νℓγ

• ℓ6: t-dependence / radius of π vector (charge) form factor

• ℓ7: isospin-breaking correction ∝ (mu −md)
2 to M2

π0
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The pion vector form factor
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Spectra for η, η
′
→ π
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Combined result on quark mass ratios (1)

Combined information on Q

η → 3π vs. various corrections to Dashen’s theorem:
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Combined result on quark mass ratios (2)

• additional constraints needed to find position on the ellipse:
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From unitarity to integral equations: solution

• integral equations including the inhomogeneities M̂I :

M0(s) = Ω0(s)

{

α0+β0 s+γ0 s
2+

s3

π

∫

∞

4M2
π

ds′

s′3
sin δ0(s

′)M̂0(s
′)

|Ω0(s′)|(s′ − s− iǫ)

}

+ 2 similar for M1,2(s); 4 subtraction constants to be fixed
Khuri, Treiman 1960; Aitchison 1977; Anisovich, Leutwyler 1998

• solve these equations iteratively by a numerical procedure
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Schneider, Kubis; compare Colangelo et al. 2010

• fast convergence: close to final result after 2 iterations
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