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Lecture II-A :

• Dynamical Model for the ∆ (1232) resonance

• Coupled-channel Model for N∗ with MR ≤ 2 GeV



Dynamical model analysis of ∆ (1232)

T. Sato, and T.-S. H. Lee, Phys. Rev. C54,2660 (1996), C63, 055201( 2001)

Start with the interaction Lagrangian with N , π, ∆, ρ

LI(x) = LπNN (x) + LπN∆(x) + LρNN (x) + Lρππ(x)

LπNN (x) = −fπNN

mπ
ψ̄N (x)γ5γµ~τψN (x)∂µ · ~φπ(x)

LπN∆ =
fπN∆

mπ
ψ̄µ

∆(x)~TψN (x) · ∂µ
~φπ(x) + [h.c.]

LρNN (x) = gρNN ψ̄N (x)
~τ

2
· [γµ

~φµ
ρ (x)− κρ

2mN
σµν∂

ν ~φµ
ρ(x)]ψN (x)

Lρππ(x) = gρππ(~φπ × ∂µ
~φπ) · ~φµ

ρ



Interaction mechanisms in HP (physical) and HQ (unphysical)
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By appling the unitary transformation method up to the order of g2
πNN , the

model Hamiltonian for πN scattering is

H = H0 + Γ + Γ† + v

Γ = Γ∆,πN + Γ∆,γN

v = vπN + vπγ

Γ : Excitation of the bare ∆ (quark core )

v : Meson-exchange mechanisms :

ρ
ω

∆



In the center of mass frame ~q = −~p = ~k, the matrix element of vπN is

< ~k′i′|vπN |~ki >

=
∑

α

1

(2π)3
1

√

2Eπ(k′)

√

mN

EN (k′)
[ū

−~k′ [Iα(~k′i′, ~ki)u
−~k]

1
√

2Eπ(k)

√

mN

EN (k)

i, i′ : pion siospin component

Rules for calculating Iα(~k′i′, ~ki) are fixed by the unitary transformation :

1. All particles in the external legs of the Feynman amplitude Iα(~k′i′, ~ki)

are on-mass-shell : p0 = EN (~p), k0 = Eπ(~p)

2. Use averaged propagators to evaluate Iα(~k′i′, ~ki)



IND
(~k′i′, ~ki) = (

fπNN

mπ
)2τi′γ

5 6k′ 1
2
[SN (p+ k) + SN (p′ + k′)]τiγ

5 6k

INE
(~k′i′, ~ki) = (

fπNN

mπ
)2τiγ

5 6k 1

2
[SN (p− k′) + SN (p′ − k)]τi′γ5 6k′,

Iρ(~k
′i′, ~ki) =

igρNNgρππ

4

{

[γµ −
κρ

2mN
iσµν(p− p′)ν ]Dµλ

ρ (p− p′)(k + k′)λ]

+[(p− p′)↔ (k′ − k)]
}

ǫii′kτk

I∆D
(~k′i′, ~ki) = (

fπN∆

mπ
)2T †

i′k
′
µ

1

2
[Sµν

∆ (p+ k) + Sµν
∆ (p′ + k′)

−S(+)µν
∆ (p+ k)− S(+)µν

∆ (p′ + k′)]Tikν

I∆E(~k′i′, ~ki) = (
fπN∆

mπ
)2T †

i kµ
1

2
[Sµν

∆ (p− k′) + Sµν
∆ (p′ − k)]Ti′k

′
ν



The propagators are

SN (p) =
1

6p−mN

Sµν
∆ (p) =

1

3( 6p−m∆)

[

2(−gµν +
pµpν

m2
∆

) +
γµγν − γνγµ

2
− pµγν − pνγµ

m∆

]

Dµν
ρ (p) = −

gµν − pµpν/m2
ρ

p2 −m2
ρ

S
(+)µν
∆ (p) =

m∆

E∆(p)

ωµ
p ω̄

ν
p

p0 −E∆(p)



The matrix element of the vertex interaction Γ∆↔πN is

< ∆|Γ∆↔πN |~ki >= −fπN∆

mπ

i
√

(2π)3
1

√

2Eπ(k)

√

EN (k) +mN

2EN (k)
~S · ~kTi

~S, ~T arwe the N → ∆ transition spin and isospin operators.

Similar procedure is used to obtain the matrix elements of electromagnetic
interactions vπγ and Γ∆,γN .



To obtain a formula for identifing the ∆ resonance apply the projection
operator technique, as described in Feshbach’s textbook

Projection operator method:

• Divide the Hilbert space : 1 = P +Q

P = |πN >< πN |+ |γN >< γN |
Q = |∆ >< ∆|
→
Hamiltonian in the P -space

H = H0 + v + w

v = vπN + vγπ

w = Γ† Q

E −H0
Γ



Derivation of reaction amplitude

Scattering amplitude T (E) in the P-space is defined by

T (E) = (v + w) + (v + w)
1

E −H0
T (E)

= (v + w) + (v + w)
1

E −H0 − v − w
(v + w)

Objective : isolate the amplitude due to the non-∆ interaction v.

Use the relations for any operators A, B, and C (E is a scalar ):

1

E − C −B =
1

E − C +
1

E − CB
1

E − C −B
define A = B +B

1

E − CA = B +A
1

E − CB

→ A = [1−B 1

E − C ]−1B = B[1− 1

E − CB]−1

1

E − C −B =
1

E − C +
1

E − CA
1

E − C



Detailed derivation of scattering equations using projection operator
technique is explained in Appendix I of this lecture



Dynamical scattering equations for ∆(1232) resonance

πN → πN amplitude:

TπN (E) = tπN (E) +
Γ̄∆→πN (E)Γ̄πN→∆(E)

E −m∆ − Σ∆(E)

meson-exchange amplitude : tπN (E) = vπN + vπNGπN (E)tπN (E)

Dressed ∆↔ πN vertex:

Γ̄πN→∆(E) = ΓπN→∆(1 +GπN (E)tπN (E))

Γ̄∆→πN (E) = (1 +GπN (E)tπN (E))Γ∆→πN

∆ self-energy : Σ∆(E) = ΓπN→∆GπN (E)Γ̄∆→πN (E)

πN propagator : GπN (E) =
1

E −EN (k)−Eπ(k) + iǫ



γN → πN amplitude:

Tγπ(E) = tγπ(E) +
Γ̄∆→πN (E)Γ̄γN→∆(E)

E −m∆ − Σ∆(E)

Meson-exchange amplitude :tγπ(E) = vγπ + tπN (E)GπN (E)vγπ

Dressed ∆↔ γN : Γ̄γN→∆(E) = ΓγN→∆ + Γ̄πN→∆(E)GπN (E)vγπ

N N∗

π

π, ρ
ω

π

π

N, ∆

γ



Numerical task : solve the πN scattering equation.

In each partial wave, it is of the following form

T (k, k′, E) = V (k, k′) +

∫ ∞

0

q2dqV (k, q)G(q, E)T (q, k′, E)

G(q, E) =
1

E −E1(q)− E2(q) + iǫ

=
P

E −E1(q)− E2(q)
− iπδ(E −E1(q)−E2(q))

P : taking the principal-value of the integration

Can be solved by using the standard matrix method

(explained in the Appendix II of this lecture)



Sample results (T. Sato and T.-S. H. Lee, 1996, 2001)

πN scattering phase shifts
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Differential cross section dσ/dΩ and photon asymmetry Σ of p(γ, π0)p
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unpolarized p(e, e′π0)p data from JLAB (2001)



ALT ′ from p(~e, e′π) data of JLab (2004)



σ′
LT from p(~e, e′π) data of JLab (2004)
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Determinations of γ∗N → N∗ form factors

N N∗

π

π, ρ
ω

π

π

N, ∆

γ



2001-2005 :

Extend the dynamical model to investigate weak pion production reactions

(T. Sato, D. Uno, T.-S. H. Lee, Phys. Rev C67, 065201 (2003))

(K. Matsui, T. Sato, T.-S. H. Lee, Phys. Rev. C72, 025204 (2005))

→

1. Determine the axial form facor GA
N,∆(Q2)

2. Predict parity-violation in e+p→ e′ +X : examine the neutral currents



Task: Construct axial currents by using unitary transformation

Procedures :

jem
µ = V 3

µ + V IS
µ

• Vctor currents Vµ : determined in (e, e′π) studies

→

CC jCC
µ = V 1+i2

µ −A1+i2
µ

NC jNC
µ = (1− 2 sin2 θW )jem

µ − V IS
µ −A3

µ

• Non-resonant axial current Aµ : derived from effective Lagrangians

→
Extract GA

N,∆(Q2) from N(ν, µπ) data at few GeV



Total cross sections of p(νµ, µ
−π) results from SL model
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dσ/dQ2 of p(νµ, µ
−π+)
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Determined axial N-∆ form factor G∗
A
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Role of neutral currents

• Consider Parity-violating asymmetry (A )of e+ p→ e′ +X

A =
dσ(he = +1)− dσ(he = −1)

dσ(he = +1) + dσ(he = −1)

= − Q2GF√
2(4πα)

[2− 4 sin2 θW + ∆V + ∆A]

∆V : determined(SL−model)

∆A ∝ sin2 θ

2
(1− 4 sin2 θW )W3(em− nc)

W3(em− nc)← isoscalar axial form factor Aisoscalar
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Recent JLab E08-11 experiment results

(From a JLab seminar by Xiaochao Zheng, April 13,2012) :

Data on deuteron : 106A = −66.258± 7.768 (preliminary )

SL model prediction (2003) (n + p ) : 106A = −88.5



Start 2004 by Argonne-Osaka Collaboration :

Extend the dynamical model for ∆ (1232) to N∗ region

Guided by experimental data:

N∗with mass MR ≤ 2 GeV are in the data of

πN, γN → πN, ππN, ηN,KΛ, KΣ, ωN

→
Need to develop coupled-channel formulation



Dynamical coupled-channel model (MSL Model )

A. Matsuyama, T. Sato, and T.-S. H. Lee, Phys. Rept. 439, 193-263 (2007)

• P space : Meson-Baryon (MB) states

P =
∑

MB

|MB >< MB|+ |ππN >< ππN |

MB = πN, γN, ηN, π∆, ρN, σN,KΛ, KΣ

• Q-spapce : Bare N∗ states

Q =
∑

i

|N∗
i >< N∗

i |



• Meson-exchange interactions

v = v22 + v23 + v32 + v33

v22 =
∑

MB,M ′B′

vMB,M ′B′

v23 + v32 =
∑

MB

[vMB,ππN + vππN,MB ]

v33 = vππN,ππN

• Coupling of bare N∗ with the meson-baryon channels

ΓV =
∑

N∗

[(
∑

MB

ΓN∗,MB + ΓN∗,ππN ]



Derive H from Lagrangians by appling the unitary transformation

→

H = H0 +HI

H0 =
∑

i

√

~p 2
i +m2

i

HI = ΓV + v22 + v23 + v33

(a)

(b)

(c)

M

B

NB

M

B

M

π

π

π

π

π

π

ρ,σ
N*

Γv = +
N*

+
π

N

π

B’

M’ π

π

v 22 = +

v 23 =

N

π

π

N

π

πv 33 =



• 2→ 2 interaction v22 :

B’ B

MM’

B

M

n

n

v v v vs u t c

• 2→ 3 interaction v23 :

N N

π π

(a) (b) (c)

(d) (e) (f)

(g) (h)

M I M I M I



Examples of about 150 MB →M ′B′ interactions

V̄π∆,πN = V̄ 11
a + V̄ 11

b + V̄ 11
c + V̄ 11

d + V̄ 11
e

with

V̄ 11
a =

fπNNfπN∆

m2
π

T jǫ∗∆ · k′SN (p+ k) 6kγ5τ
i

V̄ 11
b =

fπNNfπN∆

m2
π

T iǫ∗∆ · kSN (p− k′) 6k′γ5τ
j

V̄ 11
c = i

fρN∆fρππ

mρ

ǫjilT
l

q2 −m2
ρ

[ǫ∗∆ · q( 6k+ 6k′)γ5 − ǫ∗∆ · (k + k′) 6qγ5]

V̄ 11
d = −fπ∆∆fπN∆

m2
π

[ǫ∗∆]µ 6k′γ5T
j
∆S

µν
∆ (p′ + k′)T ikν

V̄ 11
e = −fπ∆∆fπN∆

m2
π

[ǫ∗∆]µ 6kγ5T
i
∆S

µν
∆ (p− k′)T jk′ν



Examples of vππN,γN = jµǫµ

jµ = jµ(1) + jµ(2) + jµ(3) + jµ(4) + jµ(5) + jµ(6)

jµ(1) = i[
fπNN

mπ
]2[ 6kiγ5τ

iSN (p′ + ki)γµγ5ǫkj3τ
k

+γµγ5ǫkj3τ
kSN (p− ki) 6kiγ5τ

i] ,

jµ(2) = −[
fπNN

mπ
]2[ 6kiγ5τ

iSN (p′ + ki) 6kjγ5τ
jSN (p′ + ki + kj)Jµ

N

+ 6kiγ5τ
iSN (p′ + ki)Jµ

NSN (p− kj) 6kjγ5τ
j

+Jµ
NSN (p− ki − kj) 6kiγ5τ

iSN (p− kj) 6kjγ5τ
j ] ,

jµ(3) = −i[fπNN

mπ
]2[ 6kiγ5τ

iSN (p′ + ki)( 6p− 6p′− 6ki)γ5ǫkj3τ
k (p− p′ − ki + kj)µ

(p− p′ − ki)2 −m2
π

+(6p− 6p′− 6ki)γ5ǫkj3τ
kSN (p− ki) 6kiγ5τ

i (p− p′ − ki + kj)µ

(p− p′ − ki)2 −m2
π

] ,



Reaction Ampliudes within MSL model:

Ta,b(E) = ta,b(E) + tRa,b(E)

a, b = γN, πN, ηN, π∆, ρN, σN,KΛ, KΣ

Meson-exchange term :

ta,b(E) = va,b +
∑

c

va,cGc(E)tc,b(E) ,

N∗-excitation term:

tRa,b(E) =
∑

N∗

i
,N∗

j

Γ̄†
N∗

i
,a(E)[G∗(E)]i,jΓ̄N∗

j
,b(E) .

Dressed vertex:

Γ̄N∗,a(E) = ΓN∗,a +
∑

b

ΓN∗,bGb(E)tb,a(E) ,



T

= +

= +

=

MB,M’B’
t MB,M’B’ t MB,M’B’

R

t MB,M’B’

+

= +

vMB,M’B’

Γ Γ
_



T

= +

MB,ππN

TMB,πN

t ππN,ππN

= +

++

N

π

ρ,σ

∆

TMB,π∆ TMB,ρ(σ)N

vπN,ππN vπN,ππN



Main numerical task:

Develop method for solving coupled-channel equation with ππN cut :

Ta,b(p, p
′;E) = Va,b(p, p

′;E) +
∑

c=1,nc

∫ ∞

0

q2dqVa,c(p, q)Gc(q, E)Tc,b(q, p
′;E)

Va,b(p, p
′;E) = va,b(p, p

′) + Z
(E)
a,b (p, p′;E)

va,b(p, p
′) = energy independent meson-exchange interactions

Z
(E)
a,b (p, p′;E) : consequency of ππN unitarity cut



N

π

∆

ρ,σ∆

π
Z

(E)

MB,M’B’
= +

Z
(E)
π∆,π∆(p, p′;E) ∼

∫ +1

−1

dx
PL(x)F (~p, ~p

′

)

E − Eπ(~p)−Eπ(~p ′)−EN (~p+ ~p ′) + iǫ

→ diverge logarithmically in the moon-shape region
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Apply Spline function method (A. Matsuyama):

• solve coupled-channel equations with ππN cut

• include ππN cut effects exactly to calculate

πN → ππN

γN → ππN

(Note : very difficult by contour rotation/deformation )

• Explained in MSL paper



Remarks :

• K-matrix models can be derived from taking on-shell approximation :

Tα,β(p0, p0, E) →
∑

γ

Vα,γ(p0, p0)[δα,γ + iTγ,β(p0, p0, E)]

⇑
on− shell

→
Main feature of a dynamical approach :

Account for reaction mechanisms in the short-range region where we
want to map out N∗ structure

→
– important for developing interpretations of the extracted N∗

parameters
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No off-shell scattering

N∗ →MB amplitude :

A =
∫

drFN−N∗(r)Ψfull(r)

Ψfull(r →∞) = sin(kr+δ)
kr

ΨK−Matrix(r) = sin(kr+δ)
kr ← short range mechanisms are neglected



Dynamical coupled-channel Model analysis of nucleon resonances (N∗)

Argonne-Osaka collaboration (since 1996)

Collaboration@EBAC (2006-2012)

1. 2004-2010:

• Extend the model for ∆ (1232) to include ηN , ππN (π∆, σN, ρN )

• Perform 6-channel analysis of the data πN, γN → πN and
N(e, e′π).

• Examine the coupled-channel effects on πN, γN → ππN reactions

• Develop analytic continuation method for extracting nucleon
resonances within the dynamical coupled-channel model

2. 2010 - 2012:

• Also include KΛ, KΣ

• Perform 8-channel simultaneous fits to world data of
πN, γN → πN, ηN,KΛ, KΣ

• Extract positions and residues of the nucleon resonances



Go to Lecture II-B



Appendix I



Derivation of scattering equation using projection operator technique

Scattering amplitude T (E) in the P-space is defined by

T (E) = (v + w) + (v + w)
1

E −H0
T (E) (1)

= (v + w) + (v + w)
1

E −H0 − v − w
(v + w) (2)

From Eq.(2), we have

T (E) = (v + w)[1 +
1

E −H0 − v − w
(v + w)]

= (v + w)
1

E −H0 − v − w
(E −H0) (3)

Eqs.(1)-(3) gives

[1 +
1

E −H0
T (E)] =

1

E −H0 − v − w
(E −H0)) (4)

Eq.(1) leads to

[1− v 1

E −H0
]T (E) = v + w[1 +

1

E −H0
T (E)] (5)



Using Eq.(4)

→

T (E) = [1− v 1

E −H0
]−1v + [1− v 1

E −H0
]−1w[1 +

1

E −H0
T (E)]

= [1− v 1

E −H0
]−1v + [1− v 1

E −H0
]−1w

1

E −H0 − v − w
(E −H0)

(6)

define

tw(E) = w[1 +
1

E −H0 − v
tw(E)]

or

tw(E) = w[1 +
1

E −H0 − v − w
w]

(7)

→
1

E −H0 − v − w
=

1

E −H0 − v
+

1

E −H0 − v − w
w

1

E −H0 − v



= [1 +
1

E −H0 − v
tw]

1

E −H0 − v
(8)

Using Eq.(8), Eq.(6) becomes

T (E) = [1− v 1

E −H0
]−1v

+[1− v 1

E −H0
]−1w[1 +

1

E −H0 − v
tw]

1

E −H0 − v
[E −H0]

= [1− v 1

E −H0
]−1v + [1− v 1

E −H0
]−1tw

1

E −H0 − v
[E −H0]

(9)



Similarly define

t(E) = v[1 +
1

E −H0
t(E)]

or

t(E) = v[1 +
1

E −H0 − v
v]

= v
1

E −H0 − v
(E −H0) (10)

From above, we have

t(E) = [1− v 1

E −H0
]−1v (11)

1

E −H0 − v
(E −H0) = [1 +

1

E −H0
t(E)] (12)

[1− v 1

E −H0
]−1 = [1 + t(E)

1

E −H0
] (13)

Using Eqs.(11)-(13), Eq.(9) becomes



T (E) = t(E) + [1 + t(E)
1

E −H0
]tw[1 +

1

E −H0
t(E)] (14)

Recall w to write

tw(E) = Γ† 1

E −H0
Γ + Γ† 1

E −H0
Γ

1

E −H0 − v
]tw(E) (15)

Write

tw(E) = Γ†(E)γ

1

E −H0 − v
=

1

E −H0
+

1

E −H0
t(E)

1

E −H0
(16)

We then have

D(E) = [1− 1

E −H0
Σ]−1 1

E −H0

=
1

E −H0 − Σ(E)
(17)

where

Σ(E) = Γ
1

E −H0
Γ̄†(E)



Γ̄†(E) = [1 + t(E)
1

E −H0
]Γ†

Define

Γ̄(E) = Γ(1 +
1

E −H0
t(E) (18)

Eq.(14) becomes

T (E) = t(E) + Γ̄†(E)
1

E −H0 − Σ(E)
Γ̄(E) (19)



Appendix II



Numerical methods for sloving scattering equations

1 single-channel case

For each partial wave, the scattering equation is of the following form

T (k, k′, E) = V (k, k′) +

∫ ∞

0

q2dqV (k, q)G(q, E)T (q, k′, E) (20)

where the propagator is

G(q, E) =
1

E −E1(q)−E2(q) + iǫ

=
P

E −E1(q)−E2(q)
− iπδ(E − E1(q)−E2(q)) (21)

P : taking the principal-value of the integration

Ei(q) =
√

m2
i + q2



For any function f(q), write
∫ ∞

0

q2dqf(q)G(q, E) = P

∫ ∞

0

q2dq
f(q)

E −E1(q)−E2(q)

−iπρ(E)f(q0) (22)

where the on-shell momentum q0 is

q0 =
[(E2 −m2

1 −m2
2)

2 − 4m2
1m

2
2]

1/2

2E
(23)

ρ(E) =
q0E1(q0)E2(q0)

E
(24)



Use the property

P

∫ ∞

0

dq
1

q20 − q2
= 0 (25)

to write

P

∫ ∞

0

q2dqf(q)
1

E −E1(q)−E2(q)

= P

∫ ∞

0

dq
1

q20 − q2
[

q20 − q2
E − E1(q)−E2(q)

]q2f(q)

= P

∫ ∞

0

q2dq
1

q20 − q2
[

q20 − q2
E −E1(q)− E2(q)

q2f(q)]

−[
q20 − q2

E −E1(q)− E2(q)
q2f(q)]q→q0

P

∫ ∞

0

dq
1

q20 − q2
(26)

Note that the second term in the right-hand-side of the above equation,
which is zero because of Eq.(25), is to make the integrand at any q in the
integration finite numerically. This is the standard substraction method for
performing principal-value integration of a singular integrand.



By taking q → q0 limit, we find that

[
q20 − q2

E −E1(q)−E2(q)
q2f(q)]q→q0

= f(q0)q
2
0 [

2q

q/E1(q) + q/E2(q)
]q→q0

= f(q0)q
2
0

2ρ(E)

q0
(27)

If we choose N mesh points qi with weights wi (qi 6= q0 for any i) to
perform an integration

∫ ∞

0

g(q)dq =
∑

i=1,N

g(qi)wi , (28)

Eq.(26) is converted into a sum

P

∫ ∞

0

q2dqf(q)
1

E −E1(q)−E2(q)
=

∑

i=1,N

f(qi)

E −E1(qi)−E2(qi)
q2iwi

−f(q0)q
2
0

2ρ(E)

q0
[

∑

i=1,N

1

q20 − q2i
wi]

(29)



If we define the on-shell momentum q0 as the (N + 1)-th mesh point
qN+1 = q0, the above equation becomes

P

∫ ∞

0

q2dqf(q)
1

E −E1(q)−E2(q)
=

∑

i=1,N+1

f(qi)Ŵ i (30)

where

Ŵi =
q2iwi

E −E1(qi)−E2(qi)
, i = 1, N

ŴN+1 = −q20
2ρ(E)

q0
[

∑

i=1,N

1

q20 − q2i
wi] (31)

By using Eq.(30), Eq.(22) can then be calculated by the following sum
∫ ∞

0

q2dqf(q)G(q, E) =

∫ ∞

0

q2dqf(q)
1

E −E1(q)− E2(q) + iǫ

=
∑

i=1,N+1

f(qi)Wi (32)



with

Wi = Ŵi , i = 1, N

WN+1 = ŴN+1 − iπρ(E) (33)

We are interested in getting the solutions of Eq.(20) for k = qi and k′ = qj
with i, j = 1, 2 · · ·N + 1. With the property Eq.(32), Eq.(20) clearly can be
written as a sum

Ti,j = Vi,j +
∑

k=1,N+1

Vi,kWkTk,j , i, j = 1, N + 1 (34)

where Ti,j = T (qi, qj , E) and Vi,j = V (qi, qj). We can rewrite the above
equation as

∑

k=1,N+1

[δi,k − Vi,kWk]Tk,j = Vi,j (35)

This is just a matrix equation and the solution can be found from

Ti,j =
∑

k=1,N+1

[F−1]i,kVk,j (36)



where

Fi,k = δi,k − Vi,kWk (37)

So the task is to invert a (N + 1)× (N + 1) matrix F .

The on-shell element T (q0, q0, E) = T (qN+1, qN+1, E) can be used to
calculate the cross section. The half-off-shell matrix elements T (k, q0, E)

define the scattering wavefunction in momentum space

< k|χ(+)
E >= χ

(+)
E (k) =

1

q20
δ(k − q0) +

1

E −E1(k)−E2(k) + iǫ
T (k, q0, E)

(38)

< χ
(−)
E |k >= χ

(−)∗
E (k) =

1

q20
δ(k − q0) + T (q0, k, E)

1

E −E1(k)− E2(k) + iǫ

(39)

By using Eq.(32), we can convert any integration over scattering
wavefunctions as sums

< k|O|χ(+)
E > =

∫

q2dq < k|O|q > χ
(+)
E (q)



= < k|O|qN+1 > +
∑

i=1,N+1

< k|O|qi > WiTi,N+1 (40)

and

< χ
(−)
E |O|k > =

∫

q2dqχ
(−)∗
E (q) < q|O|k >

= < qN+1|O|k > +
∑

i=1,N+1

TN+1,iWi < qi|O|k > (41)

Here we note that the above method is appicable for ”any” E. For E below
the theshold Eth = m1 +m2, the δ−function term of Eq.(21) is absence
and there is no singularity in the propagator. Thus we can get the solution
by simply setting WN+1 = 0.



2 Coupled-channels case

We now consider a set of coupled-channel scattering equations with nc

chnnels

Ta,b(k, k
′, E) = Va,b(k, k

′) +
∑

c=1,nc

∫ ∞

0

q2dqVa,c(k, q)Gc(q, E)Tc,b(q, k
′, E)

(42)

with a, b = 1, nc. The numerical method described in section I can be
directly extended to solve the above equation. If we choose N mesh
points for channel c, we then simply add a sub-indix c for all equations in
section I. Explicitly, for channel c, we have an on-shell momentum
qc,N+1 = qc,0, defined by E = Ec,1(qc,0) + Ec,2(qc,0), and have the mesh
points and weights, (qc,i,Wc,i), i = 1, (N + 1) for an integration, of the form
of Eq.(32), over the propagator of channel c.

We next define NC = nc × (N + 1) mesh points by setting

(q1, · · qNC
) : ([q1,1, ··, q1,(N+1)], [q2,1, · · q2,(N+1)], ··, [qnc,1, · · qnc,(N+1)]) (43)



(W1, · ·WNc
) : ([W1,1, · ·W1,(N+1)], [W2,1, · ·W2,(N+1)], ··, [Wnc,1, ·Wnc,(N+1)])

(44)

We then can cast Eq.(42) into

Tm,n =
∑

l=1,Nc

[F−1]m,lVl,n (45)

with m,n = 1, Nc, and

Fm,l = δm,l − Vm,lWl (46)

where

Tm,n = T (qa,i, qb,j , E) (47)

Vm,n = V (qa,i, qb,j , E) (48)

The indices are related by

m = (nc − a) + i (49)

n = (nc − b) + j (50)

where a, b = 1, nc and i, j = 1, (N + 1).



Dynamical Model Analysis of Hadron 

Resonances (II-B) 

T.-S. Harry Lee 

Argonne National Laboratory 
 

 



Unitarity  Condition 
 
 
 

Coupled-channel 
approach is needed 
 

MB : gN,  pN,  2p-N,  hN, KL, KS, wN 

Total cross sections of meson photoproduction 



Dynamical Coupled-Channels analysis  

 pp  pN 

  gp  pN 

  p-p  hn 

  gp  hp 

  pp  KL, KS 

  gp  KL, KS 

2006-2009 

6 channels  

(gN,pN,hN,pD,rN,sN) 

< 2 GeV 

< 1.6 GeV 

< 2 GeV 

― 

― 

― 

2010-2012 

8 channels  

(gN,pN,hN,pD,rN,sN,KL,KS) 

< 2.1 GeV 

< 2 GeV 

< 2 GeV 

< 2 GeV 

< 2.2 GeV 

< 2.2 GeV 

  # of coupled 

     channels 

Fully combined analysis of gN , pN  pN , hN , KL, KS reactions !!  

Kamano, Nakamura, Lee, Sato, 2012 



Analysis Database 

Pion-induced 
reactions  
(purely strong  
reactions) 

Photo- 
production 
reactions 

~ 28,000 data points to fit 

SAID 



Partial wave amplitudes of pi N scattering 

Kamano,Nakamura,Lee,Sato,2
012   

Previous model  

(fitted to pN  pN data only) 

[PRC76 065201 (2007)] 

Real part 

Imaginary part 



Pion-nucleon elastic scattering 

Target polarization 

1234 MeV 

1449 MeV 

1678 MeV 

1900 MeV 

Angular distribution                                   

Kamano, Nakamura, Lee, Sato, 2012 



Single pion photoproduction 

Kamano, Nakamura, Lee, Sato, 2012 Previous model (fitted to gN  pN data up to 1.6 GeV) 
[PRC77 045205 (2008)] 

Angular distribution                                   Photon asymmetry           

1137 MeV 1232 MeV 

1334 MeV 

1462 MeV 1527 MeV 1617 MeV 

1729 MeV 1834 MeV 1958 MeV 

1137 MeV 
1232 MeV 1334 MeV 

1462 MeV 
1527 MeV 1617 MeV 

1729 MeV 1834 MeV 1958 MeV 

Kamano, Nakamura, Lee, Sato, 2012 



Kamano,  Nakamura, Lee, Sato, 2012 



Kamano,  Nakamura, Lee, Sato, 2012 



Eta production reactions 

Kamano, Nakamura, Lee, Sato, 2012 



Kamano,  Nakamura, Lee, Sato, 2012 



Kamano,  Nakamura, Lee, Sato, 2012 



KY production reactions  

1732 MeV 

1845 MeV 

1985 MeV 

2031 MeV 

1757 MeV 

1879 MeV 

1966 MeV 

2059 MeV 

1792 MeV 

1879 MeV 

1966 MeV 

2059 MeV 

Kamano, Nakamura, Lee, Sato, 2012 

Pion-Nucleon -> K+ Lambda 



Kamano,  Nakamura, Lee, Sato, 2012 



Kamano,  Nakamura, Lee, Sato, 2012 



Single pion electroproduction (Q
2
 > 0) 

Fit to the structure function data  from CLAS 

Julia-Diaz, Kamano, Lee, Matsuyama, Sato, Suzuki, PRC80 025207 (2009) 

p (e,e’ p0) p 

W  < 1.6 GeV 

Q2 < 1.5 (GeV/c)2 

 

            is determined 

at each Q2. 

N* N 

g 
(q2 = -Q2) q 

N-N* e.m. transition 
form factor 



Single pion electroproduction (Q
2
 > 0) 

Julia-Diaz, Kamano, Lee, Matsuyama, Sato, Suzuki, PRC80 025207 (2009) 

p (e,e’ p0) p 

p (e,e’ p+) n 

Five-fold differential cross sections at Q2 = 0.4 (GeV/c)2 



pi N  pi pi N reaction 

Parameters used in the calculation are from pN  pN analysis. 

Full result 

C.C. effect off 

Kamano, Julia-Diaz, Lee, Matsuyama, Sato, Phys. Rev. C,  (2008) 



Double pion photoproduction 

Kamano, Julia-Diaz, Lee, Matsuyama, Sato, PRC80 065203 (2009) 

Parameters used in the calculation are from pN  pN & gN  pN analyses. 

 Good description near threshold 

 

 Reasonable shape of invariant  

    mass distributions 

 

 Above 1.5 GeV, the total cross  

    sections of pp0p0 and pp+p- 

    overestimate the data.  



2012 : extended to include axial current A μ 

 
 
 

 
Predict neutrino-nucleon total cross sections 
 
 
Provide input to analyze neutrino oscillation  
experiments   





Remarks on numerical tasks : 
 
1. DCC is not an algebraic approach like 
      analysis based on polynomials or K-matrix  
 
      Solve  coupled integral equations with 8 channels 
      by inverting  400      400 complex matrix formed 
      by about 150 Feynman diagrams  for each partial 
      waves (about 20 partial waves up to L=5) 



2. Fits to about 28,000 data points 
 
3.  New mechanisms are usually needed to 
     develop theoretically to improve the fits,  
     not just blindly vary the parameters  
 
4. Analytic continuation for extracting resonances 
     requires careful analysis of the analytic structure 
     of driving terms (150 Feynman amplitudes) of  
     the coupled  integral equations with 8 channels 



5. Typically, we need 
  
    240 processors  
    using supercomputer Fusion at ANL 
                                           NERSC at LBL  
 
   We have used 200,000 hours in 
    January-February, 2012 for 8-channel 
    analysis 
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