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Spin Formalisms
Applications

We are now ready to apply results of the previous section to a few physical problems
of practical importance. As a first application, we shall write down the invariant transition
amplitude for two-body reactions and derive the partial-wave expansion formula. We do
this in the helicity basis, following the derivation given in the “classic” paper by Jacob and
Wick. Our main purpose in this exercise is to show how the particular normalization of
single-particle states influences the precise definition of the invariant amplitudes and the
corresponding cross-section formula.

Next, we shall discuss the general two-body decays of resonances and give the
symmetry relations satisfied by the decay amplitude, as well as the coupling formula
which connects the helicity decay amplitude to the partial-wave amplitudes. Finally, we
take up the discussion of the spin density matrices, introduce the multipole parameters,
and then expand the angular distribution for two-body decays in terms of the multipole
parameters.
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Cross Section:

Consider a reaction
(1) a+b—-14+2+---+n.

In the over-all c.m. system, let wq be the c.m. energy and p;(p ;) the over-all
four-momentum in the initial (final) state. In terms of the invariant amplitude M ¢;,

1 1
2 do = 'L'2dn1727"'7 - ian1727"" )
B A BB @) By O b2 ) = g MO 2

where F is the flux factor, which in the over-all c.m. is given by

F = Eq By Bret = [(Pa - b)? — (wa wy)2]"?

3)
= pawy (Stationary target) = p;+/s (CM system) = p, /s cos(0, /2) (pp Collider)

and do¢,, is the n-body phase space:

—

n ~ d3
@  dén(1,2,---,n) = <2w)45<4>pf—p@H ke dpp = P

(2m)3(2Ey)

dpy. is the invariant volume element of the k" particle.
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Phase Space:

The phase-space formula may be broken up into two factors as follows:

dw?
2T

(5) d¢n—d¢g(i—>c,m—|—1,---,n)< )d¢m(c—>1,2,---,m),

where ¢ + m = n + 1 and ¢ denotes a system consisting of particles 1 to m, its effective
mass being w.. The expression above may be termed the Cluster Decomposition
Formula. Refer to the following figure:

Here the figure on the left side refer to d¢n (1,2, - - -, n), while that on the right side refer
to the cluster decomposition formula above.
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After repeated application of the formula above and using the explicit expression for
the two-body phase space, we may express the n-body phase-space succinctly as
follows:

1 @20 p . T
6) db, = — - .20 40 dwdQY, ,  des(1,2) =
® dén =, PERL k!:lo{p w dQ} $2(1,2)

p
—dQ2 .
(47)2 w

where w is the effective mass of the particles 1 and 2; and P and €2 denote the
magnitude and direction of the relative momentum in the (1,2) rest frame. Note that we
must setn > 2 and {---}o = 1. Modify the formula above to include 3-body decays:

1 (27-(-)4 D no n3
- =0dQ | [{pdwdQ}y | [{w' dw’ dRAEJE’},

(7) d¢n — ’
2m (27‘(‘)3” wo Pl 7—0

where no > 0,n3 > 0andn = ns + 2n3 +2 > 2. Again,note n > 2 and {---}p = 1.
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3-Body Phase Space:

The 3-body phase-space formula is

1 1 D
dos(1,2,3) = — - . =9 dQo pfdwia A
®) 4 P dw?
— dR(e, B,~) £ p) d cos 9’ —L2
(@) (a, B,7) wo P1deost o7

where p = p1 + p2 + ps and p? = wj; and the primes in p} and cos ¢’ indicate that they
are evaluated in the (12)-RF. But one sees that, in the (12)-RF,

(9) wiz = (p1 +p3)° = wi + w3 + 2E] E5 + 2p5 p) cos ¢’

so that, for a fixed w12,
(10) dw%?) = 2p5 py dcos 0’
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One needs to relate p’ to p3. For the purpose, write p = p12 + p3 evaluate the
4-momentum square in the (12)-RF

(11) 2wiz By = (w§ — wiy) — w3

and square it again

(12) 4wty i = (w§ — wip)® +ws — 2(wg + wiy)ws
Now, start with p — p3 = p12 and evaluate it in the overall RF

(13) 2wo B3 = (wi — wiy) + w3

and square it

(14) dw(py = (wg — wiz)? + wy — 2(w§ + wiz)w;

So one concludes

wo
(15) p5 = (—) P3
wi2
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So the 3-body phase-space formula becomes

2 2
dw{z dwi,

16) d¢s(1,2,3) = "
0

) —  Daltix-plot variables !

(4;‘;)5 dR(a, B,7) (

This can be recast into a simple form involving energies in the overal RF. For the

purpose, note

(p13 :p—pz) — w%g :w8—|—w3 — 2wqg Fo
(17)
(p12 =p—p3) — w%Q =w8+w§ — 2wo E3

where F5 and E3 are evaluated in the overall RF. Finally, one obtains a simple formula
for the 3-body phase space

(18) de¢s(1,2,3) = dR(a, B,v)dE2 dE3

4
(47)°
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Two-body Kinematics:

Start with p = p1 + p2 where p? = w?, p7 = w? and p3 = w5. Calculate energies for

1 and 2 in the (12)-RF:

(p—p1 =p2) —
(19)

(p—p2=p1) —

2w Fy :w2—|—w%—w2

2w B9 :w2—|—wg—w1

2

2

Note this gives w = F1 + F>. Now take the squares and solve for p?

4w? p? = wt + wi + w5 — 2 [(w w1)? + (wws2)? + (wy wg)Q]

= w4 (w1 + wa)? (w1 — wa)? — w? [(w1 + w2)? + (w1 — wg)?]

= [w? — (w1 +w2)?] [w® — (w1 — w2)?]

(20)

= (w+ w1 +w2)(w —w; —w2)(w+ w; —w2)(w—wy + w2)
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S-matrix for two-body reactions:

Let us denote a two-body reaction by
(21) a+b—c+d

with pg, sa, Aq, and n, standing for the momentum, spin, helicity, and the intrinsic parity
of the particle a, etc. Let wp denote the centre-of-mass (c.m.) energy and let p; (p¢) be

the c.m. momentum of the particle a(c). The invariant S-matrix element for the reaction

may be written, in the over-all c.m. system,

(DeAc; DaAd|S|Dara; PoAv) = (DfAe; =D Aa|S[PiAa; —PiAp)

D0 ONAL]S[00A N
/P fDPi

(22)

— (47)?

where we have used with the normalization constant given previously, and we have fixed
the direction p; at the spherical angles (0,0) and p’r at Q2 = (0, ¢). Because of the
invariant normalization of the one-particle states, the absolute square of the amplitude
summed over the helicities Ay, A\, €tc., is a Lorentz invariant quantity. It is in this sense
that formula above is referred to as the “invariant S matrix”. Due to the
energy-momentum conservation, one may write

23) {(QAcAg|S[00XA ) = (27)26™) (pe + pa — Pa — o) (QAeAg|S(w0)]00AaNp) -
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If we define the 7" operator via S = 1 + 7, it is clear that we may write down the
T-matrix in the same way, simply replacing S by T'. Now, the invariant transition
amplitude M ¢; is defined from the T" matrix by

(24) (2m)46™) (pe + pa — Pa — Pb) Msi = (Dee; Para|TIPara; PoNb)
or
wo
(25) Mg = (47)? (XA |T(w0)|00Aa Ap) -
/ VP fPi
The cross section for a + b — ¢ + d can be cast into
12

(26) do _ by My,

df2 pi | 8mwo

Let us now expand the transition amplitude in terms of the partial-wave amplitudes:

QAT (w0)[00AaAs) = > (QAAg|TMAAG) (JMANG|T (wo)|JMAaAp)
JM

 (J M Aa Ap|00Aa Ap)

1
(27) = Ejjw + 1) (AeAa| T (wo)[XaXs) D3 3 (60, 00,0) |

where A = A\, — Ay and )\ = Ao — A\,.

Hadron Spectroscopy—Mathematical Techniques JLab May 30—June 13, 2012 —p.l4




If we define the “scattering amplitude” f(€2) via

do  pg| My |? do )
28 — — = (D
(28) d§? p; | 8wy ~ d§? £(S2)
we obtain
1
Pr/pi)?2
(29) f(Q) = (pr/PO? fi -
S8Twg

This formula then relates to the “non-relativistic” scattering amplitude f({2) to the
Lorentz-invariant transition amplitude M ¢;. One sees immediately that

1
(30) f(Q) = piz <J+ 5) AeAd|T? (wo) | XaXp) DY N5 (6,6,0) .
g

The partial-wave T-matrix appearing is related to the partial-wave S-matrix by
(31) <>\C>\d|SJ(wo)|>\a>\b> = 5fi5>\c>\a5>\d>\b + i()\c)\d|TJ(w)|>\a,)\b> ;

where 4 ¢, = 1 for elastic scattering and zero, otherwise.
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If parity is conserved in the process, it follows that the partial-wave amplitude should
satisfy the following symmetry relation:

(32) (—Xe — AalS7 (wo)| — Aa — Ap) =1 (AcAal S (wo) [ Aap)
where

TlcTld (_)sc—i—sd—sa—sb .
NaTlb

Next, we examine the consequences of time-reversal invariance. Let us denote by |i)
and | f) the initial and final system in a scattering process. Then, the time-reversed
process takes the initial state |T"f) into the final state |T':), so that time-reversal
invariance implies the following relation for the S-matrix:

(33) (f|S]i) = (Ti|S|Tf) .
One finds immediately
(34) AeAalS7 (wo)[AaXe) = (AaXp| S (wo)[AcAq)

where the right-hand side refers to the process c+ d — a + b.
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Decay Width:

Decay rates for a state a with a 4-momentum p, and mass w decaying into n
particles of 4-momenta p1...pn, i.e. for a process p, — p1 + - - - + p,, can be written

1
(35) dl' = — |[M;|* dén(1,2,...,n)
2w

For a two-body decay, i.e. p, — p1 + p2, one has

dI’ 1
Pao - = (Mgi|? (i) — w2 dependence

©0) do=(1.2) = s dQ ~ 2(4m)?2 w2

Consider a 7 elastic scattering in a partial wave ¢. The invariant amplitude takes on the
form

(37) My x ¢ (20 4+ 1) Py(cos 6) €*¢ sin §,
p
2 _ 2
(38) cot §p = —0
wol'(w)
so that
w wol'(w) L
(39) My o< — (204 1) Py(cos0) —; SR from unitarity
D w§ — w? — iwol'(w)
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Let p; and p'r be the initial and final CM momenta, i.e |p;| = [pf| = p
and (p; - pr) = p? cos 6. And so, if one sets

1
(40) I' x — p2£+1
w

then one finds the simplest invariant amplitude
(41) Myi o< (pis - )"
The width formula can be written

2
42)  D(w)]y—p, = To, T(w) =To (%) (p%) {Fie(ﬁ))} — w~ ! dependence !

where Fy(p) is the Blatt-Weisskopf barrier factor (B\W Barrier Factor), given by

z

Fa(p) = -
z41 2= (z—3)2+9z

where z = (p/p,)? and p,. is an additional ‘scale’ parameter in the problem which is
presumably close to 0.1973 GeV/c corresponding to the length of 1 fermi. Note that one
has adopted a normalization such that F;(p) = 1 for z — oc.

BW barrier factor: F. von Hippel and C. Quigg, Phys. Rev. 5, 624 (1972)

(43) Fo(p) =1, Fi(p) =
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Two-body decays:

Let us consider a resonance of spin-parity J” and mass w (to be called the
resonance J), decaying into a two-particle system with particles 1 and 2:

(44) J—1+2,

and let s1(s2) and n1(n2) denote the spin and intrinsic parity of the particle 1(2). In the
rest frame of the resonance J (JRF), let o' be the momentum of the particle 1 with the
spherical angles given by Q2 = (6, ¢). Then, the amplitude A describing the decay of spin
J with the z-component M into two particles with helicities A1 and Ao may be written

A{ \, (M;Q) =(A1; —pho | M|TM)
1
2

(45) —4r (9> ($OX Ao | TM A A (T M A1 Ao | M| T M)
b
AS 2 (M5Q) =Ny FX 3, D (6,0,0),  X=A1 =Xz,

The “helicity decay amplitude” F' is given by

J w2
p

Since M is a rotational invariant, the helicity amplitude /' can depend only on the
rotationally invariant quantities, namely, J, \1, and \o.
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It is easy to expand the helicity decay amplitude F' in terms of the partial-wave
amplitudes. Using the recoupling coefficient, we may write

(MM X2 [M|JM) = Y (JMAAo|JMLs)(JMLs|M]|JM)
£s

211\ 3
_ 3 (00 SALTA) (5100 53 —Aa|sA) (J MEs| M]|TM)
—\ 27 +1

so that F' may be expressed

1

2041\ 2

(47) F>{1>\2 = E (2J—|— 1) CLEJS (50 S)\‘J)\) (81)\1 S92 —)\2|S)\) ,
£s

where the partial-wave amplitude %‘]s is defined by

1

(48) aj, = 4n (E) i (JMUs|M|JM) .
p

The normalizations have a simple relationship

J 2 J |12
(49) Z |F>\1>\2| — Z Jags]
£ s

A1 A2
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If parity is conserved in the decay, we have

(50) _FK2A2;::nnan(__yJ—s1—s2lr

J
—A1—A2

where 71 and ny are the intrinsic parities of the particles 1 and 2. If the particles 1 and 2

are identical, we have to replace the state |JM A; \2) by its symmetrized state, so that

we obtain the following symmetry relation:

J J mJ
(51) F{in, = (5)7F5,0, -

Note that J= integer always!
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It is possible to obtain a further symmetry relation on F' by considering the
time-reversal operations. For the purpose, let us consider the elastic scattering of
particles 1 and 2 in the angular momentum state |JM A1 A2), i.e.

(52) (TMN ST (w)|[TMA1A2) = (NS T (w)|[ A1 A2)

where w is the c.m. energy and coincides with the effective mass of the resonance J.
Now, we make the assumption that the JP partial wave for the elastic scattering of
particles 1 and 2 is completely dominated by the resonance at the c.m. energy w

/

A >‘1
! |J M)

Ao mass = w A

Fig. 2: Elastic scattering of particles 1 and 2, mediated by a resonance .J in the
s-channel.
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Then, we may write
T(w) ~ > M|JM)D(w)(JM|MT,
M

where D(w) is the Breit-Wigner function for the resonance and M is an appropriate
“decay operator.” We obtain

J J J
MAS|T (w)| A A2) ~ D(w)Fy 0 FX)S,
so that time-reversal invariance for elastic scattering implies

(53) (N ALIT (w)[A1h2) = A Xo|T7 ()N Ny) — FY,y, FL S, = F3 5\ F3

TG A1A2 AL

This means that the phase of the complex amplitude F' does not depend on the helicities

A1 and \2. Therefore, we can consider F' a real quantity without loss of generality:

J
(54) F \, =real.
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We emphasize that this result follows only from the assumption that the .J*" partial
wave is dominated by the resonance J at the energy w. This condition is fulfilled, for
example, in the P-wave amplitudes of the 7+ 7~ or prT elastic scattering at the c.m.
energies corresponding to p® and A(1232) masses, where it is known that these
resonances saturate the unitarity limit. It is clear, however, that this condition may not be
satisfied for all resonances. In this sense, the reality constraint may be considered only
an “approximate” symmetry. We will show later in the discussion of the sequential decay
modes that this symmetry can actually be tested experimentally.
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Three-Particle Systems:

A system consisting of three particles may be treated most elegantly in the helicity
basis, as was done by

M. Berman and M. Jacob, Phys. Rev. 139 B, 1023 (1965).

In this section, we shall first construct a three-particle system in a definite angular
momentum state and then apply the formalism to a case of a resonance decaying into
three particles. We will give the decay angular distribution in terms of the spin density
matrix and discuss the implications of parity conservation. Finally, we will show that in a
Dalitz-plot analysis different spin-parity states of the three-particle system do not
interfere with one another.
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Consider a system of three particles 1, 2, and 3. Let us use the notations s;, 7;, A;,
and w; for the spin, intrinsic parity, helicity, and mass of the particle 7. In the rest frame
(RF) of the three particles, the momentum and energy of the particle 7 will be denoted by
p; and F;. In the RF, we define the “standard orientation” of the three-particle system, as
shown in Fig. 3. this coordinate system is then the “body-fixed” coordinate system,
which may be rotated by the Euler angles «, 3, and ~ to obtain a system with arbitrary
orientation.

Y
8

Y }5’3
Fig. 3: Standard orientation of the three-particle rest system. Note that the y-axis is
defined along the negative direction of p3, and the z-axis along p7 x p>.
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A system with the standard orientation can be written
3
(55) |OOO, Ez>\z> = b H |ﬁ181>\1> ;
=1

where b is a normalization constant and the helicity basis vectors for each individual
particle are given in the usual way:

(56) \ﬁsz)\z> = U[Rsz(pz)] Si)\z'>a R; = R(qbz',ﬂ'/Q,O) .

A three-particle system with an arbitrary orientation in the RF can now be obtained by
applying a rotation R(«, 3, ) to the state:

(57) |a5’77 Ez>\z> — U[R(Oé, B, 7)] |0007 Ez>\z> :
If we impose the normalization of the above states via

(58) O/B/’y/,El-)\/- afBy, E; ;) = 5(3) R — R)S(E} — Fi)d EL — Eo Oy . v/
17N 1 2 A

we obtain easily (see Appendix C) that the normalization constant b should be chosen as
follows:

(59) b~ = 8r%Var .
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Let us now define a state of definite angular momentum:

(60) My, Fie) F/dRD ‘(o B, 9B, Bids)

where N is the normalization constant given before. That this state represents a state
of definite angular momentum is easy to show following steps identical to those for
two-body decays. Therefore, the states above transform under a rotation R’ according to

(61) U[R']|JM p, E;)\;) ZD s ap (ROITM 11, B\

This relation also shows that, in addition to the obvious invariants £; and \;, the quantity
w is also a rotational invariant.
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Let us examine the transformation property of the states under parity operations

1000, Es ;) = b| [ U|Rs,pi,siNi)

— b__“nie_iﬂ-SqRi)pi)Si _>‘2>

)

(62) — {Hmems’i } U[R(x,0,0)]|000, B; — A;) |

where R; = R(m + ¢;,7/2,0) = R(m,0,0)R;, so that

(63) IMaBy, Eii) {Hm ”Sz} UlR(a, 8,7 + m)][000, E; — A;) .

Changing the integration over ~ into one over v/ = v + m, we obtain finally
(64) |JMp, Eii) = mnanz (=) T2 T8 TR T M p, B; — X;) .

We note that this formula is not the same as that given in Berman and Jacob. The
reason for this is that their definition of one-particle helicity states involves a rotation
R(¢,0,—¢), instead of our convention R(¢, 0, 0).
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In order to treat the case when two of the three particles are identical, we shall work
out a transformation formula for exchanging the particles 1 and 2. The exchange
operator P12 is equivalent to performing a rotation by = around the body-fixed y-axis
(see Fig. 3). Using an identity

(65) R(r+a,m— B, 7 —7v) = R(a, 8,7)R(0, 7,0)

we obtain

66) Pi2|aBy, E1A1, Ea)de, E3)A3) = |7+ o, m — B, 7™ — v, B2, E1 A1, E3)3) ,
Combining this formula with the defining formula for |J M u, E; A;), and using an identity
(67) D], (r+am—pBm—7)=(=)""D],_ (ap")

we find

68)  Pio|JMu, E1)1, Ex)e, E3)3) = (=) TH|JM —u, Eada, E1 A1, E3)s) .

Again, this formula is not the same as that given in Berman and Jacob. This arises
because their standard orientation for the three-particle system has been defined
differently from our convention; their coordinate system has been set up with the
negative x-axis along the momentum ps.
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Our angular momentum states are normalized according to

69) (J' M'mu' E{N;|JMpEiN;) = 655/ 6pn176,,,00(E1 — E1)6(E2 — E3) HéMN :

The completeness relation is given by

(70) > / | TMuE N )AE1dEy (JMuEi ;| =1 .
J M

Y

The recoupling matrix element

N
10) (B, BN M, Eii) = —Z= D1 (e, 5,)8(eh = B — B2) [T 65,
1
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We are now ready to discuss the process in which a resonance J with spin-parity n
and mass w decays into three particles 1, 2, and 3. In the rest frame of the resonance
(JRF), let the angles («, 3, ) describe the orientation of the three-particle system.
Then, the decay amplitude may be written, with R («, 3, ),

As s (M;R) = (R, Es\|M|JM) = (R, EiAi| JM pE;i i) (JMpE; M| M|JM)

(72) Ny

AV (M:;R) = ——

wA; ( ) m

If the “decay operator” M is rotationally invariant, the decay amplitude F' should depend
only on the rotational invariants, i.e.

F/(EsXi) D3/ (R)

(73) Fl (EiX;) = (JMpE; | M|JM) .

If parity is conserved in the decay, we have the symmetry:

(74) Fil(Eihi) = nmnzns (=) 52 T8t (B — X))

And, if particles 1 and 2 are identical,

(75) Fi(E1)A1, Ea)zg, EsAs) = £(=)THEY (Ea)e, 1)1, Es)s)

where the plus sign holds for two identical bosons and the minus sign for fermions.
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Dalitz-Plot Analysis:

The overall amplitude for the production and decay of a three-particle system is, for

R(c, B,7),
> P(JMn) F;]"(E;\) D3/, (R)
JMn

where P(JMmn) is the production amplitude of state |J Mn) in which 7 is its intrinsic
parity. The distribution function takes on the form

I(R,E;) oy Y
N;

; JMnp
(76) J’M’n’,u’

P(JMn) P*(J'M'n') F/"(E;)\) F/f" *(Eixi) Dy (R) D}QW (R)

Integrating over dR(«, (3, ), we obtain

/[(R,E,L-)dRoc STSNT N P(IMy) PHIMY) FIN(EN) FIT R (BN
Xi JMp nn!

(parity in decay) — o< 7’ > Y Y P(JMn) P*(JMn') E;/"(E;\;) F,{ﬂ’ *(Ei\s)
Xi JMp oy’

Conclude: No interference between different J or n in a Dalitz-plot analysis.
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Decay Modes: Examples
Recapitulate:

Within the helicity formalism, we have seen

2J + 1
77 A 5, (M;9Q) = Ny FY  Dif5(6,6,0), Nj= yrnl A=A — A\a,

where

1
204+ 1\ 2
J 2 : J
FA1>\2 — 2 (2J—|— 1) Ay, (fO S)\‘J)\) (81)\1 S92 —)\2‘8)\) ,

Symmetry properties
FYn, = nmma(=)7 7072 R L (parity) . FYy, = (-)7FY,, (identical)

Obtain their counterparts for the £s amplitude. Starting from

1
(78) a) = 4n (9> C (TMEs| M| M)
b

we see that

n=mnin2(—)" (parity), £+ s — 2s; = even (identical)
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Two-pion Decays:

Two famous examples are p — 7w and f2(1270) — 7wr. Let / be the spin. Again, we
use 7 to denote the intrinsic parity of the resonance decaying into two pions. The decay
amplitude is

(79) A (m; Q) x F* DY *,(¢,0,0) x F* Y (Q)

From parity conservation in the decay, we must have F* = n (—)¢ F*, so that
(80) n(—)" =+1

If the 7’s are identical (i.e. the same charge), then we must F* = (—)* F*. So we see
that

(81) ¢ = even

Examples: p 4 w97° and f5(1270) — 7970,
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Three-pion Decays:

We consider the decays w — 7T 7%~ and a2(1320) — 37. The decay amplitude is
(82) A7 (M; R) < F;/(E;) Di/, (R)
From parity conservation, we see that F}/ (E;) = n (—)**! F;/(E;), so that

(83) n(=)"=-1

So we conclude that © = even if n = —1 and u = odd if » = +1. This shows that there is
one amplitude (. = 0) for the w decay

w = 3m;  Ag(M; R) o« Fg (Ei) Difo(R), J=1
(84)
Integrate over v;  AJ(M;Q) < F§ (E;) D3/5(9,0,0) < F§ (E;) Y, (Q)

So w — 3m decay is ‘formally’ equivalent to p — 2, if the analyzer is the decay normal.
There are two decay amplitudes (i = +) for a2(1320) — 3.

(85) a2(1320) — 3m; AL (M;R) < F{(E;) D{/.(R), J=2

Consider now the decays of the charged a2, i.e. a§(1320) — wExtr—. Then we must
have F'{ (E, E2) = —Fi(EQ, F1),i.e.the 7's 1 and 2 are identical.
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Decays into pm and wr:

Let A\ be the helicity of the p or w. The decay amplitude takes on the form
AL (M; ) o< FY Dy/5 (¢,6,0)

1
20412
J __ J _
Fy _%: (2J+1> al (€0 sA|JN), s=1

(86)

(a) Consider the decay a2(1320) — p.

Because of parity conservation, we must have ¢ = 2 (D wave) only. For this case, we
obtain

1
20 +1 1\ 2
(87) F/'\]:<2JJ_F|_1> ol (L0 sAJN); J=f=2 s=1

There is one single complex amplitude aj (J = ¢ = 2) in the problem:

1 1
9 Fl=\iad, m=0 pl= e s=i=2

Zemach amplitudes — a o p* = a/ o Fy(p/p,) (Blatt-Weisskopf barrier factors).
Here p is the p momentum in the a2 RF.
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Include the decay of the p — 71 + 72. Then the overall amplitude is

@g) A7 (M0, Q) o< Y F{ D5\ (¢,6,0) A(w) DL (61, 0r,0); J =2, |A] <1
A

where () = (0, ¢) describes the direction of the p momentum in the JRF, and

Qp = (0, o5, ) describes the direction of the momentum 7 in the p helicity frame. The
p decay amplitude (a complex constant) has been abosrbed into F{ . w IS the effective
mass for the p and A(w) is the Breit-Wigner form

w%—wzuo_ziqu(wy I'(w) = To (%) (ng) (q%>2

where ¢ is the breakup momentum of the p in the pRF.

(90) A(w) =

(b) Consider now the decay b1 (1235) — wr.

Because of parity conservation, we must have 7 = 0 (S wave) or / = 2 (DD wave). So we
see that

1 5
(91) Fy{ = \/;ab] + \/;aé] (20 sA|JN), J=s5=1
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Evaluating the Clebsch-Gordan coefficients, we find

(T L 5 L
1 2

R =5/
1 1

Jg_ /1y 1

7= el g

Note that >~ |Fy/|? = >, |a/|? in which the interference terms cancel out.

(92)

N\

Include the decay of the w — w1 + 72 + w3. Then the overall amplitude is

@3 AT(M:92,Qp) o< Y F{D{(6,6,0) DS5(¢n,00,0), J=s=1, A <1
A

where () = (0, ¢) describes the direction of the momentum w in the JRF, and
Qp = (04, @5, ) describes the direction of the momentum 7; x 72 in the w helicity frame.
The w decay amplitude can be integrated over

92:/|F()9(E7;)|2dE1 dEs, s=1forw

g has been aborbed into the Fy .
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Decay Modes involving ~’s in the final states:

(a) Consider the decays w — v + w0 and f1(1285) — v + pY.

The relevant decay amplitude is
04 A{ ,, (M;Q) o< F{ . D{5(4,0,0), A=X1—X2, A ==£1, [A\[<J
Observe

w—y+n's AL(M;Q) < F{D{* (¢,0,0); F{=-F] J=1

where s; = 1 and ~; = +1 for . There is one non-zero helicity-coupling amplitude, i.e.
F. And further note

f1(1285) = v+ %5 A\, (M;9Q) o< FY 5 D35(6,6,0); J=1, A=+1— X\

where s; = 1and v, = +1 for+; and s = 1 and y2 = {—1, 0, +1} for the p°. From
parity conservation in the decay, one must have

J L J
(95) Fi o\, =—F¢ _»,

There are two non-zero amplitudes, '/, and F/
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(b) Consider the decays 7 — v + v or ag(980) — ~ + .

Once again, we start with

J , J J % _
(96) A% ao (M;59) o< FX 5, Dipa(9,6,0), A=A1—A2, A< J
where s; = so = 1and Ay = +1 and Ao = +1. From parity conservation, we have
(97) Fj\fl Ap =1 (_)J F—J>\1 —A2
By Bose symmetry, we should also have
(98) Fj\]l Ao — (=)’ Fijg A1

There is one non-zero element '/, for 7% or a( (980).

Suppose J = 1. There is again one non-zero element F'/ . but /'/ , = 0 by Bose
symmetry. So, spin-one particles cannot decay into two photons—Landau-Yang
Theorem.

Consider now J = 2. There are two non-zero elements F_{+ and F+J_ if n = +1, but
there exist only one element F/ | if p = —1.
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Density Matrix

Here we derive the symmetry properties of the general spin-density matrix for a
system ¢ produced in

(99) a+b—c+d

where the participating particles are arbitrary and include mesons, baryons as well as
photons. We assume that c is an intermediate state, mesonic or baryonic, and it couples
to any number of allowed decay channels.

The density matrices in the reflectivity basis were given by
S. U. Chung and T. L. Trueman, Phys. Rev. D 11, 633 (1975).
For a deeper understanding of the quantum treatment of one-particle states, the reader
is referred to the book by
Steven Weinberg, ‘The Quantum Theory of Fields, Volume |
(Cambridge University Press, Cambridge, 1995), Chapter 2.
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General Angular Distributions in Reflectivity Basis:

Let |jm) be the spin statef for ¢ where the quantization axis is defined in the
production plane, i.e. one takes either the helicity or the Jackson frame for c¢. The
amplitude for production and decay of the c is

(100) A Z (Pe xm, PagAd |T| Para, Do) DX, (T)

xXm

where y specifies the complete quantum state for ¢, which includes its spin 7, its parity,
its C'-parity, its isotopic spin, and its decay products with the phase-space element given
by 7; X's refer to the helicities; T is the transition operator of the process ab — cd; and D
Is the decay amplitude for ¢, which may consist of a product of the ‘rotation functions’ as
well as the Breit-Wigner forms. The distribution function follows immediately

I(1) x Z Z

AaApAg xXm X’m’

101 - - 5 = = = = =
(1oh) X (Be Xy Pada |T| Para, Bode) Be XM, ara |T) Padra, Porp)

x DX, (7) DX, * ()

2 We use 7 to denote the spin and NOT J as used in the previous sections.
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Note that the helicities of a, b and d are the ‘external’ unobserved variables and therefore
summed over outside of the absolute square of the amplitude A. In terms of the
generalized spin-density matrix

! - - - - - - - - *
(102) pfnzcn/ X Z <pc XM, PdAd |T|pa)\a; pb)\b><pc X/m/, PdAd |T|pa)\a, pb)\b>
AaApAg

the distribution function assumes an elegant form

Z pXX, DX, (1) DX, *(7)

Xm

(103)

Hadron Spectroscopy—Mathematical Techniques JLab May 30—June 13, 2012 —p44




We are now ready to introduce the reflection operator through the production plane
for ab — cd. Let this plane be defined to be the x-z plane, i.e. the production normal is
along the y-axis. Then the reflection operator defined by

(104) [T, = U[Ry ()] 11 = LU[Ry ()]

where U[R, ()] is a unitary operator representing a rotation by = around the y-axis, i.e.
(105) U[Ry(m)] = exp(—im Jy)

which is simply given by the standard d-function

(106) Ut m Ry (m)] = d,,, (1) = (=)™ 6t

Note also that
(107) Uyt m Ry (—7)] = d;, (=) = (=) S m

Let A is a general operator in the zz-plane. Then, we see that
(108) |11, UIA(BL)]] = 0, TLy [pexm) = ne (<))~ [pex —m), 105 = (0¥ I

where 7. is the intrinsic parity of the c. Also true for helicity states (|p; \;), ¢ = a, b, d).
Also true for massless particles (m — A = =+).
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We move over to the reflection-basis states for ¢, i.e.

(109) |De € x M) :9(m){|ﬁcXm>‘|‘€770 (=)™ |pe x —m}}

where

10 Om) = —, m>0;  6(m) = = 0;  O(m)=0, m<0
m)=—, m ; m) = —, m = 0; m) =0, m

(110) 2 2

These basis states constitute eigenvectors of the reflection operator

(111) e’ = (_)2j — 1l |ﬁc EXm> — € (_)2j |ﬁc EXm>

so that we have ¢ = +1 for bosons and ¢ = 4 for fermions. Note, in addition, that
ec* = |¢|? = 1 for both bosons and fermions.
The generalized density matrix in the reflectivity basis is, with . > 0 and m’ > 0,

(112)

XaXpAg

- - - — - - — - *
> {efexm, Para|T| Pada, Do) (€ Pex'm’, Bara |T|Pada, Do)
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We shall explore the consequences of a reflection operation applied to the transition
matrices above. The key observation is that 11, leaves the transition operator 7°
unperturbed, i.e. [I1,, 7] = 0. The three-vectors p; (i = a, b, ¢, d) are left unchanged
under II,, i.e. the boost operators and/or the rotations about the y-axis, which enter in
the definitions of the helicity or the Jackson frames, remain invariant under II,,.
Therefore, the parity conservation is relegated to exploring the consequences of 11,
acting on the ‘rest’ states. Insert IT,, ' IT,, = I1,,' II,, = I next to each T and propagate
H}; and II, backwards and forwards, respectively, to find

/ / * 2(5— ./
eepﬁffn/“%/ (—) (G—3") Z
(113) AaAbAd

. s = = s . s s *k
(€ De XMy Pay, —Ad |T| Pa, —Aas Doy —Xb) (€' De X' M, Da, —Aa |T| Das —Aay Do, —\b)

so that

(114) eelpfnzf';, = e " X eelpszri,

So we see that e/ * = +1. Multiply it by €’ from the right and noting that

e e =|e|? = +1, we find ¢ = €. Here we have carefully handled the derivation, so
that the formula above applies to both bosons and fermions.
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The density matrix can be written, quite generally, in a block-diagonal form

/
€ XX
pmm

5 . o 5 o . . 5 *
Z <€pc XM, PdAd |T|pa)\aa pb)\b><€pc X/m/7 DdAd ‘T‘pa)\aa pb)\b>
Aadp Ay

/

(115)

a fundamental formula which incorporates parity conservation in the production process
ab — cd. The distribution function in the reflectivity basis is

(116 I(r) i N XX DX () DX, *(7),  m >0, m' >0
X/::b/
where €D is the decay amplitude in the reflectivity basis. Consider a simple decay
c — s1(A1) + s2(A2)
In the ¢ RF, we have, with p. = 0and 7 = R(¢,0,0),

“DX, (1) = (qA1; —Gr2| Me jm)
) =N, F] , 6 D’ Y (R J=m pI* (R A=A — A
VDY (m) (R) +€nc(—) o (12) 1 2
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The rank of the density matrix is determined by the number of independent terms in
the summation on helicities. Let

n;, =2s; +1 or mn; =2(photons) for i=ua, b, d
depending on whether a particle is massive or massless. The total number in the sum is
(118) N = ng npny
So the rank of the density matrix is (N + 1) /2 if N is odd, and itis N/2 if N is even.

Note that the reduction in the rank comes from parity conservation in the production
process (to show this, apply 11, again to the amplitudes).
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Table I. Rank of Spin-Density Matrix for X

Reaction Rank
Tp — 7w Xt 1
Tp — Xp 2
n — X ATT 4
pp — Xp 4
np — X ATT 8
v — X 4
vy — atX0 2
vp — e  XTT 1T
ep — e XT 1T
op — X% 6
¢op — 7wtX0O 3
~n — 7 XV 1
¢ — w XY 2

I The electrons are assumed to come with one helicity.
True in general for odd-half-integer spins in the limit of zero mass.
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S. U. Chung and T. L. Trueman, Phys. Rev. D 11, 633 (1975)

Consider an N x N, density matrix, with i = {ym} and 7 = {x/ m/},

Ke
(119) epij _ Z evikzev;ka — epzevevT, — epzepT
k=1

wherei,j =1,--- Ne;k=1,---, Kc,and K. (= 1, -+, 00) is the rank of the density
matrix. Note that “p is an N. x N. square matrix, whereas V' is, in general, a retangular
matrix N. x K.. The ‘Cholesky’ decomposition of €V is, e.g. for N = 6 or for 6 x 6 “p,

)

(6‘/11 0 0 0
V31 “Vi3a V33 0
Va1 Vo Viyz Vg
“‘Vs1 “Vs2 Vi3 “Vsa Vs 0
K6V61 “Vea “Vez “Ves “Ves €V66)

(120) V={Viu}=

o O O O
S O O O

where €V ;. is complex in general but €V;; = real > 0. There are 6 real diagonal
elements and 15 complex off-diagonal elements of €V, for a total of 36 parameters
required to describe a 6 x 6 €p. The rank is given by the number of columns counting
from the left, with the rest being zero. For example, if the rank=2, then we must have
“V,r. = 0,7 >k > 3. Inthis case, there are 2 real diagonal elements and 9 complex
off-diagonal elements, for a total of 20 parameters in the problem.
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Now go back to the notation {x m} and {x’ m'}

K.
/ /
(121) epszn/ = Z GV%,C EVi(n,z : m >0, m >0
k=1
and define
Ne
(122) Up(r) =) VX, DX(r), m=>0
X m
The distribution function
2 Ne / /
I(t)oc Y > pXX DX (r) “DX,*(7)
€ xXm
X/m/
becomes
2 K.
(123) I(t) o > EUk(T))
€ k=1
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Maximum-Likelihood Method

Introduce the so-called extended likelihood function for finding ‘n’ events in a given
mass bin

29 b [7:7 } I1 [II(T) 75((:;)45(7) dr

7

where 7n(7) is the experimental finite acceptance at + and the invariant phase-space
element given by

(125) d¢ = (j—¢> dr = ¢(7)dr

The first bracket in £ represents the Poisson probability for finding ‘n’ events in the mass
bin, and the expectation value n is

(126) n o /I(T) n(r) ¢(7) dr

The likelihood function £ can now be written, dropping the factors depending on n alone,

n

11 I(n)] exp [—/I(T) n(r) ¢(r) dr

1

L x
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The ‘log’ of the likelihood function now has the form,

(127) InL = Z InI(m;) — /I(T) n(T) ¢(7) dr

We shall adopt the following shorthand notation

(128) a={ek;xm} and o = {ek;x'm'}
and write
(129) I(t) =) Va V2 Da(r) DL (7)

The so-called ‘experimental’ normalization integral is given by

(130) V2 = [ [Dalr) DL()] () 6(r) ar
so that
(131) In L = i In [Z Vo V2 Da(T;) D;/(n)] — Z Vo V2, W2
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We explore the normalization for V'’s by setting V' = = IV,
where z is independent of ¢,

(132) InL = Z ln[ Z WO‘ W* ( ) (Tz ] —CUQZ Wa W*

ao!

At the maximum, we should have

OlnL .1 . o
(133) 0= 8;12 — Zz: [33_2] — : Wo W3, W
so that
(134) > VaVE UL, =n

aa’

We can define the theoretical normalization integral, with n(7) = 1,

(135) U, = / [DQ(T) D;,(T)] o(T) dr
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The predicted number of events is

N=> VoaV} Vyu
oo

(136)
= Z Naa’ , Naa’ = Vau VOT/ \Ijaa’

oo
So the predicted number of events for a partial wave « is
o 2
(137) Naa — |Va| \IJOLQ{ ) \Ijozoz :/‘DCX(T)) (b(T) dr
The predicted number of events for the interference between the partial waves o and o/

IS
(138) Noar + Norg = 2%{‘/@ VOT/ v, a’} ) o # o
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To Be Continuned. . .
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