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Outline of the talk

Radiative reaction force for a point charge, singularities and
infinities

Coherent radiation of bunches and CSR force

Transverse self-forces in relativistic beams

Applications: CSR instabilities in rings and bunch compressors

Conclusion
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Quotation

“A good theory is like a caricature: it neglects unimportant and it
exaggerates essential traits”.
I. Pomeranchuk
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DRSS

DS
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Radiative reaction force for a point charge

An accelerated electron radiates electromagnetic waves and loses
energy. The energy balance equation involves a radiative reaction
force (RRF). In non-relativistic limit

Frad =
2

3

e2

c3
v̈

Ultra-relativistic RRF (γ� 1)

Frad =
2e4

3m2c4
(Fklu

l)(Fkmum)
v

v

Runaway solutions

v̇ ∝ e3mc3t/2e2

Schwinger derives in 1949 most of the properties of the
synchrotron radiation from analysis of RRF.
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Coherent radiation and RRF in beams—bit of history

What is the RRF for a coherently radiated bunch of charged parti-
cles?

For historical review see J. Murphy, Beam Dynamics
Newsletter No. 35, p. 21(2005).

L. Iogansen and M. Rabinovich apparently were first who
obtained the CSR wakefield [Sov. Phys. JETP, vol. 60, p. 83
(1960)].

DRSS, TESLA FEL-Report 1995-05. In parallel development J.
Murphy, S. Krinsky and R. Gluckstern [PAC 1995; Part. Acc. vol.
57, p. 9, (1997)] derived the CSR wakefield both for free space and
in the case of a circular orbit between two conducting plates.
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Coherent radiation and RRF

There are two approaches to calculate RRF in a bunch.

Consider interaction of two electrons at a small distance
moving in a circular orbit (Murphy et al.).

Consider the beam as continuous medium and use retarded
potentials technique (DRSS).

φ(r, t) =

∫
ρ(r ′, tret)

|r− r ′|
d3r ′ , A(r, t) =

1

c

∫
j(r ′, tret)

|r− r ′|
d3r ′

E = −∇φ−
1

c

∂A

∂t
, B = ∇×A

with tret(r, r
′, t) = t− 1

c |r− r
′|. The singularities in the

integrands are integrable in 3D (and 2D). However, not much can
be done analytically in general case of 3D.
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Line-charge beam

R

v

We would like to solve the problem in 1D (line charge beam),
however the integrals for potentials diverge logarithmically in this
case. Why does this happen?
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Space charge field of line-charge beam

The divergence has nothing to do with RRF; it is due to the space
charge field.

v

For a long thin beam (σr/γσz � 1), the space charge longitudinal
electric field

E‖ ∼
Q

σ2zγ
2
log

σzγ

σr

This field diverges when σr → ∞, but it is a very weak singularity.
For ultra-relativistic beam it is also small as γ−2.
Solution: take simultaneously the limits σr → 0 and γ→ ∞
(v = c) [”exaggerate essential traits”]. The singularity disappears
in this limit and the problem then becomes remarkably simple.
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CSR for a line-charge beam

CSR (RRF) longitudinal force in bunch with λ(s) distribution
function

Es(s) = −
2Q

R2/331/3

∫ s
−∞

1

(s− s ′)1/3
∂λ(s ′)

∂s ′
ds ′

For Gaussian distribution
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Further development of the theory

Generalization for a bend of finite length (Saldin,
Schneidmiller, Yurkov, 1997; Stupakov, Emma, 2002)

CSR force in an undulator (Saldin, Schneidmiller, Yurkov,
1998)

These works still assume an infinitely thin beam with all the
particles moving along the same trajectory.

Development of computer codes that treat CSR forces: TRAFIC4,
elegant, CSRTrack, TREDI, etc. Code development requires
computational algorithms devoid of singularities. Recent
publications: Talman (PRST-AB, 2004); Warnock et al. (NIM-A,
2006); Mayes and Hoffstaetter (PRST-AB, 2009).
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CSR in toroidal pipe

Warnock and Morton, PA, (1990); K. Y. Ng (1988) solved the
problem of particle radiation in a metallic toroid. Warnock used to
make plots of CSR wakefields for various application in 1990.
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Transverse self-force in relativistic beam

Ya. Derbenev, V. Shiltsev, “Transverse effects of microbunch ra-
diative interaction”, SLAC-PUB-7181. The dominant part of the
transverse force in relativistic beams has nothing to do with radi-
ation. The subject has a history, starting from 80s, riddled with
errors.
Can we find transverse forces for a line-charge beam? No, they are
infinite again.

It can be studied in configuration where
there is no radiation. In z = 0 plane

x ′′ + Kx =
e

E

(
Fr −

φ

R

)
Fr = Er + (vθ/c)Bz is the Lorentz force
per unit charge, x = r− R.
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Transverse self-force in relativistic beam

The fields are time-independent and can be solved using a small
parameter a/R. For z = 0 (λ - charge per unit length)

φ = λ

(
1−

x2

a2

)
+ 2λ ln

8R

a
,

Fr =
λ

R

(
2 ln

8R

a
− 1−

x2

a2

)
.

The fields are singular in the limit a→ 0, but the RHS is not

Fr −
φ

R
= −

2λ

R

This is centripetal force found by Derbenev and Shiltsev for the
general case of a line-charge beam.
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Comments of further development

Surprisingly, this field is still considered somewhat controversial.
There were many discussions in literature of so called “cancellation
effect” problem.

Modern CSR codes include the transverse self-force.
It seems, though, that it does not play a big role in the beam
dynamics.
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Generalization of line-charge dynamics for arbitrary motion

In general, the velocity of particles is
not tangential to the beam line. The
self-field of such a motion for a
line-charge beam was studied in
[Stupakov, FEL08]. Again, it is assumed
that β = 1, but γ is kept on the LHS if
equations of motion

V = φ− β ·A

v

d(mcγ+ eφ/c)

dt
=
e

c

∂V

∂t(
mcγ+

eφ

c
−
eV

c

)
dβ

dt
= − e

dA⊥
dct

∣∣∣∣
⊥
− e∇⊥V
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Applications: CSR instability in rings
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Bursts of CSR (far infrared) in
NSLS VUV ring [Carr et al., NIM,
387, (2001)]. Frequency range
from ∼ 6 to ∼ 60 GHz.

Bursts of CSR in BESSY II [G. Wuste-
feld et al.]. Typical wavelength ∼ 0.5
mm.
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CSR instability in rings – theory

Use Keil-Schnell theory (Stupakov and Heifets, 2002). The
dispersion relation

ir0c
2ZCSR(k)

γ

∫
dδ (df/dδ)

ω+ ckηδ
= 1

r0 = e
2/mc2, f(δ) – energy distribution function.
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The beam is unstable for
such wavelengths that

kR < 2.0Λ3/2.
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Energy spread introduces Landau damping and stabilizes short
wavelengths.
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CSR instability in rings – ALS experiment

J. Byrd et al., PRL, 224801 (2002). Beam energy varied from 1.2
to 2 GeV. Spectrum was measured by 94 GHz microwave detector
and Si bolometer (up to λ = 100 µm).
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Very good agreement with theory for threshold of the instability.
Subsequent experiments on BESSY, SPEAR and other rings
confirmed the theory. Simulations by Warnock, Venturini.
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Linac Coherent Light Source at SLAC

J. Arthur: LCLS 13 April 2009

Linac Coherent Light Source at Linac Coherent Light Source at SLACSLAC

InjectorInjector
at 2at 2--km pointkm point

Existing 1/3 Linac (1 km)Existing 1/3 Linac (1 km)
(with modifications)(with modifications)

Near Experiment Hall Near Experiment Hall 
(underground)(underground)

Far ExperimentFar Experiment
Hall (underground)Hall (underground)

Undulator (130 m)Undulator (130 m)

X-FEL based on last 1-km of existing linacXX--FEL based on last 1FEL based on last 1--km of existing linackm of existing linac

New New ee−−
 

Transfer Line (340 m)Transfer Line (340 m)

1.5-15 Å1.51.5--15 15 ÅÅ

XX--ray ray 
Transport Transport 
Line (200 m)Line (200 m)
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CSR in bunch compressors

CSR effects can cause beam emittance growth in bunch compressors.

In addition to the emittance growth, in 2001 M. Borland observed in

simulations a microbunching instability in a BC due to CSR. It is similar

to the microbunching instability in rings, but develops on in one passage

of the system.
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Microbunching in bunch compressors

Simulation of CSR induced microbunching instability for the LCLS
beam (P. Emma).

P. Emma

The theory of the instability was developed by 2002 by Heifets et
al., Huang and Kim, and the DESY group.

LCLS design has a laser heater to increase the energy spread in the
beam to suppress this instability.

22/25



Introduction Radiative reaction force Transverse force CSR applications

Microbunching in bunch compressors

P. Emma
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CSR instability in the LCLS BC2

Experiment on the LCLS showed a good agreement with
simulations using elegant. Notice that elegant uses a simple 1D
model for the CSR longitudinal force and neglects the transverse
self-force of the beam!

From Bane et al., PRST-AB, 12, p. 030704 (2009) .
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Conclusion

The two papers, DDRS and DS, marked an important step in
the development of the theory of both longitudinal and
transverse CSR wakefields. The method developed in these
papers allows generalization for more complicated problem.
The results are surprisingly simple, and are widely used in
analysis of the effect.

The field of CSR effects in beam dynamics has been under
constant development since mid-90. It is an important
element of the beam physics of short bunches. I presented two
examples: CSR instability in rings, and bunch compressors.

The original 1D model of DRSS, generalized by Saldin et al.
for the case of short magnets, shows remarkable agreement
with the experimental data from the LCLS.
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