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pentaquarks tetraquarksglueballs

molecules

hybrids

Mesons

Baryons

|niQCD = c0 + c1 + c2 + c3 + · · ·

Hadrons: QCD’s rich spectrum

QCD is a quantum field theory…

…but perhaps there is a  hierarchy [.e.g. c0>c1>c2>c3]



Resonances in experiment

the Roper

p

 The vast majority of QCD states are composite states, which are either:
 unstable under QCD (resonances)
 accidentally stable (bound states)
 depending on the QCD parameters, a state can transition
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Resonances in experiment

p

Nπ ~ 70%

the Roper

Nη

∆π

Nππ ~ 30%

 The vast majority of QCD states are composite states, which are either:
 unstable under QCD (resonances)
 accidentally stable (bound states)
 depending on the QCD parameters, a state can transition



Resonances in experiment

p

Nπ ~ 70%

the Roper

Nη

∆π

Nππ ~ 30%

multichannel, multiparticle system! 
hard, but not obviously impossible…

 confirmation 
 production mechanism [couplings]
 identification of prominent decay channels 

 couplings to decay channels
experimental needs

theoretical needs  structural understanding



QCD

|niQCD = c0 + c1 + c2 + c3 + · · ·

Lattice QCD

“the only game in town”

“Resonances are manifested  
as enhancement of cross sections”

Obtaining the QCD spectrum

Cutting edge of the field is in the study of 

mesonic systems. I will focus on this, but the 

same lessons apply to baryons as well. 



QCD Lattice QCD

“the only game in town”

“Resonances are manifested  
as enhancement of cross sections”

…complex valued poles in 
unphysical Riemman sheets

Obtaining the QCD spectrum

|niQCD = c0 + c1 + c2 + c3 + · · ·resonance poles
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Obtaining the QCD spectrum
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Obtaining the QCD spectrum

step #1: gather a team!



more numerical - Europe

EdwardsDudek Wilson

Ryan

Chakraborty

JoóWinter Thomas

Peardon

Meet the team -  
LQCD spectroscopy efforts at JLab and abroad

Hansen

SharpeRichards

spec
more numerical - JLab

more formal

 Students: 
Johnson, Radhakrishnan, 
Cheung, Moss, O Hara, Tims



Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Dµ = ( ((L/a)3 ⇥ (T/a)

mq ! mphys.
q

Lattice QCD in a nutshell



tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

 Never free!
No asymptotic states!
No scattering!

Lattice QCD in a nutshell



tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

 no continuum of states:
no cuts
no sheet structure
no resonances

FV spectrum

Lattice QCD in a nutshell



Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume
Correlation functions: spectrum, matrix elements

tM ! �itE

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

⌧

⌧

CL(t,P) =

time = t time = 0

Lattice QCD in a nutshell



|niQCD = c0 + c1 + c2 + c3 + · · ·resonance poles

Obtaining the QCD spectrum

QCD Lattice QCD

L

Ecm(L)

3m

2m

m

0

Finite-volume spectrum

correlation functions
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The isoscalar, scalar sector 
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is it real?

f0(500)/�

f0(1370)

f0(1500)

f0(1710) ⇠
glueball?

f0(980)⇠

KK molecule?

!!

The isoscalar, scalar sector 



RB, Dudek, Edwards, Wilson - PRL (2017)
RB, Dudek, Edwards, Wilson - arXiv (2017)
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 Use local and multi-hadron ops ~ 20-30 ops
 Evaluate all Wick contraction: distillation [Peardon, et al. (2009)]

 Variationally optimize operators [Michael (1985), Lüscher & Wolff (1990)]  
 extract ~ 30 - 100 energy levels 
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Extracting the spectrum
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Isoscalar spectra: S-wave dominant
 Multi-meson ops. are crucial
 Spectrum including a larger basis:
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Isoscalar spectra: S-wave dominant

shallow bound state?

 Multi-meson ops. are crucial
 Spectrum including a larger basis:

�
⇡⇡,KK, ⌘⌘, `¯̀, ss̄
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mπ=391 MeV

Isoscalar spectra: S-wave dominant

No simple story…

 Multi-meson ops. are crucial
 Spectrum including a larger basis:

�
⇡⇡,KK, ⌘⌘, `¯̀, ss̄

 



mπ=391 MeV

Isoscalar spectra: D-wave dominant

0.10

0.15

0.20

0.25

0.30

 16  20  24  16  20  24  16  16 20  24  20  24

 Multi-meson ops. are crucial
 Spectrum including a larger basis:

�
⇡⇡,KK, ⌘⌘, `¯̀, ss̄

 

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24



 Multi-meson ops. are crucial
 Spectrum including a larger basis:

�
⇡⇡,KK, ⌘⌘, `¯̀, ss̄

 

Isoscalar spectra: D-wave dominant

mπ=391 MeV
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two resonances?
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Isoscalar spectra: D-wave dominant

mπ=391 MeV
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Obtaining the QCD spectrum

QCD Lattice QCD

L

Ecm(L)

3m

2m

m

0

Finite-volume spectrum

correlation functions

formalism



det[F�1(EL, L) +M(EL)] = 0

resonance
partial wave 
amplitudes

FV spectrum

 Lüscher (1986, 1991) [elastic scalar bosons]

 Rummukainen & Gottlieb (1995) [moving elastic scalar bosons]

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005) [QFT derivation]

 Feng, Li, &  Liu (2004) [inelastic scalar bosons]

 Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]

 RB (2014)  [general 2-body result]

EL = finite volume spec.

L = finite volume

F = known function

M = scattering amp.

Scattering amplitudes



-1

-0.5

 0

 0.5

 1

-0.06 -0.03  0  0.03  0.06  0.09  0.12

RB, Dudek, Edwards, Wilson - PRL (2017)
M0 =

16⇡Ecm

p cot �0 � ip

Isoscalar ππ scattering: elastic region
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16⇡Ecm
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det[M(EL) + F�1(EL, L)] = 0

Isoscalar ππ scattering: elastic region
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Weinberg compositeness criterion for the σ
 For the heavier ensemble, the σ is a bound state, so we can apply Weinberg’s 
criterion

 Can relate Z to scattering information

 To obtain:

 Consistent with the large FV effects

+ + +…
p
Z

p
1� Z( )

Z ⇠ 0.3(1)

a = �2
1� Z

2� Z

1p
m⇡B�

, r = � Z
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1p
m⇡B�



f0(980)

f0(1370)

f0(1500)

f0(1710) ⇠

⇠

KK molecule?

glueball?

is it real?

f0(500)/�

!!~100 %

The isoscalar, scalar sector 

 yep! 



Multi-channel systems - the cutting edge!
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lots more spectra!



Multi-channel systems - the cutting edge!

ππ, KK, ηη [isoscalar]:             RB, Dudek, Edwards - PRL (2017)
Kπ, Kη:                                       Dudek, Edwards, Thomas, Wilson - PRL (2015)

                                                      Wilson, Dudek, Edwards, Thomas - PRD (2015)
πη, KK:                                       Dudek, Edwards, Wilson - PRD (2016)
Dπ, Dη, DsK:                              Moir, Peardon, Ryan, Thomas, Wilson - JHEP (2016)
ππ, KK        [isovector]:            Wilson, RB, Dudek, Edwards, Thomas  - PRD (2015)

spec

 the necessary formalism for doing coupled-channel scattering of scalar 
systems was set in place in 2012

 to date, the Hadron Spectrum collaboration is the only one to have extracted 
coupled-channel scattering amplitude information from QCD

Feng, Li, &  Liu (2004) [inelastic scalar bosons]
Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]
RB (2014)  [general 2-body result]
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 the necessary formalism for doing coupled-channel scattering of scalar 
systems was set in place in 2012

 to date, the Hadron Spectrum collaboration is the only one to have extracted 
coupled-channel scattering amplitude information from QCD

Feng, Li, &  Liu (2004) [inelastic scalar bosons]
Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]
RB (2014)  [general 2-body result]

Wilson (Royal fellow/Trinity)

…the other common 
denominator…



 Coupled channels:
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Multi-channel systems - the cutting edge!

e.g., S-wave ⇡⇡,KK

⇠ |M|2



 Coupled channels:

mπ=391 MeV

 0.2

 0.4

 0.6

 0.8

 1

 800  1000  1200  1400

-300

-200

-100

RB, Dudek, Edwards & Wilson (2017)

Multi-channel systems - the cutting edge!

e.g., S-wave ⇡⇡,KK

⇠ |M|2



is it real?

f0(500)/�

f0(1370)

f0(1500)

f0(1710) ⇠
glueball?

f0(980)⇠

KK molecule?

KK

The isoscalar, scalar sector 
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 Coupled channels:

Multi-channel systems - the cutting edge!

mπ=391 MeV

e.g.,D-wave ⇡⇡,KK

⇠ |M|2
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 Coupled channels:

Multi-channel systems - the cutting edge!

e.g.,D-wave ⇡⇡,KK

⇠ |M|2

ππ

KK

anti-strange

strange
light
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Tensor and scalar nonets
 First complete determination of the scalar and tensor nonets from LQCD :

f0
�

0 +

�
̄0

a+0a00a�0

ππ, KK, ηη:             RB, Dudek, Edwards - PRL (2017)
  RB, Dudek, Edwards - arXiv (2017)

Kπ, Kη:                    Dudek, Edwards, Thomas, Wilson - PRL (2015)
                    Wilson, Dudek, Edwards, Thomas - PRD (2015)

πη, KK:                    Dudek, Edwards, Wilson - PRD (2016)
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Tensor nonet
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Scalar nonet



formalism

Obtaining the QCD spectrum

QCD Lattice QCD

L

Ecm(L)

3m

2m

m

0

Finite-volume spectrum

correlation functions

 Polejaeva & Rusetsky (2012) [spectrum depends on S-matrix]

 RB & Davoudi (2013) [1+shallow bound states] 

 Hansen & Sharpe (2014-15) [relativistic πππ]

 Hammer, Pang, Rusetsky (2017) [NR EFT parameterization]

Mai & Doring (2017) [NR numerical explorations]

 RB, Hansen & Sharpe (2016) [relativistic coupled, 2-,and 3-mesons] 



Remaining questions:
Operator basis:

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…

 3400
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 3700

 3800

 3900

 4000

 30

 30

Energy (MeV)

Figure 4. The central plot shows the spectrum in the hidden-charm isospin-1 ⇤PG = T++

1

channel
calculated using the basis of meson-meson and tetraquark operators given in Table 6 of Appendix D.
Boxes give the computed energies with their vertical extent representing the one-sigma statistical
uncertainty on either side of the mean and, solely as a visual aid, they are coloured according to
their dominant meson-meson operator overlap. Horizontal lines denote the non-interacting meson-
meson energy levels with an adjacent number indicating the degeneracy if it is larger than one.
The corresponding principal correlators are shown on the left ordered by increasing energy from
bottom to top: the data (points) and fits (curves) for t

0

= 9 are plotted as �n(t, t
0

)eEn(t�t0) showing
the central values and one sigma statistical uncertainties; in each case the fit is reasonable with
�2/N

d.o.f ⇠ 1. The histograms on the right show the operator-state overlaps, Zn
i = hn|O†

i |0i, for
each energy level. The operators are given in the legend and the overlaps are normalised so that
the largest value for one given operator across all energy levels is equal to one.

– 13 –

Cheung , Thomas, Dudek  & Edwards (2017)

go to G. Cheung’s talk Wed. 11:40am 
for recent developments



Remaining questions:
Operator basis: Amplitude analysis:
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 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…

RB, Dudek, Edwards & Wilson (2016)

 3 particles or more
 dispersive techniques



Remaining questions:
Operator basis: Amplitude analysis:

 3 particles or more
 dispersive techniques

Coupling to QED currents:
transition processes

elastic ππ 
2.0 2.1 2.32.2 2.4 2.5
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πγ*-to-ππ

RB, Dudek, Edwards, Thomas, Shultz, Wilson (2015)

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…



Remaining questions:
Operator basis: Amplitude analysis:

 3 particles or more
 dispersive techniques

Coupling to QED currents:
transition processes
elastic processes (the future)

⇠

⌧

⌧

Bernard, Hoja, Meissner, Rusetsky (2012)
RB & Hansen (2015)

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…



Remaining questions:
Operator basis: Amplitude analysis:

 3 particles or more
 dispersive techniques

Coupling to QED currents:
transition processes
elastic processes (the future)

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…

Baryons:
no published Lüscher analysis to date
three-body is crucial for many channels 
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The vast majority of hadrons observed in nature are not stable under the strong inter-
action, rather they are resonances whose existence is deduced from enhancements in
the energy dependence of scattering amplitudes. The study of hadron resonances of-
fers a window into the workings of quantum chromodynamics (QCD) in the low-energy
non-perturbative region, and in addition, many probes of the limits of the electroweak
sector of the Standard Model consider processes which feature hadron resonances. From
a theoretical standpoint, this is a challenging field: the same dynamics that binds quarks
and gluons into hadron resonances also controls their decay into lighter hadrons, so a
complete approach to QCD is required. Presently, lattice QCD is the only available tool
that provides the required non-perturbative evaluation of hadron observables. In this
article, we review progress in the study of few-hadron reactions in which resonances and
bound-states appear using lattice QCD techniques. We describe the leading approach
which takes advantage of the periodic finite spatial volume used in lattice QCD calcula-
tions to extract scattering amplitudes from the discrete spectrum of QCD eigenstates in
a box. We explain how from explicit lattice QCD calculations, one can rigorously gar-
ner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are
discussed along with the steps being taken to resolve them.
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