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thinking inside the box  

- hadron resonances from lattice QCD

calculational results from the 
hadron spectrum collaboration 
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lattice QCD 2

• first-principles numerical approach to the field-theory CUBIC LATTICE

- evaluate correlation functions 

via Monte-Carlo sampling of path-integral

on a finite cubic grid

» in principle recover  
physical QCD as

» practical calculations  
        often use

- e.g. discrete spectrum from (euclidean) 
    two-point correlation functions 
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the excited meson spectrum in QCD 3

PRL103 262001 (2009) 
PRD83 111502 (2011) 
PRD88 094595 (2013)

• build a big basis of composite QCD operators

• compute & diagonalize matrix of correlation functions

hybrid 
mesons
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the excited meson spectrum in QCD 4

PRD83 111502 (2011) 
PRD88 094595 (2013)

hybrid 
mesons

• looks a lot like the “quark model” (qq plus hybrids) 

Au, Morgan and Pennington• but we know that’s not all there is …

_
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excited resonances in QCD 5

• excited states are really resonances in the scattering 
     of lighter hadrons

continuous distribution  
  of hadron states

this decay physics should be captured in   
  first-principles approaches to QCD

can this be achieved within lattice QCD ?

(where the spectrum is discrete)

ρ

f2
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elastic scattering in quantum mechanics 6

• consider scattering of two identical bosons (in one space dimension)
arbitrary 
finite-range  
potential

outside the well

elastic 
scattering 
phase-shift

continuous  
momentum

continuous spectrum 
of energy eigenstates⇒
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elastic scattering in quantum mechanics 7

think outside the box …

inside
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‘scattering’ in a finite-volume 8

• put the system in a periodic box

outside the well

• apply periodic boundary conditions

discrete  

energy  

spectrum

3+1 dim field theory  
version due to Lüscher
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ρ resonance in ππ scattering 9

RESONANT PHASE SHIFT

PARTIAL WAVE AMPLITUDE

Pennington and Protopopescu 
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ρ resonance in ππ scattering 10
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• discrete spectrum in L×L×L lattice QCD boxes
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ππ P-wave phase-shift 11
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ππ P-wave phase-shift 12

PRD92 094502 (2015) 
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• reducing the pion mass moves ρ mass, width in the right direction …

PRD87 034505 (2013) 

mR = 801(2) MeV 
Γ ~ 90 MeV mR = 854(2) MeV 

Γ ~ 12 MeV
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coupled-channel resonances in QCD 13

• but most excited resonances decay to more than one 
     final state

coupled-channel resonances

Au, Morgan and Pennington

things get more interesting with  
strongly coupled channels …
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coupled-channel resonances in QCD 14

• first case calculated explicitly: πK/ηK
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but these channels not strongly coupled … 
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πη/KK scattering and the a0(980) 15

• sharp experimental enhancement at KK threshold

_

−100 −50 0 50 100

−100 −50 0 50 100

−100 −50 0 50 100

−100 −50 0 50 100

_

• usually observed in ‘less-simple’ production processes

e.g. pp→ππη
_

ϕ→γπη

• amplitude models typically give 

“KLOE”

“Bugg”

“Achasov”

“E852”

Baru et. al. 
EPJA23 523 (2005)

E
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πη/KK scattering 16
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• discrete spectrum in L×L×L boxes
PRD93 094506 (2016)
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πη/KK scattering in JP =0+ 17

_
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• scattering amplitudes
PRD93 094506 (2016)
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πη/KK scattering 18

_
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• these amplitudes describe the calculated spectra
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πη/KK scattering in JP =0+ 19

_
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strong cusp in πη at KK threshold
_

rapid turn-on of KK amplitudes
_

indicative of a nearby resonance ?

PRD93 094506 (2016)
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can you fit poles in your box ? 20

Morgan and Pennington

resonance  
    = a pole at complex s = s0

Re[√s0] ~ ‘mass’ 
2·Im[√s0] ~ ‘width’



thinking inside the box | 6.23.2016 | a new era …

πη/KK scattering in JP =0+ 21

_

a single pole on sheet IV ⇒ a molecular interpretation ?

PRD93 094506 (2016)

• our amplitudes have a single dominant pole 
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πη/KK scattering in JP =0+ 21

_

a single pole on sheet IV ⇒ a molecular interpretation ?

PRD93 094506 (2016)

• our amplitudes have a single dominant pole 

Morgan and Pennington
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resonances and currents 22

de Fazio and Pennington

Morgan and Pennington

• more to learn from couplings to external currents …
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resonances and currents : e.g. γπ→ππ 23

PRL 115 242001 (2015)
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•  first such calculation (of a simpler case) has recently appeared 

Raul Briceno 

JLab Isgur Fellow
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convinced the skeptics ? 24

•  well, a Lancastrian and a Yorkshireman agree …
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Mike Pennington 25

•  like many people here, I have too many things to thank Mike for, but here’s the first:

thanks for not  

thinking 

inside this box !
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hadron spectrum collaboration 26
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