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Lüscher,Wolff: NPB339(90)222
Michael, NPB259(85)58
See also Blossier et al., 
JHEP0904(09)094

Compute all cross-correlations for several 
lattice operators

Solve the eigenvalue problem. The 
eigenvalues give the energy levels (masses):

The eigenvectors are “fingerprints” of the 
state and allow to identify the 
“composition” of the state 
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excited	  states	  are	  a	  
“contamina5on”

“Ground	  state	  dwellers”
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Ground	  state p,n,	  π,	  K,	  D,	  B,…,	  form	  
factors,	  3-‐point	  func5ons:	  
excited	  states	  are	  a	  
“contamina5on”

Excited	  states

Resonances,	  transi5ons,	  
decay,	  sca2ering:	  excited	  
state	  levels	  are	  a	  “must	  
have”

“Excited	  state	  lovers”

“Ground	  state	  dwellers”
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Hadron	  structure
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Here	  a	  few	  selected	  topics:	  
	  	  
Benchmark:	  axial	  charge	  gA	  
E.m.	  form	  factor	  and	  charge	  radii	  
Proton	  spin	  
Radia5ve	  transi5ons	  

…for	  ground	  state	  dwellers
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FIG. 3: Results for the isovector and isoscalar nucleon scalar
charge: Upper two panels is the ratio from which gS is ex-
tracted as a function of tins � ts/2 for the isoscalar (upper)
and the isovector (lower). The blue bands spanning from
(tins � ts/2)/a=-4 to 4 are fits to the ratio for ts/a = 14.
The dashed lines show the result of the two-state fit method.
The dashed (solid) line spanning the entire x-range show the
value obtained via the two-state (summation) method, with
the band indicating the corresponding statistical error. In the
third panel, the summed ratio is shown for the isovector (filled
symbols) and isoscalar (open symbols) case. The line shows
the result of a linear fit, while the bands show the statistical
error based on the jackknife error of the fitted parameters. In
the bottom panel, we show the result for gS when using the
plateau method with ts/a = 10, 12 and 14 (squares, circles,
and rhombuses respectively), as well as when using the sum-
mation method denoted by “sm” (asterisks) and the two-state
fit “2-st.” (triangles).

use the results for g
S

obtained for t
s

/a = 14, which is in

FIG. 4: Results for the axial charge. The notation is the same
as that in Fig. 3.

agreement with the two-state fit.
In Fig. 4 we show results for the axial charge follow-

ing the same notation as that in Fig. 3. For the axial
charge, one observes a milder dependence on t

s

show-
ing that excited states contributions are suppressed for
this observable. Because of this weaker dependence a
two-state fit does not yield a meaningful result for these
values of t

s

/a, at least within the statistical accuracy of
1536 measurements. We therefore only show results for
the plateau and summation methods. The values from
the plateau method do not vary as a function of t

s

and
are in agreement with the value extracted from the sum-
mation method, within the large statistical uncertainties
of the latter.
Our results for the tensor charge (g

T

) are shown in
Fig. 5. The dependence of g

T

on t
s

is similar to that

Abdel-‐Rehim	  et	  al.,	  ETMC,	  [arXiv:1507.04936]

Various	  methods:	  
plateau	  
summa5on	  
fit	  including	  1st	  excita5on

C2ptðtfÞ ¼ A0e−mNtf ð1þ A1e−ΔmNtf þ % % %Þ; ð14Þ

C3ptðt; tfÞ ¼ A0e−mNtf ½B0 þ B01e−ΔmNtf=2 coshðΔmNtÞ
þB1e−ΔmNtf þ % % %'; ð15Þ

where ΔmN ¼ mN0 −mN denotes the mass gap between
the nucleon ground state and its first excitation and the
ellipses denote contributions from higher excited states.
The coefficients A0, A1, B0, B01 and B1 are real if the
current is self-adjoint (or anti-self-adjoint) and the same
interpolator (i.e. smearing) is used at the source and the
sink. Above we assumed the temporal lattice extent to be
much bigger than tf which holds in our case.
For a current J ¼ ūΓd, a nucleon interpolator Φ, a

nucleon state jNi (and first excitation jN0i) and a vacuum
state j0i the coefficients read3

A0 ¼
jh0jΦjNij2

2mN
; A1 ¼

jh0jΦjN0ij2

2mN0A0

; ð16Þ

B0 ¼
hNjJjNi
2mN

; B1 ¼ A1

hN0jJjN0i
2mN0

; ð17Þ

B01 ¼
2Reðh0jΦjNihNjJjN0ihN0jΦ†j0iÞ

4mNmN
0A0

: ð18Þ

If for instance the transition matrix element hNjJjN0i
and therefore B01 is small, this does not imply a small
coefficient B1 and vice versa. Hence it is essential to
employ interpolators that minimize overlaps with higher
excitations (i.e. jh0jΦjN0ij ≪ jh0jΦjNij etc.) and to choose
tf sufficiently large.
For two-point functions excited states are suppressed by

factors e−ΔmNtf while in the three-point functions there exist
contributions ∝ e−ΔmNtf=2. If the ratio of the three-point
function over the two-point function is constant upon
varying t, this indicates a small B01e−ΔmNtf=2 term, but
still terms ðB1 − A1Þe−ΔmNtf may be present that can only
be isolated if tf is varied as well. Up to such corrections the
ratio reads

Rðt; tfÞ≡
C3ptðt; tfÞ
C2ptðtfÞ

¼ hNjJjNi
2mN

þ % % % ; ð19Þ

where hNjJjNi is the matrix element of interest. Fitting this
combination to a constant suffers from the obvious caveats
described above.

Recently, the summation method [64]

a
tf

Xtf−δt

t¼δt

Rðt; tfÞ ¼
hNjJjNi
2mN

þ c
a
tf
þOðe−ΔmNtf Þ ð20Þ

was advertised [65] as a more reliable alternative. In this
case corrections ∝ e−ΔmNtf=2 are removed, but a c=tf term is
introduced, adding a not necessarily small parameter c to
the fit function. We refrain from quoting the corresponding
results as direct fits to the known parametrization equa-
tions (14) and (15) are cleaner theoretically and utilize the
whole functional dependence of the data on t and tf . Since
the summation method appears to be very popular, we
discuss it in more detail in Sec. II C below.
First we discuss gA. In Fig. 4 we display the ratio

equation (19) of the renormalized (see Sec. III below) three-
point over the two-point function obtained from ensemble
VIII (mπ ≈ 150 MeV) at tf ¼ 15a ≈ 1.07 fm, tf ¼ 12a and
tf ¼ 9a. All three sets are compatible with constants,
however, the tf ¼ 9a ≈ 0.64 fm data are significantly
lower than the two other sets. This indicates a small B01

coefficient in Eq. (15). The effect of B1 − A1 (or higher
excitations) becomes visible at tf < 1 fm. Whenever B01

could not be resolved, such as in the case shown in the
figure, gA was obtained from a fit of the plateau to a
constant. Otherwise multiexponential fit equations (14)
and (15) were performed, where B1 was set to zero for
the ensembles with only one tf value. These multiexpo-
nential fits gave numbers compatible with those obtained
by fitting the tf ≳ 1 fm ratios to constants for gA as well as
for all the other couplings discussed in this article.
In all analyses presented in this article the fit ranges were

selected based on the goodness of the correlated χ2 values
and the stability of the results upon reducing the fit range,

FIG. 4 (color online). The renormalized ratio equation (19) for
the example of gA obtained on ensemble VIII (mπ ≈ 150 MeV,
a ≈ 0.071 fm) for three different values of tf . The shaded region
represents the result of a constant fit in the range t=a ∈ ½4; 11' to
the tf ¼ 15a data.

3In our normalization we assume jN0i to be a one-particle state.
However, the precise nature of jN0i does not have any impact on
the discussion below nor does it affect any of the arguments or the
analysis.
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four spatial “staples,” surroundingUx;i. We employ 25 such
gauge covariant smearing iterations and use the weight
factor α ¼ 2.5. Within the Wuppertal smearing we set
δ ¼ 0.25 and adjust the number of iterations to optimize the
quality of the effective mass plateaus of smeared-smeared
nucleon two-point functions.
We label the nucleon source time as ti ¼ 0 and the sink

time as tf . The currents are inserted at times t ∈ ½0; tf # and
the relevant matrix elements can be extracted from data
within the range t ∈ ½δt; tf − δt# where δt ≥ 2a, due to the
clover term in the action that couples adjacent time slices.
Using the sequential source method2 [64], all values of t
can be realized, essentially without overhead. However,
each tf value requires additional computations of sequential
propagators, adding to the cost. On some of our ensembles
we vary this distance too, since this may be necessary to
parametrize and eliminate excited state contributions.
The tf values used, the numbers of gauge configurations
N and measurements per configuration n are also included
in Table I. The statistical noise decreases with smaller
Euclidean time distances between source and sink, which
means we can reduce the number of three-point function
measurements in some cases (indicated in brackets after the
respective tf=a entries).
Naively, one would expect the optimal number of

smearing iterationsNsm to somewhat increase with decreas-
ing quark mass and, at a fixed mass, to scale with 1=a2,
maintaining a smearing radius that is constant in physical
units. As can be read off from the table, we approximately
follow this rule. In Fig. 2 we compare our effective nucleon
masses

mNðtf þ a=2Þ ¼ a−1 ln
!

C2ptðtfÞ
C2ptðtf þ aÞ

"
ð13Þ

in physical units between ensembles III and X as well as
between ensembles I, IV and V, see Fig. 1. These two
groups of ensembles correspond to similar pion masses
but differ in terms of the lattice spacing. Using our
optimized smearing functions in the construction of the
nucleon interpolators, we do not detect any significant
lattice spacing dependence of the shapes of the resulting
effective mass curves. In Fig. 3 the same comparison is
made for smeared-smeared pion effective masses. Again,
the shapes within each group of ensembles are very similar
while obviously in this case we can resolve the small
differences between the lower pion masses.
Our nucleon sources were placed at different time slices

and spatial positions from configuration to configuration to
reduce autocorrelations. Remaining autocorrelations were
accounted for by binning subsequent configurations within
the jackknife error analysis and varying the bin sizes until

they were bigger than four times the respective estimated
integrated autocorrelation times.
Recently, many groups investigated the issue of excited

state contamination of ground state signals of three-point
functions and, indeed, by applying a more careful analysis,
varying tf [21–24,27,28,32,36,37,39,40,57,65], using a
variational approach [25] and/or by optimizing the ground
state overlap of the nucleon interpolator [24,57] significant
effects were detected in many matrix elements. Hence,
for three of our ensembles, covering the pion masses
150 MeV (VIII), 290 MeV (IV) and 425 MeV (III), we
vary the source-sink distance tf in addition to the position
of the current t, see Table I. Based on these results and our
observation of very similar shapes as a function of time of
the effective masses computed from our nucleon two-point
functions (see Fig. 2), for the remaining ensembles we
fix tf ≳ 1 fm.

B. Excited state analysis

The spectral decompositions for two- and three-point
functions read

FIG. 2 (color online). Effective nucleon masses Eq. (13) for five
of our ensembles, computed from smeared-smeared two-point
functions C2ptðtfÞ.

FIG. 3 (color online). The same as Fig. 2 for the pion effective
mass.

2We also explored stochastic methods [61], see also
Refs. [62,63].
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Hadron Structure Martha Constantinou

There are numerous computations from many collaborations and some selected results are
shown in Fig. 2 as a function of the squared pion mass. These results have been obtained using
dynamical gauge field configurations with O(a)-improved lattice QCD actions, namely Domain
Wall Fermions (DWF), Staggered, Clover, Twisted Mass Fermions (TMF) and HISQ fermions [11,
12, 15 – 17, 8, 18, 22, 23, 19, 24, 25, 13, 20]. For a fair comparison we include only results
obtained from the plateau method without any volume corrections. The latest achievement of the
Lattice Community are the results at the physical point for which there is no necessity of chiral
extrapolation eliminating an up to now uncontrolled extrapolation. The ones at the two lowest
values of the pion mass correspond to PNDME (128 MeV) [26] and ETMC (130 MeV) [27], and are
in agreement with the experimental value: gexp

A = 0.2701(25) [28]. Of course the statistical errors
are still large and it is necessary to increase the statistics and study the volume and lattice spacing
dependence before finalizing these results. One should also keep in mind that the results shown
in Fig. 2 are at a given lattice spacing and volume, and each Collaboration addresses systematic
effects in different ways. We will comment later on this issue.

• Cut-off effects: For a proper continuum extrapolation one requires three lattice spacings,
which is computationally very costly, especially as we approach the physical point. Thus, it is
crucial to investigate cut-off effects using an ensemble with a heavier pion mass. Such a study was
done with TMF [16], Clover [21] and HISQ [26] fermions and the results are shown in Fig. 3. Data
with the same symbol correspond to similar pion mass, spanning from ∼220 to 480 MeV. These
results show that with lattice spacings up to about 0.1 fm lattice artifacts are small compared to the
statistical accuracy.

0.06 0.08 0.10 0.12
 α (fm)

1.1

1.2

1.3

1.4

g A
u-
d

ETMC (TMF, Nf=2+1+1)
PNDME (HISQ, Nf=2+1+1)
RQCD (Clover, Nf=2)

Figure 3: The axial charge as a function of the lattice spacing. The data correspond to: a. TM fermions
(ETMC): open/filled symbols for mπ ∼ 465/260 MeV, b. HISQ fermions (PNDME): open/filled symbols
for mπ ∼ 310/220 MeV, c. Clover fermions (RQCD): open/filled symbols for mπ ∼ 420/280 MeV. Points
have been horizontally shifted for clarity.

• Excited states contamination: The interpolating field used to create a hadron of given quan-
tum numbers couple in addition to the excited states. While for two-point functions identification
of the ground is straight forward for three-point functions it is more saddle. The most common
approach is the so called plateau method in which one probes the large Euclidean time evolution of
the ratio in Eq. (2.3)

RO(Γ, ti, t, t f )
→

(t f−t)∆>>1
(t−ti)∆>>1

M

!

1+α e−(t f−t)∆(p′)+β e−(t−ti)∆(p)+ · · ·

"

. (2.6)

5

M.	  Constan5nou,	  
POS	  LATTICE	  2014	  	  
[arXiv:1411.0078]

Hadron Structure Martha Constantinou

It was shown that the error of the combined result depends highly on the number of approximate
measurements. For the case of gA a speed up of ∼ 5-20 times is reported using Nf=2+1 DWF
configurations on a 243 ×48 lattice, and up to 10-30 times for a larger lattice, 323 ×64 [31].

• Finite volume effects: To assess volume effects we plot gA against Lmπ , in Fig. 6. In order
for the data to be distinguishable we restrict to pion mass of about 300 MeV. We highlight results
at almost physical values of the pion mass by the black filled symbols. These come from a range of
collaborations, namely: PNDME [26] at mπ = 128 MeV, ETMC [27] atmπ = 130 MeV, LHPC [22]
at mπ = 149 MeV, RQCD [21] at mπ = 150/157 MeV, QCDSF [19, 17] at mπ = 170 MeV and
RBC [32] at mπ = 170 MeV.
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Figure 6: Summary of lattice results for gA as a function of the finite scaling parameter Lmπ . See caption
of Fig. 2 for references.

One immediately observes that data at Lmπ ∼ 3, 3.7 agree with experiment, while data at
Lmπ > 4 are below the experimental point. This behaviour is puzzling and further studies are
required to clarify the volume dependence.

In summary, based on current results on the axial charge, we conclude that cut-off effects are
small, at least for a≤ 0.1 fm, and no indication of significant excited state contamination has been
observed indicating that sink-source time separation of about 1 fm is sufficient. No clear conclusion
can be extracted regarding finite volume effects that need further investigation. It is worth stressing
however that the preliminary value of gA determined by ETMC close to the physical point with
Lmπ ∼ 3 and a< 0.1 fm is in agreement with the experimental value.

2.2 Nucleon Electromagnetic Form Factors

The matrix element of the vector current decomposes into the Dirac and Pauli FFs:

⟨N(p′,s′)|γµ |N(p,s)⟩ ∼ ūN(p′,s′)

!

F1(q2)γµ +F2(q2)
iσ µρ qρ

2mN

"

uN(p,s) . (2.12)

The most recent study by LHPC at mπ = 149 MeV, with statistics exceeding 7000 measurements,
explores three values of the source - sink separation, on which the summation method is also

8

Both	  figures	  from

Dependence	  on	  the	  	  
laAce	  spacing	  a:	  no	  obvious	  
systema5c	  trend

Dependence	  on	  the	  	  
spa5al	  volume:	  no	  obvious	  
systema5c	  trend
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Extrapola5on	  to	  physical	  mπ

18 Lmπ < 3.4 data point (ensemble VII). This fit, with a
reduced χ2=NDF¼5.9=4, gives gA=Fπ ¼13.88ð29ÞGeV−1

at mπ ¼ 135 MeV which compares well with the
experimental result gA=Fπ ¼ 13.797ð34Þ. Using Fπ ¼
92.21ð15Þ MeV [3] at the physical point as an input, this
gives gA ¼ 1.280ð27Þð35Þ, where the second error corre-
sponds to the overall uncertainty of assigning physical
values to our lattice spacings [54] (not shown in the figure).
We remark that towards the chiral limit gA decreases with
decreasing pion mass while the observed increase of the
ratio gA=Fπ is entirely due to an also decreasing pion decay
constant. Towards large pion masses Fπ will continue to
increase while gA eventually starts decreasing again.

From Fπ=F ¼ 1.0744ð67Þ [78] we obtain the ratio
gA=g0A ¼ 1.050ð14Þ, giving g0A ¼ 1.211ð16Þ using gA ¼
1.2723ð23Þ [3]. Using the normalization conventions

gAðmπÞ ¼ g0A

!
1þ m2

π

16π2F2
b̄þ % % %

"
; ð33Þ

Fπ ¼ F
#
1þ m2

π

16π2F2
l̄4 þ % % %

$
ð34Þ

for the leading chiral corrections, one obtains

gAðmπÞ
Fπ

¼ g0A
F

þ g0A
16π2F3

ðb̄ − l̄4Þm2
π þ % % % : ð35Þ

From our fit we find b̄ − l̄4 ¼ −1.41ð36Þ and, using l̄4 ¼
4.62ð22Þ [78], arrive at the value b̄ ¼ 3.21ð42Þ > 0 for this
LEC: gA increases with the pion mass [as is also obvious
from the ratio gAð135 MeVÞ=g0A > 1 above]. Note how-
ever that gA is expected to start decreasing towards larger
pion masses, due to the effect of the nearby Δð1232Þ
resonance [75,88]. This is also reflected in the lattice data,
see Fig. 15.
We did not detect any lattice spacing effects within our

statistical errors and therefore so far have ignored these.
Not being able to resolve such differences does not mean
they are absent and we will readdress this issue in the
summary Sec. VI.

V. THE SCALAR, TENSOR AND
PSEUDOSCALAR CHARGES

The scalar and tensor couplings can be obtained directly
in the forward limit of Eqs. (1) and (5) while the induced
tensor and pseudoscalar charges are extracted from
extrapolating the respective form factor equations (3)
and (4) to small virtualities. We will also determine the
value of the induced pseudoscalar form factor g&P ¼
~gPðQ2Þ at the virtuality Q2 ¼ −q2 ¼ 0.88m2

μ ≈ 9.82×
10−3 GeV2, corresponding to muon capture [18].

A. The scalar charge gS
In Fig. 20 we show our results for gS as a function of

m2
π . Within their large errors the mπ < 430 MeV data are

consistent with a linear extrapolation and we find no lattice
spacing or volume dependence. The result of such an
extrapolation to the physical point, fitting the six mπ <
300 MeV data points with Lmπ > 3.4 is shown in the
figure. We find gMS

S ð2 GeVÞ ¼ 1.02ð18Þ for a fit with
χ2=NDF ¼ 0.48=4.
The charge gS can, via the conserved vector charge

relation, also be obtained as the ratio of the mass splitting

FIG. 18 (color online). The ratio gAðLÞ=FπðLÞ as a function of
the linear lattice extent for three different pion masses. The error
bands are the predictions of Eq. (32), multiplied by constants
gAð∞Þ=Fπ to match the three data sets. The widths of the error
bands are from varying the ratio g0A=gAð∞Þ ∈ ½0.9; 1.1(.

FIG. 19 (color online). gA=Fπ as a function of m2
π for all

ensembles, together with a linear fit to the low mass points,
omitting the smallest volume (ensemble VII). Symbols are as
in Fig. 1.
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Fig. 3. The ratio g A(L)/afπ (L) as a function of mπ L at β = 5.29, κ = 0.13632.

systematic deviation of R from our result at t = 13 within the er-
ror bars, not even for t = 11. This provides us with confidence that
our choices of t are sufficient with our choice of source and sink
smearing. Similar conclusions were found in [3].

Our smearing parameters are tuned to give a rms radius of
≈ 0.5 fm, which is about half the radius of the nucleon. For this
level of smearing no further improvement of the extracted result
for g A was found by employing variational techniques [17], which
systematically separate excited states out from the ground state at
source and sink.

The calculation of fπ follows [18]. We use the notation em-
ployed in ChPT, with the experimental value fπ+ = 92.2 MeV. Our
final results for the bare quantities, g A and afπ , on all our ensem-
bles, are given in Table 1.

3. Results

Except for the very lowest pion mass, mπ L ! 4 (L being the
spatial extent of the lattice) on our larger lattices at any other κ
value, which is state of the art for pion masses of O (200) MeV.
But even on lattices of this size g A , fπ and mπ are found to suffer
from finite size effects, which we have to deal with in one way or
another.

Finite size corrections to g A , fπ and mπ have been studied
extensively in the literature. In Appendix A we show, based on pre-
dictions of ChEFT and ChPT adapted to the finite volume, that the
leading corrections to g A and fπ are identical and cancel in the
ratio g A/ fπ . This makes g A/ fπ the preferred quantity for com-
puting g A .

3.1. The axial coupling g A from the ratio g A(L)/ fπ (L)

Neglecting NNLO and O ($(L)) corrections, we obtain from
Eqs. (19) and (20)

g A(L) − g A(∞)

g A(∞)
= fπ (L) − fπ (∞)

fπ (∞)
. (3)

Denoting the physical, renormalized axial charge and pion decay
constant in the infinite volume by g R

A and f R
π , respectively, and

making use of the fact that the renormalization constant Z A of the
axial vector current cancels in the ratio g A/ fπ , we then have

g R
A

f R
π

= g A(∞)

fπ (∞)
= g A(L)

fπ (L)
. (4)

To test this relation, we plot g A/afπ for three different lattice vol-
umes at our second lowest pion mass in Fig. 3. The ratio is found
to be independent of the volume, within the errors, which demon-
strates that finite size corrections cancel indeed in g A/ fπ .

Let us now turn to the calculation of g A . In Fig. 4 we plot
the ratio g A(L)/ fπ (L) for our (raw) data points listed in Table 1,
restricting ourselves to pion masses mπ " 750 MeV, and taking
r0 = 0.50(1) fm to set the scale. If we have more than one volume
at a given κ value, we show the result of the largest volume. The

Fig. 4. The ratio g A(L)/ fπ (L) as a function of m2
π (L), together with the experimental

value (×). The curve shows a fit of Eq. (5) to the data.

lowest pion mass in Fig. 4 is 157 MeV. The data points of all three
β values lie nicely on a universal curve. At m2

π ≈ 0.06, 0.23 and
0.44 GeV2, for example, where we have results for more than one
lattice spacing, the data points coincide with each other, indicating
that discretization effects are negligible.

With finite size corrections being practically absent, the leading
order chiral expansion of g A/ fπ can be cast in the form [10,19,20]

g A

fπ
= A + Bm2

π + Cm2
π lnm2

π + Dm4
π . (5)

We have fitted Eq. (5) to the data points in Fig. 4. The result is
shown by the solid curve. At the physical point this gives

g A

fπ
= 13.95 ± 0.71 ± 0.30 GeV−1. (6)

The second error is due to the error on r0. Multiplying the ratio
(6) by the physical value of fπ , f R

π = 92.2 MeV, we then obtain

g R
A = 1.29 ± 0.05 ± 0.03. (7)

Alternatively, we could have set the scale by the physical value
of fπ , using the results of Section 3.2. That would give the value
g R

A = 1.27(5).
Now that we have presented the main result of the Letter, i.e.

g R
A from the ratio g A(L)/ fπ (L), we proceed to study g R

A and f R
π

separately and present results in the context of established expres-
sions from finite volume ChEFT and ChPT.

3.2. g A and fπ in the infinite volume

We now consider explicitly the finite size formulae as given
in Appendix A. In the following fits we take f0 = 86 MeV [21].
There is some freedom in which pion mass to take in Eqs. (19),
(20) and (24). We choose mπ = mπ (∞) in λ, λ(y) and c(mπ ), and
mπ = mπ (L) otherwise.

Let us first consider the pion mass. In Fig. 5 we show the fits
of Eq. (24) to mπ for two of our lattice ensembles. The corrections
to mπ are well described by this equation. Apart from mπ (∞),
we have one free parameter, c(mπ ), only. Equally good fits are
obtained for β = 5.40, κ = 0.13660 and 0.13640. The parameter
c(mπ ) is found to vanish with a large inverse power of the pion
mass.1 The finite size corrections predicted by the NLO expres-
sion (21), on the other hand, are nowhere near as big as the effect

1 At β = 5.29, κ = 0.13632, i.e. our second smallest pion mass, c(mπ ) has
dropped to the value 0.15 already.

In	  gA/Fπ	  the	  finite	  volume	  effect	  cancel	  par5ally,	  
ra5o	  smooth	  in	  ChPT:
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Summary	  gA
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Disconnected	  contrib.	  to	  isoscalar	  (S	  and	  A)	  are	  O(7%)	  
Abdel-‐Rehim	  	  et	  al.,	  Phys.Rev.	  D89,	  034501	  (2014)	  

Isovector	  gS	  (excited	  states	  contribu5ons	  need	  large	  τ≈1.5	  fm!	  )	  and	  gT	  
Bali	  et	  al,	  RQCD,	  PR	  D	  91,	  054501	  (2015)	  	  
Abdel-‐Rehim	  et	  al.,	  ETMC,	  [arXiv:1507.04936]	  

ChPT	  study:	  nucleon-‐pion-‐state	  contribu5ons	  in	  the	  determina5on	  of	  the	  
nucleon	  axial	  charge	  are	  few	  percent;	  

Oliver	  Bär,	  [arXiv	  1508.01021]

Further	  recent	  results:

Medium	  happy…



C.B. Lang (2015)
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What’s	  new:
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LHPC,	  Green	  et	  al.,	  Phys.	  Rev.	  D	  90,	  074507	  (2014)	  [arXiv:1404.4029].	  
mπ=	  149	  MeV,	  nf=2+1	  

MainzCLS,	  Capitani	  et	  al.,	  [arXiv:1504.04628]	  
mπ=193	  MeV,	  nf=2	  
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PACS-‐CS,	  prelim.	  results	  presented	  by	  Yamazaki	  at	  LATTICE2015	  	  
mπ=145	  MeV,	  nf=2+1

small	  mπ	  (close	  to	  physical)	  
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Figure 7. Isovector electric and magnetic form factors. Each plot contains the curve with error band from the fit to experiment
in Ref. [69] and the summation data from the m⇡ = 149 MeV ensemble.

the pion mass is near-physical and excited-state contaminations are reasonably controlled. Using the ratio method
with the largest source-sink separation or the GPoF method also produces reasonable agreement, with p > 0.2 in all
cases.

B. Isovector Radii and magnetic moment

The isovector Dirac and Pauli radii, (r2
1,2)

v, and the isovector anomalous magnetic moment, v, are defined from
the behavior of F v

1,2(Q
2) near Q2 = 0:

F v
1

(Q2) = 1� 1

6
(r2

1

)vQ2 +O(Q4) (23)

F v
2

(Q2) = v

✓
1� 1

6
(r2

2

)vQ2 +O(Q4)

◆
. (24)

On each ensemble, these quantities are determined from the dipole fits to the form factor data described in the
previous subsection.

In order to compare these results with experiment at the physical pion mass, which is 134.8 MeV in the isospin
limit [70], we perform extrapolations employing physically well-motivated functional forms taken from chiral pertur-
bation theory (ChPT). Rather than attempting a fully ab initio prediction of nucleon observables, we make use of
ChPT with parameters input from phenomenology; the compatibility of the lattice data with the phenomenological
fit forms corroborates the validity of the extrapolations. To observe the congruence with ChPT, we include a certain
limited range of data, namely, the first four ensembles listed in Tab. I, which are those with the smallest pion masses
and largest lattice volumes; by confining the fits to this region, we concentrate on the regime where the predictions of
ChPT are most significant. Details of the extrapolations are given in Appendix A. We note that more recent works
in chiral e↵ective theory [71–75] have also included the infinite-volume extrapolation, however we do not attempt to
apply them here.

1. Isovector Dirac radius (r2
1

)v

For each ensemble, the Dirac radius determined from a dipole fit to F v
1

(Q2), determined using the ratio, summation,
and GPoF methods, is shown in Fig. 8. The ratio-method data show a clear trend: the computed Dirac radius
increases with the source-sink separation. This indicates the presence of excited-state contamination that is still poorly
controlled when using the largest source-sink separation. The dependence on source-sink separation is particularly
large on the m⇡ = 149 MeV ensemble; on that ensemble, the summation method yields an even larger Dirac radius.

The chiral fit form for the isovector Dirac radius has one free parameter; the fit to the summation data is of
good quality and is shown in magenta in Fig. 9. Extrapolation to the physical pion mass produces good agreement
with the experimental data. Although this fit is entirely compatible with our lattice data, its slope constrained by
ChPT appears larger than the slope suggested by the data alone. Therefore we also perform a fit with an additional
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the pion mass is near-physical and excited-state contaminations are reasonably controlled. Using the ratio method
with the largest source-sink separation or the GPoF method also produces reasonable agreement, with p > 0.2 in all
cases.

B. Isovector Radii and magnetic moment

The isovector Dirac and Pauli radii, (r2
1,2)

v, and the isovector anomalous magnetic moment, v, are defined from
the behavior of F v

1,2(Q
2) near Q2 = 0:
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On each ensemble, these quantities are determined from the dipole fits to the form factor data described in the
previous subsection.

In order to compare these results with experiment at the physical pion mass, which is 134.8 MeV in the isospin
limit [70], we perform extrapolations employing physically well-motivated functional forms taken from chiral pertur-
bation theory (ChPT). Rather than attempting a fully ab initio prediction of nucleon observables, we make use of
ChPT with parameters input from phenomenology; the compatibility of the lattice data with the phenomenological
fit forms corroborates the validity of the extrapolations. To observe the congruence with ChPT, we include a certain
limited range of data, namely, the first four ensembles listed in Tab. I, which are those with the smallest pion masses
and largest lattice volumes; by confining the fits to this region, we concentrate on the regime where the predictions of
ChPT are most significant. Details of the extrapolations are given in Appendix A. We note that more recent works
in chiral e↵ective theory [71–75] have also included the infinite-volume extrapolation, however we do not attempt to
apply them here.

1. Isovector Dirac radius (r2
1

)v

For each ensemble, the Dirac radius determined from a dipole fit to F v
1

(Q2), determined using the ratio, summation,
and GPoF methods, is shown in Fig. 8. The ratio-method data show a clear trend: the computed Dirac radius
increases with the source-sink separation. This indicates the presence of excited-state contamination that is still poorly
controlled when using the largest source-sink separation. The dependence on source-sink separation is particularly
large on the m⇡ = 149 MeV ensemble; on that ensemble, the summation method yields an even larger Dirac radius.

The chiral fit form for the isovector Dirac radius has one free parameter; the fit to the summation data is of
good quality and is shown in magenta in Fig. 9. Extrapolation to the physical pion mass produces good agreement
with the experimental data. Although this fit is entirely compatible with our lattice data, its slope constrained by
ChPT appears larger than the slope suggested by the data alone. Therefore we also perform a fit with an additional
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Fig. 9. The ratio µpGEp/GMp from the two JLab experiments
filled circle (blue) [7,8] and filled square (red) [9], compared to
Rosenbluth separation results in (green), open diamond [20],
open circle [21], filled diamond [22], and open square [13,14,
15,16,19]. The fit to the data is as in Gayou et al. [9].

GeV2, indicating that GEp falls faster with increasing Q2

than GMp, thus clearly highlighting a definite difference
between the spatial distributions of charge and magneti-
zation at short distances. This was the first definite ex-
perimental indication that the Q2 dependence of GEp and
GMp are different. These results were very surprising at
the time (1998-2002), as they appeared to contradict the
previously accepted belief that the ratio µpGEp/GMp re-
mains close to 1, a consensus based on the Rosenbluth
separation results up to 6 GeV2, as illustrated in Fig. 9.

As discussed above, the two methods available to de-
termine the proton form factors GEp and GMp, the Rosen-
bluth separation and polarization transfer, give definitively
different results; the difference cannot be bridged by either
simple re-normalization of the Rosenbluth data [57], or by
variation of the polarization data within the quoted sta-
tistical and systematic uncertainties. This discrepancy has
been known for sometime now, and has been the subject
of extensive discussion and investigation. A possible ex-
planation is the contribution from the hard two-photon
exchange process, which affects the polarization transfer
components at the level of only a few percent, but has
drastic effects on the Rosenbluth separation results. This
will be discussed in detail in section 3.3.

Following the unexpected results from the two first po-
larization transfer experiments in Hall A at JLab, GEp(1)
and GEp(2), a third experiment in Hall C, GEp(3), was
carried out to extend the Q2-range to ≈ 9 GeV2. Two new
detectors were built to carry out this experiment: a large

Fig. 10. All data for the ratio µpGEp/GMp obtained from the
three large Q2 recoil polarization experiments at JLab (filled
circle (blue) [8], filled star (magenta) [106], filled square (red)
[10] and filled triangle (black) [101]) compared to Rosenbluth
separation data (green), open diamond [20], open circle [21],
filled diamond [22]. The curve is the same as in Figure 8, a 7
parameter fit given in Eq. 44.

solid-angle electromagnetic calorimeter and a double focal
plane polarimeter (FPP). The recoil protons were detected
in the high momentum spectrometer (HMS) equipped with
two new FPPs in series. The scattered electrons were de-
tected in a new lead glass calorimeter (BigCal) built for
this purpose out of 1744 glass bars, 4x4 cm2 each, and a
length of 20X0, with a total frontal area of 2.6 m2 which
provided complete kinematical matching to the HMS solid
angle. This experiment was completed in the spring of
2008 and measured the form factor ratio at Q2 of 5.2, 6.7
and 8.5 GeV2.

Figure 10 shows the results from the three JLab ex-
periments [7,9,10,8,101], as the ratio µpGEp/GMp versus
Q2. The uncertainties shown for the recoil polarization
data are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ϵ-dependence of GEp/GMp at

Punjabi	  et	  al.,	  	  
[arXiv;1503.01425]

mπ	  =	  149	  MeV typical	  
laAce	  
range

Electromagne5c	  form	  factors
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Figure 10: Dirac (left) and Pauli (right) radii as a function of the pion mass. The lattice data correspond to
the following discretizations: Nf=2+1 DWF (RBC/UKQCD [12, 39]), Nf=2 TMF (ETMC [40]),Nf=2+1
DWF on asqtad sea (LHPC [15]), Nf=2 Clover (QCDSF/UKQCD [17], QCDSF [41], CLS/MAINZ [42]),
Nf=2+1+1 TMF (ETMC [24]), Nf=2+1+1 HISQ (PNDME [25]), Nf=2+ 1 Clover (LHPC [33]), Nf=2
TMF with Clover (ETMC [34]). The experimental points have been taken from Refs. [2, 3].

In the left panel of Fig. 11 we plot r1 for a range of pion mass as the sink-source separation
increases. The study is carried out by LHPC [33] and ETMC [34] and it include the result of the
summation method. There is a clear upward tendency as the sink-source time separation increases.
Although the results from the summation method agree with the value extracted from the plateau
method for the largest sink-source time separation, the errors on the results at lowest values of the
pion masses are still large and currently do not allow to reach a definite conclusion.
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Figure 11: Left: Isovector ⟨r2
1⟩ for various ensembles and different source-sink separations [33, 34]. Right:

Isovector GM for TMF extracted from a position space method [43].

In order to extract the anomalous magnetic moment one needs to fit the Q2-dependence of GM.
Typically one employs a dipole form to extrapolate at Q2 = 0 introducing a model-dependence.
Exploratory studies based on a position space method can yield GM(0) directly without having to
perform a fit. This method involves taking the derivative of the relevant correlator with respect
to the momentum, allowing access to zero momentum data. Thus, there is no need to assume a
functional form for the momentum dependence. Such a study is performed for GM [43] and the
results are shown in the right panel of Fig. 11.
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New	  approach	  working	  at	  larger	  q2:	  
Feynman-‐Hellmann	  rela5on	  between	  <H|O|H>	  and	  the	  	  
deriva5ve	  of	  a	  2-‐pt	  func5on	  
(Insert	  operator	  O	  as	  extra	  term	  in	  the	  ac5on,	  cf.	  σN)	  
CSSM/QCDSF/UKQCD,	  Chambers	  et	  al.,	  Phys.	  Rev.	  D	  90,	  014510	  (2014),	  	  
Young	  at	  LATTICE2015

small	  (non-‐vanishing)	  q2	  needs	  larger	  volumes	  

large	  q2	  :	  noise	  increases	  with	  momentum	  transfer	  k	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (k2=6	  corresponds	  to	  q2	  =0.96	  GeV2	  for	  Ls=3	  fm)
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Results:	  isovector	  and	  isoscalar	  contribu5ons	  

stochas5c	  source	  methods
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Hadron Structure Martha Constantinou

the ZsingletA is computed perturbatively [56] and has been included in the determination of the results.
The disconnected contributions have been neglected from most data except for one TMF ensemble
at mπ = 373 MeV. The effect is shown by the deviation of the filled blue square which has no
disconnected contributions from the violet triangle, which include them. Although the effect is
small it is larger than the statistical error and thus one needs to take them into acccount. The lattice
results thus corroborate the missing spin contribution arising from the quarks. Whether gluonic
degrees of freedom are responsible for the other half is debatable and remains an open question.
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Figure 16: The total spin, Jq, and the quark spin, Σq, carried by the up and down quarks.The lattice data
correspond to: Nf=2+1 DWF and DWF on asqtad (LHPC [45]), Nf=2 Clover (QCDSF/UKQCD [47]),
Nf=2 TMF (ETMC [44]) Nf=2+1+1 TMF (ETMC [24]) Nf=2 TMF with Clover (ETMC [27]).

3. Hyperon Form Factor

3.1 Electromagnetic Form Factors

The form factors of baryons other than the nucleon are poorly known and not amenable to
measurements. Thus lattice QCD can provide significant input on these quantities. In a recent work
of CSSM/QCDSF/UKQCD [59, 60] the hyperon EM FFs were computed at various values of mπ .
By setting the electric charge of the sea quarks to zero, disconnected quark loops are completely
removed. The authors perform independent chiral fits to the data at each value of Q2, and thus, the
coefficients in the chiral expansion are considered to be the chiral limit at fixed Q2. This procedure
is shown for the GE and GM of the Σ in Fig. 17a, where the chirally extrapolated results are shown
with black points. For the case of the proton, the authors find agreement with the experimental
values after performing a chiral extrapolation using their approach.
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By setting the electric charge of the sea quarks to zero, disconnected quark loops are completely
removed. The authors perform independent chiral fits to the data at each value of Q2, and thus, the
coefficients in the chiral expansion are considered to be the chiral limit at fixed Q2. This procedure
is shown for the GE and GM of the Σ in Fig. 17a, where the chirally extrapolated results are shown
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Ju

Jd

comparison:	  LHPC,	  QCDSF/UKQCD,	  ETMC

and we take !2 ¼ 1 GeV2. We also carry out a chiral fit
using Oðp2Þ covariant baryon chiral perturbation theory
(CB"PT) [69]. All the expressions are collected in
Appendix B for completeness. As noted, these chiral ex-
trapolations are used to give an indicative idea of what one
might obtain since their range of validity may require using
pion masses closer to the physical point.

In order to correctly estimate the errors both on the data
points and on the error bands, we apply an extended version
of the standard jackknife error procedure known as super-
jackknife analysis [51]. This generalized method is
applicable for analyzing data computed on several gauge
ensembles. This is needed for carrying out the chiral ex-
trapolations for the angular momentum Jq, orbital angular
momentum Lq and spin !"q. Although there is no

correlation among data sets from different gauge ensem-
bles, the data within each ensemble are correlated. This
analysis method allows us to consider a different number of
lattice QCD measurements for each ensemble, taking into
account correlations within each ensemble correctly. It
should be apparent that the superjackknife reduces to the
standard jackknife analysis in the case of a single ensemble.
In Fig. 26 we show the chiral fits for Jq. In the upper

panel we show the chiral extrapolation using CB"PT and
in the lower the extrapolation using HB"PT. Both have
the same qualitative behavior, yielding a much smaller
contribution to the angular momentum from the d quark
than that from the u quarks. In the plot we also show the
band of allowed values if the fit were performed on data

FIG. 25 (color online). Comparison of TMF results (filled
symbols) to those using a hybrid action [51] (open symbols).
The upper panel shows the angular momenta Ju and Jd for u and
d quarks, respectively (blue filled squares for Nf ¼ 2þ 1þ 1
and filled red circles for Nf ¼ 2). The lower panel shows the
quark spin (same symbols as for Jq) and the orbital angular
momentum (filled green triangles for Nf ¼ 2 and filled magenta
diamonds for Nf ¼ 2þ 1þ 1). The errors are determined by
carrying out a superjackknife analysis described in Ref. [51].
The experimental values of !"u;d are shown by the asterisks and
are taken from the HERMES 2007 analysis [71].

FIG. 26 (color online). Chiral extrapolation using CB"PT
(upper) and HB"PT (lower) for the angular momentum carried
by the u and d quarks. The red band is the chiral fit using the data
for B20ðQ2 ¼ 0Þ obtained by a linear extrapolation of B20ðQ2Þ
using Q2 values up to Q2 ¼ 4 GeV2, whereas the green band is
the fit using values of B20ð0Þ extracted from a linear extrapola-
tion of B20ðQ2Þ using Q2 values up to %0:25 GeV2. The data
shown in the plot are obtained from the extended linear Q2

extrapolation. Filled red circles are data for Nf ¼ 2 at # ¼ 3:9,
filled green triangles for Nf ¼ 2 at # ¼ 4:05, filled magenta
diamonds for Nf ¼ 2 at # ¼ 4:2, filled light blue inverted
triangle for Nf ¼ 2þ 1þ 1 at # ¼ 1:95 and filled blue square
for Nf ¼ 2þ 1þ 1 at # ¼ 2:10.

C. ALEXANDROU et al. PHYSICAL REVIEW D 88, 014509 (2013)

014509-16

HBChPT

Alexandrou	  et	  al.,	  Phys.Rev.	  D	  88	  (2013)	  014509

see	  also	  Yang	  et	  al.	  (𝛘QCD	  collabora5on)	  	  
PoS(LATTICE2014)138	  [arXiv:1504.04052]

ΔΣu/2

ΔΣd/2
∆u + ∆d = 0.35(6) 
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         is a purely quark-line disconnected contribution


A challenge on the lattice 

Standard procedure: Use stochastic (random noise) sources 

e.g. 
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Also allows for full nonperturbative determination of singlet renormalisation constants
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Disconnected Spin Contributions �s

 favours a small and negative �s non-zero charm contribution

hxiqDisconnected Contributions

left: exp:pdg2012,
right upper A. Antognini, F. Nez, K. Schuhmann, F. D. Amaro, F.
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from	  the	  vacuum	  sea,	  	  
disconnected	  
(connected	  via	  gluons)

ZanoA,	  LATT2015

Chambers	  et	  al.[arXiv:1508.06856]Recent:

∆s = -0.02(1) 

∆ Σ = ∆ u + ∆ d +∆ s = 0.33(7) 

COMPASS(2007)	  0.33(3)(5)	  



C.B. Lang (2015)

Proton	  spin

28

Summary:	  	  
laAce	  results	  compa5ble	  with	  experiments,	  but:

Uncertain5es	  s5ll	  large	  	  
mπ	  too	  large,	  rely	  on	  extrapola5on	  
Other	  components?	  Gluonic	  contribu5ons?	  

Yang	  et	  al.,	  LATT2015,	  prelim.	  
RBC/UKQCD	  in	  progress

Liu,	  at	  SPIN2014,	  [arXiv:1504.06601]	  Review:
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Colquhoun	  et	  al.	  (HPQCD),	  Phys.	  Rev.	  D	  91,114509	  (2015)	  	  
[arXiv:	  1503.05762]
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→	  Flavor	  LaAce	  Averaging	  Group	  -‐	  FLAG

“Review	  of	  la2ce	  results	  concerning	  low	  energy	  par;cle	  physics”

	  Eur.	  Phys.	  J.	  	  C	  (2014)	  74:2890	  [arXiv:	  1310.8555]	  

h2p://itpwiki.unibe.ch/flag

Leptonic	  and	  semileptonic	  decay	  constants,	  CKM	  matrix	  
elements,	  quark	  masses,	  quark	  condensate,	  αS	  ,	  …

http://itpwiki.unibe.ch/flag
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20]

matrix elements with derivative operators

⟨p′|T µν |p⟩

⟨x⟩q

Jq = Lq +
1

2
∆Σq

purely disc. is

∆Σs =
" 1

0
dx (∆Σs(x) +∆Σ

s
(x))

π γ∗ → ρ → ππ

ρ → πγ

ρ → πγ∗

4

Assuming	  ρ	  is	  stable	  
Varia5onally	  op5mised	  operators

transi5on	  form	  factor

(prepare	  the	  path	  for	  N*➞N	  γ)

Shultz	  et	  al.	  (HSC),	  Phys.	  Rev.	  D91,	  114501	  (2015)	  
[arXiv:1501.07457]

Owen	  et	  al.	  (CSSM),	  [arXiv:1505.02876]	  
PACS-‐CS	  2+1,	  mπ=157	  MeV

Bernard	  et	  al.,	  JHEP	  1209,	  023	  (2012),	  [arXiv:1205.4642]	  
Agadjanov	  et	  al.,	  Nucl.	  Phys.	  B886,	  1199	  (2014),	  [arXiv:1405.3476]

Lellouch	  &	  Lüscher	  Commun.Math.Phys.	  219,	  31	  (2001)

Briceño	  et	  al.,	  Phys.Rev.	  D91,	  034501	  (2015).

HSC,	  heavy	  pseudoscalars	  O(700	  MeV)

j1−μ ¼ 1ffiffiffi
3

p ðūγμuþ d̄γμdþ s̄γμsÞ

j8−μ ¼ 1ffiffiffi
6

p ðūγμuþ d̄γμd − 2s̄γμsÞ

j8þμ ¼ 1ffiffiffi
2

p ðūγμu − d̄γμdÞ ðD2Þ

and where the% superscript indicates the current’sG parity.
Considering Eq. (D2) in the SUð3ÞF limit where the

propagators for up, down, and strange quarks are identical
(U ¼ D ¼ S≡Q), it is clear that the octet currents j8þμ and
j8−μ cannot give rise to a disconnected contribution of the
type shown in Fig. 23(b), as the relevant part of the Wick
contraction would be proportional to

tr½γμU' − tr½γμD' ¼ tr½γμQ' − tr½γμQ' ¼ 0

tr½γμU' þ tr½γμD' − 2tr½γμS' ¼ ð1þ 1 − 2Þtr½γμQ' ¼ 0;

respectively. In general, the singlet current could give rise
to a disconnected contribution proportional to tr½γμQ', but
since it enters the electromagnetic current with a weight of

qu þ qd þ qs ¼ þ 2
3 −

1
3 −

1
3 ¼ 0, it too does not contribute

in practice.
For the case of the form factors of ðI; IzÞ ¼ ð1;þ1Þ

mesons like the πþ or ρþ, the initial- and final-state
mesons are identical and have the same G parity. The
G-parity invariance of QCD (assuming isospin invariance)
then ensures that the G parity of the current must be
positive and only j8þμ can contribute. As such the matrix
element is proportional to qu − qd ¼ þ 2

3 − − 1
3 ¼ þ1 as

expected, and we see that there cannot be any disconnected
diagrams even away from the SUð3ÞF limit.8

For transitions like ρþ → πþγ, where the G parity flips,
while there are disconnected contributions away from the
SUð3ÞF limit, the logic presented above indicates that there
are not in this calculation, which is performed with exact
SUð3ÞF symmetry. Only connected diagrams are required,
and the matrix element is proportional to qu þ qd. We note
that in the SUð3ÞF case the matrix element for K⋆þ → Kþγ
is identical to ρþ → πþγ.

(a) (b)

(c)

(d)

FIG. 23 (color online). Possible quark line contractions required for meson three-point functions with a current insertion. Blue lines
represent quark propagation which could be described by a perambulator, and red lines represent quark propagation with a current
insertion which could be described by a generalized perambulator. Green lines indicate quark propagation which does not begin or end
on an operator which can be distillation smeared, and as such cannot be described by a perambulator. (a), (b) connected, disconnected
diagrams present for transition between isospin ¼ 1 mesons. (c), (d) additional disconnected diagrams when isospin ¼ 0 mesons
feature.

8although there can be if isospin symmetry is broken by
mu ≠ md.

EXCITED MESON RADIATIVE TRANSITIONS FROM … PHYSICAL REVIEW D 91, 114501 (2015)

114501-23
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The resonant ⇡+� ! ⇡+⇡0

amplitude from Quantum Chromodynamics

Raúl A. Briceño,1, ⇤ Jozef J. Dudek,1, 2 Robert G. Edwards,1

Christian J. Shultz,2 Christopher E. Thomas,3 and David J. Wilson2

(for the Hadron Spectrum Collaboration)
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2Department of Physics, Old Dominion University, Norfolk, VA 23529, USA
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University of Cambridge, Wilberforce Road, Cambridge, CB3 0WA, UK

We present the first ab initio calculation of a radiative transition of a hadronic resonance within
Quantum Chromodynamics (QCD). We compute the amplitude for ⇡⇡ ! ⇡�?, as a function of the
energy of the ⇡⇡ pair and the virtuality of the photon, in the kinematic regime where ⇡⇡ couples
strongly to the unstable ⇢ resonance. This exploratory calculation is performed using a lattice
discretization of QCD with quark masses corresponding to m⇡ ⇡ 400 MeV. We obtain a description
of the energy dependence of the transition amplitude, constrained at 48 kinematic points, that we
can analytically continue to the ⇢ pole and identify from its residue the ⇢ ! ⇡�? form-factor.

Introduction: The electromagnetic transitions of the
nucleon into unstable resonant N? excitations is a pri-
mary tool in the experimental study of nucleon struc-
ture and spectroscopy [1]. These processes give us in-
sight into the mechanisms that lead to the formation of
the low-lying and excited hadrons from the basic quark
and gluon building blocks of Quantum Chromodynamics

(QCD). It is crucial to have a complimentary theoretical
program that connects physically observed transitions to
QCD. One major challenge in studying these transitions
is their resonant nature, where the N? excitation decays
rapidly to asymptotic scattering states composed of two
or more stable hadrons. To investigate these processes
within QCD, one needs a non-perturbative framework
that can accommodate resonant behavior, and presently,
lattice QCD is the only available tool to evaluate such ob-
servables while making only controlled approximations.
Its implementation for the determination of properties of
hadron resonances is still at an exploratory stage, and
in this work we will extend the exploration into a new
area with the first calculation of a radiative production
amplitude of an unstable hadronic resonance from QCD.

Before attempting the more complicated baryonic case
of �?N ! N? ! N⇡, we will consider a simpler problem
featuring only mesons, ⇡�? ! ⇢ ! ⇡⇡, which in addition
to serving as the first of a new class of observables to be
studied, is itself of significant phenomenological interest.
The amplitude for this process is related to the hadronic
contribution to the anomalous magnetic moment of the
muon [2, 3], the chiral anomaly [4, 5], the ⇢ ! ⇡� ra-
diative decay rate [6, 7], and appears in meson-exchange
models of nuclear structure [8]. The ⇢ ! ⇡�? transition
has been previously studied using lattice methods (see,
for example, Ref. [9–11]), but prior to this work the ⇢
has always been treated as a stable hadron, incapable of
decay to ⇡⇡, in contrast to how it appears in experiment.
This approximation, which is uncontrolled for light quark

masses such as those used in Refs. [10, 11] is removed in
the present work.
The perturbative nature of quantum electrodynamics

ensures that to an excellent approximation the ⇡⇡ ! ⇡�?

amplitude can be obtained from matrix elements of the
electromagnetic current, J µ = 2

3

ū�µu� 1

3

d̄�µd,

Hµ

⇡⇡,⇡�

? =
⌦
out;⇡,P

⇡

��J µ

x=0

��in;⇡⇡,P
⇡⇡

, ` = 1
↵
, (1)

where the ⇡⇡ state has been projected onto an ` = 1
partial wave, and where P

⇡⇡

and P
⇡

are the 4-momenta
of the ⇡⇡ and ⇡ states, respectively. We will determine
this amplitude as a function of the c.m. frame energy
of the pion pair, E?

⇡⇡

, and the virtuality of the photon,
Q2 = �(P

⇡

� P
⇡⇡

)2, by evaluating correlation functions
using lattice QCD.
Lattice QCD calculations are performed in a finite, dis-

cretized Euclidean spacetime, and this introduces three
length scales into the theory: the lattice spacing, a, and
the spatial (L) and temporal (T ) extents of the volume.
For studies of stable hadrons not featuring heavy quarks,
provided m

⇡

T, m
⇡

L � 1 and a ⌧ 1 fm, the typical
length scale associated with hadrons, these approxima-
tions introduce only small and controllable systematic
errors.
The restriction to a finite volume in space prohibits

the definition of asymptotic states, making the rela-
tionship between few-body observables obtained via lat-
tice QCD to the scattering amplitudes of infinite-volume
QCD somewhat non-trivial. As has been extensively ex-
plored in the literature, scattering amplitudes of two-
body [12–19] and three-body systems [20–23] can be de-
termined from the spectrum of eigenstates of QCD in a
finite volume. Such spectra can be obtained from two-
point correlation functions within lattice QCD, and the
energy-dependence of hadron scattering amplitudes can
be inferred – by analytically continuing these amplitudes
to complex values of the scattering energy, poles can
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FIG. 3. The top panel shows the absolute values of the
transition amplitude in units of inverse m⇡ ⇠ 400 MeV as a
function of the c.m. ⇡⇡ energy. This is determined for two
di↵erent values of Q2/GeV2 = 0, 0.025. For comparison, in
the lower panel we show the absolute values of the elastic
` = 1 ⇡⇡ amplitude,

��M`=1
⇡⇡

��.

larger than phenomenological parameterizations of the
physical cross section [42, 43] can be easily understood:
Near the resonance we have,

lim
E

?
⇡⇡!m⇢

�(⇡+� ! ⇡+⇡0) / q?
⇡�

F 2

⇡⇢

(m
⇢

, 0)

m2

⇡

�
1

(m
⇢

)
,

and the q?
⇡�

F 2

⇡⇢

(m
⇢

, 0)/m2

⇡

ratio we find to be approx-
imately 60% of the experimental value, and we expect
this to vary only slowly with changing quark mass. On
the other hand, the width of the ⇢ when m

⇡

⇠ 400MeV,
12.4(6) MeV [39], is approximately 12 times smaller than
the experimental width [44], scaling as expected for an
approximately quark mass independent coupling, g

⇢⇡⇡

,
with reduced P -wave phase-space. This suggests that
as future calculations are performed with quark masses
closer to their physical values, and as the ⇢-resonance be-
comes broader [26], the ⇡+� ! ⇡+⇡0 cross section will
decrease by an order of magnitude. For comparison, in
Fig. 4 we plot the ` = 1 ⇡+⇡0 elastic cross section, whose
factor of 5 kinematic enhancement with respect to the
experimental determination (see for example, Ref. [45])
can be understood by 1/q?2 dependence in the vicinity
of the resonance.

Final remarks: We have presented the first deter-
mination of a resonant radiative transition amplitude
from QCD. This exploratory study of ⇡⇡ ! ⇡�?, al-
though performed with unphysically heavy light quarks,
serves as a proof of principle that hadronic transition pro-
cesses involving resonating few-body states can be rigor-
ously studied using lattice QCD. We have demonstrated
how from this amplitude, by analytically continuing to
a pole in the complex energy plane, one may obtain the
⇢ ! ⇡�? form-factor where the ⇢ is treated as an unsta-
ble resonance, and have also obtained the ⇡+� ! ⇡+⇡0

50

0

100

150

200

2.0 2.1 2.32.2

FIG. 4. The top panel shows the ⇡+� ! ⇡+⇡0 cross section
as a function of the ⇡⇡ c.m. energy. The lower panel shows
the elastic ` = 1 scattering cross section. One observes near
the resonance the enhancement of the ⇡+� ! ⇡+⇡0 cross
section.

cross-section, and discussed how we expect the results to
change in future calculations using lighter quark masses.
Closely related techniques can be implemented in fu-

ture studies of hadron structure and weak decays. As
well as the obvious extension into the baryon sector,
�?N ! N? ! N⇡, there are processes important
for testing the limits of the Standard Model such as
B ! K⇡ `+`� [46, 47], where the K⇡ system is known
to resonate.
Having demonstrated in this work the feasibility of

studying radiative transition of two-body hadronic res-
onances directly from QCD, future studies will focus on
the extension of this work. The technology for studying
transition amplitudes with any number of open two-body
states has been already developed [36, 37] and here we
have tested it in the case where there is only one channel
open. Future calculations will accommodate for simi-
lar processes involving resonances that decay strongly to
more than one hadronic state, for example K�? ! K? !
K⇡/K⌘ [24, 25] and ⇡�? ! ⇢? ! ⇡⇡/KK [26]. Further-
more, given the recent and exciting theoretical develop-
ment for the study of three strongly interacting parti-
cles via lattice QCD [20–23], we can also expect electro-
magnetic transition amplitudes involving three or more
hadrons (e.g. N�? ! N? ! N⇡⇡).
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2

be found, with the pole positions providing the mass
and width of hadronic resonances. For an example see
the recent determination of kaon resonant excitations in
coupled-channel ⇡K, ⌘K scattering [24, 25], and the ⇢
resonance for lighter quark-masses where ⇡⇡,KK can be
coupled [26].

The extension of the formalism to the case where an
external (e.g. electroweak) current causes a transition
from a single stable hadron to a pair of hadrons was
presented by Lellouch and Lüscher. They demonstrated
that one can constrain such an amplitude using hadronic
matrix elements of the currents evaluated in a finite vol-
ume [27]. Their work focused on the implications of this
formalism for K ! ⇡⇡ decays, where ⇡⇡ is in an S-wave
(see Refs. [28–32] for numerical implementations), and
this has been subsequently extended to other systems of
interest [15, 16, 18, 33–35].

Recently, these ideas were extended to accommo-
date more generic processes featuring an external cur-
rent [36, 37], and in this work it was shown that the
Hµ

⇡⇡,⇡�

? transition amplitude can be obtained from finite
volume matrix elements of the vector current,

|Hµ

⇡⇡,⇡�

? |
L3

r R
2E

⇡

=
���
L

⌦
⇡;P

⇡

,⇤
⇡

��J µ

x=0

��⇡⇡;P
⇡⇡

,⇤
⇡⇡

↵
L

���,

(2)

where R is the residue of the finite-volume two-hadron
propagator, which depends on the ⇡⇡ four-momentum,
the cubic irrep (⇤

⇡⇡

), the lattice volume (L ⇥ L ⇥ L),
and the ⇡⇡ elastic scattering amplitude. The hadronic
finite-volume eigenstates carry labels, ⇤, which indicate
in which irreducible representation, or “irrep”, of the re-
duced rotational symmetry of the cubic lattice they lie.
We point the reader to Ref. [37] for a detailed derivation
and definition of R.

Lattice QCD calculation: We use an anisotropic
Symanzik improved gauge and Clover fermion actions
with N

f

= 2 + 1 dynamical fermions. The quark masses
are chosen so that m

⇡

⇠ 400 MeV [38], and we use a
spacetime volume of (L/a

s

)3⇥(T/a
t

) = 203⇥128, where
a
s

and a
t

are the spatial and temporal lattice spacings
with a

s

/a
t

= 3.444(6) and a
s

⇡ 0.12 fm. In Ref. [39]
it was demonstrated that exponential corrections associ-
ated with the finite volume of this lattice lead to sub-
percent corrections.

We construct three-point correlation functions using
the technology presented in Ref. [9]. We use variation-

ally optimized ⇡ and isospin-1 ⇡⇡ operators, ⌦[⇤⇡ ]
⇡

and

⌦[⇤⇡⇡ ]
⇡⇡

, respectively, that have been subduced to the de-
sired irrep, ⇤, of the appropriate little group of the octa-
hedral group [40]. These operators have been previously
obtained in the determination of the spectrum from two-
point correlation functions [41]. Inserting the vector cur-

rent we have three-point functions,

⌦
0
��⌦[⇤⇡ ]

⇡

(�t, P
⇡

)J µ(t,P
⇡

�P
⇡⇡

)⌦[⇤⇡⇡ ]†
⇡⇡

(0,P
⇡⇡

)
��0
↵
,
(3)

and we will present results extracted from correlation
functions computed with Euclidean time separation,
�t = 32a

t

, excluding Wick contractions where the cur-
rent couples to a disconnected quark loop 1. J µ is the
tree level improved Euclidean vector current [9], which
is renormalized by insisting the ⇡ form-factor be 1 at
Q2 = 0 GeV, giving a multiplicative renormalization of
Z
V

= 0.833(9). By inserting a complete set of finite
volume QCD eigenstates in Eq. 3, and evolving the oper-
ators to the origin of Euclidean time, one can determine

L

⌦
⇡;P

⇡

,⇤
⇡

��J µ

x=0

��⇡⇡;P
⇡⇡

,⇤
⇡⇡

↵
L

from the time depen-
dence of the correlation function [9].

Consideration of various momenta, P = 2⇡

L

[n
x

, n
y

, n
z

],
allowed by the periodic boundary conditions, leads to
determination of the matrix element at 48 distinct kine-
matic points. Eight di↵erent discrete E?

⇡⇡

values feature,
corresponding to the finite-volume eigenstates of ⇡⇡ in
various irreps, and discrete values of photon virtuality in
the range �0.4  (Q/GeV)2  1 are sampled.

The transition amplitude and ⇢ ! ⇡�?

form factor:

The ⇡⇡ ! ⇡⇡ P -wave elastic scattering amplitude, ex-
pressed via a phase-shift, �

1

(E?

⇡⇡

), was determined from
the lattice QCD finite-volume spectrum in Ref. [41].
With this in hand we may evaluate R in Eqn. 2 and de-
termine the transition amplitude from the finite-volume
matrix elements.
The transition amplitude is a Lorentz vector, and it

has a kinematic decomposition,

Hµ

⇡⇡,⇡�

? = ✏µ⌫↵� P
⇡,⌫

P
⇡⇡,↵

✏
�

(�
⇡⇡

,P
⇡⇡

) 2

m⇡
A

⇡⇡,⇡�

? ,

(4)

where A
⇡⇡,⇡�

?(E?

⇡⇡

, Q2) is a Lorentz scalar and ✏
�

is the
polarization vector of the P -wave ⇡⇡ state with �

⇡⇡

being
its helicity.
In the energy region we consider, the transition ampli-

tude will be sharply peaked due to the ⇢ pole. Defining
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FIG. 1. The points appearing in the upper panel depict the
form factor determined from lattice QCD for three ⇡⇡ energy
levels. The index n labels the order in which the state appears
in the spectrum. Also shown are the fits of the form factor
performed using Eq. 6 and evaluated at the three ⇡⇡ energies.
The corresponding P -wave phase shift and ⇡⇡ energy is shown
on the lower panel.

which is proportional to the elastic ⇡⇡ ! ⇡⇡ scat-

tering amplitude M`=1

⇡⇡

= 8⇡E

?
⇡⇡

q

?
⇡⇡

sin �
1

ei�1 with q?
⇡⇡

=
1

2

p
E?2

⇡⇡

� 4m2

⇡

. In Refs. [34, 36] it was demonstrated
that this parametrization is consistent with the analytic-
ity and unitarity constraints required in scattering the-
ory. The presence of the energy-dependent ⇢ ! ⇡⇡
strong decay width, �

1

, can be understood in the con-
text of an e↵ective field theory where the re-scattering
of the final ⇡⇡ states is mediated by a fully dressed ⇢
resonance (see Appendix of Ref. [36]).
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In Fig. 1 we present the computed form-factor for three
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parameterization for the phase shift, where we observe
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pled. It is evident that F
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where the parameters ↵
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and �
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are to be fitted and the
constantm

0

is fixed to 2.1805m
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to coincide with the real
part of the ⇢ mass. To fit the form factor, we vary the
form being used by setting a subset of these coe�cients
to zero and thus consider over 15 di↵erent fit functions.

FIG. 2. The upper panel shows the real part of the form fac-
tor determined in this work [orange dashed band] evaluated
at the ⇢ pole, E⇢/m⇡ = 2.1805(32)�0.0151(5)i. This is com-
pared with the value obtained in Ref. [9] [green band], where
the ⇢ is QCD stable, and the experimentally determined ⇢⇡
photo coupling [6, 7]. The lower panel shows the previously
undetermined imaginary component of the form factor.

We also consider fits where the points in the time-like Q2

region are excluded. From all fits performed, we retain
only those that have a �2/d.o.f  1.5, and we find that no
fit lacking E?
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-dependent terms satisfies this. The bands
shown in Figure 1 reflect the parameterization variation
as will the uncertainties on all quantities quoted below.
With an analytic description of the E?
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form-factor, we may analytically continue to the ⇢ pole
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. The Q2 depen-
dence of the resulting form-factor is shown in Fig. 2, with
the small imaginary part reflecting the fact that the ⇢ in
this calculation is unstable, but with a small hadronic
width – as the pion mass is decreased in future lattice
calculations [26], the width will increase and with it the
imaginary part of the form-factor.

The transition amplitude, A
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? , follows from Eq. 5,
where the phase is fixed up to an overall sign by Watson’s
theorem to be the ⇡⇡ ! ⇡⇡ phase-shift. The remaining
sign only has meaning in comparison to other transition
amplitudes, and consequently, we need only present the
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illustrates that as the ⇡⇡ energy approaches the ⇢ pole,
the transition amplitude is dynamically enhanced by the
resonance as one would expect.
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are the c.m. relative momenta. In Fig. 4
we plot this as a function of the c.m. energy. That
the peak cross-section for m
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⇠ 400MeV is significantly
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The corresponding P -wave phase shift and ⇡⇡ energy is shown
on the lower panel.
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realization of the symmetry above (e.g., [26,27]). For the
purposes of these comparisons, it is helpful to introduce a
spectroscopic notation: X2Sþ1L!J

P, where X is the
Nucleon N or the Delta !, S is the Dirac spin, L ¼
S; P;D; . . . denotes the combined angular momentum of
the derivatives, ! ¼ S, M, or A is the permutational sym-
metry of the derivative, and JP is the total angular momen-
tum and parity. This notation also is used in Table IV,
which we discuss now.

In the negative-parity N# spectrum, there is a pattern of
five low-lying levels, consisting of two N1

2
$ levels, two

N3
2
$ levels, and one N5

2
$ level. The triplet of higher levels

in this group of five is nearly degenerate with a pair of !1
2
$

and !3
2
$ levels. This pattern of Nucleon and Delta levels is

consistent with an L ¼ 1$ P-wave spatial structure with
mixed symmetry, PM . As shown in Table IV, the same
numbers of states are obtained in the SUð6Þ 'Oð3Þ classi-
fication for the negative-parity Nucleon and Delta states

constructed from the ‘‘nonrelativistic’’ Pauli spinors as we
find in the lattice spectra. The lowest two N#$ states are
dominated by operators constructed in the notation of
Eq. (13) as NM ' ðS ¼ 1

2
þÞM ' ðL ¼ 1$ÞM ! JP ¼ 1

2
$

and 3
2
$, while the three higher N#$ levels are dominated

by operators constructed according to NM ' ðS ¼ 3
2
þÞS '

ðL ¼ 1$ÞM with JP ¼ 1
2
$, 3

2
$ and 5

2
$. Similarly, the low-

lying Delta levels are consistent with a !1
2
$ and !3

2
$

assignment. There are no low-lying negative-parity S ¼ 3
2

Delta states since a totally symmetric state (up to antisym-
metry in color) cannot be formed. Consequently, there is no
low-lying !5

2
$, which agrees with the lattice spectrum. In

the nonrelativistic quark model [26], a hyperfine contact
term is introduced to split the doublet and quartet states up
and down, respectively, compared to unperturbed levels
and the tensor part of the interaction provides some addi-
tional splitting. The result is that the doublet Delta states
are nearly degenerate with the quartet Nucleon states as is
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FIG. 11 (color online). Spin-identified spectrum of Nucleons and Deltas from the lattices at m! ¼ 524 MeV, in units of the
calculated " mass.
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FIG. 12 (color online). Spin-identified spectrum of Nucleons and Deltas from the lattices at m! ¼ 396 MeV, in units of the
calculated " mass.
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as given in Table I. Thus, the physical ! mass is used to
set the scale. The patterns of these states are very similar
for the different baryons. For the flavor-octet states,
there are two 1

2
! states, two 3

2
! states and one 5

2
! state.

For each baryon, the energy increases with spin J and the
highest energy is about 300 MeVabove the lowest energy,
independent of the baryon. For the flavor-decuplet case,
there is one 1

2
! state and one 3

2
! state with about

70 to 100 MeV splitting, "10 being an exception.

The flavor-singlet case has the same pattern except that
the energies are lower and the splitting is larger.
In a previous analysis of the nucleon spectrum using

Nf ¼ 2 QCD, we obtained five low-lying negative-
parity states in the lattice irreps G1u, Hu and G2u [15].
They could be interpreted as two Nð12!Þ states, two Nð32!Þ
states and one Nð52!Þ state, thus agreeing with the present
work. A later analysis based on Nf ¼ 2þ 1 QCD obtained
a sixth low-lying state, namely a third Nð32!Þ [10]; however
that extra state was not as well determined. Both of the
mentioned works yielded two low-lying Nð12!Þ states, as
does this work. The extra low-lying Nð32!Þ state is not
obtained in this work. We conclude that the third Nð32!Þ
state is spurious, and that the low-lying spectrum has a total
of five negative-parity states, with strong evidence for low-
lying bands consistent with SUð6Þ &Oð3Þ symmetry.
Reference [16] provides the masses of a few low-lying,

negative-parity states of the nucleon based on several pion
masses, including m! ¼ 156 MeV. For m! values close to
400 MeV, there is good agreement with our masses for the
two lowest Nð12!Þ states shown in Fig. 7. Reference [17]
provides masses for several low-lying, negative-parity #
states. Lower pion masses were used in Ref. [17]; however,
for the three lowest #ð12!Þ states obtained at m! '
280 MeV, there is acceptable agreement with our results
at m! ¼ 391, namely for the #1ð12!Þ state in Fig. 8 and the
two #8ð12!Þ states in Fig. 7. Reference [18] also provides
masses for three low-lying#ð12!Þ states at several values of
m! using a larger lattice volume. Those results are reason-
ably consistent with the masses of our three lowest-lying
#ð12!Þ states.
We note that there are several important limitations of

the present study. They have been discussed in Ref. [5] and
we conclude with a brief summary of them. The 163 ( 128
lattice used is small, with spatial dimensions of about
1.9 fm on a side. The pion masses used are significantly
larger than the physical mass. No operators that efficiently
couple onto scattering states (e.g., !N) are included.
Studies of the resonances that correspond to the three-
quark states will require improvements that overcome
each of these limitations.

IV. SUMMARY

This work presents results for baryons based on lattice
QCD using the 163 ( 128 anisotropic lattices that were
developed in Ref. [4]. Excited state spectra are calculated
for baryons that can be formed from u, d and s quarks,
namely the N, $, #, ", % and ! families of baryons, for
two pion masses, 391 MeV and 524 MeV, and at the
SUð3ÞF-symmetric point corresponding to a pion mass of
702 MeV.
The interpolating operators used incorporate covariant

derivatives in combinations that correspond to angular-
momentum quantum numbers L ¼ 0, 1 and 2. The angular

FIG. 8 (color online). The lowest negative-parity states that are
flavor singlets (beige) and decuplets (yellow) are shown for
m! ¼ 391 MeV.

FIG. 7 (color online). The lowest negative-parity states that are
flavor octets are shown for m! ¼ 391 MeV.
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Euclidean Lagrangian for this theory is L ¼ 1=
ð4e2ÞFmvFmv þ 1=ð2g2ÞTrGmvGmv þ ∑ f ψf ½gmð∂mþ
iqf Am þ iBmÞ þmf &yf , where gm are the Dirac
matrices, f runs over the four flavors of quarks,
the mf are their masses, and the qf are their
charges in units of the electron charge e. More-
over, Fmv = ∂mAv – ∂vAm, Gmv = ∂mBv – ∂vBm +
[Bm, Bv], and g is the QCD coupling constant.
In electrodynamics, the gauge potential Am is
the real valued photon field, whereas in QCD,
Bm is a Hermitian 3 by 3 matrix field. The yf

are Dirac-spinor fields representing the quarks
and carry a “color” index, which runs from 1 to
3. In the present work, we consider all of the
degrees of freedom of this Lagrangian; that is,

we include quantum electrodynamics (QED)
and QCD, as well as the four nondegenerate
quark flavors, in a fully dynamical formulation.
The action S of QCD+QED is defined as the

spacetime integral of L. Particle propagators are
averages of products of fields over all possible
field configurations, weighted by the Boltzmann
factor exp(−S). A notable feature of QCD is as-
ymptotic freedom, which means that the interac-
tion becomes weaker and weaker as the relative
momentum of the interacting particles increases
(4, 5). Thus, at high energies the coupling con-
stant is small, and a perturbative treatment is
possible. However, at energies typical of quarks
and gluons within hadrons, the coupling is large,

and the interactions become highly nonlinear.
The most systematic way to obtain predictions
in this nonperturbative regime of QCD involves
introducing a hypercubic spacetime lattice with
lattice spacing a (6) on which the above Lagrangian
is discretized, numerically evaluating the result-
ing propagators and extrapolating the results
to the continuum (a→0). The discretization pro-
cedure puts fermionic variables on the lattice
sites, whereas gauge fields are represented by
unitary 3 by 3 matrices residing on the links
between neighboring sites. The discretized theory
can be viewed as a four-dimensional statistical
physics system.
Calculating the mass differences between the

neutral and charged hadron partners by using
lattice techniques has involved different levels
of approximation. In the pioneering work of
(7), the quenched approximation was used both
for QCD and QED. Recent studies (8–10) have
typically performed dynamical QCD computations
with quenched QED fields. Another quenched
QED approach, in which the path integral is ex-
panded to O(a), has also recently been imple-
mented (11). In all such calculations, the neglected
terms are of the same leading order in a as
the isospin splittings of interest (10). To have
a calculation that fully includes QED effects to
O(a) requires including electromagnetic effects
in the quark sea. Three exploratory studies have
attempted to include these effects. The first
two used reweighting techniques in Nf = 2 +
1 QCD simulations (12, 13). Beyond the diffi-
culty of estimating the systematic error asso-
ciated with reweighting, the computation in
(12) was carried out with a single lattice spac-
ing in a relatively small (3 fm)3 spatial volume
and the one in (13) on a single, much coarser and
smaller lattice, with pion masses larger than
their physical value. In the third study (14), real
dynamical QCD and QED simulations were per-
formed, albeit on a single lattice at unphysical
quark mass values.
Here, we provide a fully controlled ab initio

calculation for these isospin splittings. We used
1 + 1 + 1 + 1 flavor QCD+QED with 3 HEX (QCD)
and 1 APE (QED) smeared clover improved Wilson
quarks. Up to now, the most advanced simula-
tions have included up, down, and strange quarks
in the sea but neglected all electromagnetic and
up-down mass difference effects. Such calcula-
tions have irreducible systematic uncertainties
of Oð1=Nc=m2

c ;a;md − muÞ, where Nc = 3 is the
number of colors in QCD. This limits their ac-
curacy to the percent level. We reduced these
uncertainties to Oð1=Nc=m2

b; a
2Þ, where mb is

the bottom quark mass, yielding a complete de-
scription of the interactions of quarks at low
energy accurate to the per mil level.
In our parameter set, we have four lattice

spacings ranging from 0.06 to 0.10 fm. We ob-
served very small cutoff effects in our results,
which is in good agreement with our earlier spec-
trum determination (15, 16). Nevertheless, these
small cutoff effects are accounted for in our sys-
tematic error analysis as g2a or a2 corrections in
the histogram method described in (17).
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Fig. 1. Finite-volume
behavior of kaon
masses. (A) The
neutral kaon mass,
MK0 , shows no signifi-
cant finite volume
dependence; L denotes
the linear size of the
system. (B) The
mass-squared difference
of the charged kaon
mass, MKþ , and MK0

indicates that MKþ is
strongly dependent
on volume. This finite-
volume dependence is
well described by an
asymptotic expansion
in 1/L whose first two
terms are fixed by QED
Ward-Takahashi identities (17). The solid curve depicts a fit of the lattice results (points) to the ex-
pansion up to and including a fitted O(1/L3) term. The dashed and dotted curves show the contribu-
tions of the leading and leading plus next-to-leading order terms, respectively. The computation was
performed by using the following parameters: bare a ∼ 1/10, Mπ = 290 MeV, and MK0= 450 MeV. The
mass difference is negative because a larger-than-physical value of a was used.The lattice spacing a is
~0.10 fm.
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Fig. 2. Mass splittings
in channels that are
stable under the
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our 1+1+1+1 flavor
calculation. The horizontal
lines are the experimen-
tal values, and the gray
shaded regions repre-
sent the experimental
error (2). Our results are
shown by red dots with
their uncertainties. The
error bars are the squared
sums of the statistical and systematic errors. The results for the DMN, DMS, and DMD mass splittings
are post-dictions, in the sense that their values are known experimentally with higher precision
than from our calculation. On the other hand, our calculations yield DMX, DMXcc splittings, and the
Coleman-Glashow difference DCG, which have either not been measured in experiment or are mea-
sured with less precision than obtained here. This feature is represented by a blue shaded region
around the label.
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10 Reaching the physical point
Our present procedure closely follows our earlier studies of the hadron spectrum (16). We consider two dif-
ferent paths, in bare parameter space, to the physical mass point and continuum limit. These two techniques
correspond to two different ways of normalizing hadron masses and their isospin splittings for a set of fixed
parameters. For both methods we follow several strategies for the extrapolation to the physical mass point and
to the continuum limit. The physical mass point is defined by M

⇡

+
= 139.570MeV, M

K

+
= 493.68MeV,

M
K

0
= 497.61MeV, M

D

0
= 1864.9MeV and the electromagnetic coupling in the Thomson-limit ↵�1

=

137.036 (2). A particularly important quantity of the analysis is the kaon mass splitting. Its experimental
value is well known and it can be measured with high accuracy on the lattice. We use the value �M2

K

=M2
K

0-
M2

K

+ = 3896MeV

2. For both methods the lattice spacing at a given g2 was determined by the Omega baryon
mass at the physical mass point (its experimental value is M⌦ = 1672.4MeV). The values for a are given in
Tab. S2.

10.1 Normalizing hadron masses
We call the two methods of normalizing the hadron masses and their splittings: a. “mass-independent scale
setting” and b. “ratio method”.

a. The mass-independent scale setting is the more traditional technique. One takes the lattice spacing
from Tab. S2 and expresses all the hadron masses and their isospin splittings in physical units using this a.
Thus, the mass values measured on the lattice are divided/normalized by the lattice spacing. The splittings are
then extrapolated to the physical mass point and continuum limit as explained below. Since this is the more
traditional technique we explain the extrapolations and interpolations using this normalization prescription (for
the ratio method the corresponding formulae can be obtained straightforwardly).

b. The ratio method is motivated by the fact that in QCD+QED one can calculate only dimensionless
combinations of observables, e.g. mass ratios (or isospin splittings normalized by some hadron mass). Fur-
thermore, in such ratios cancellations of statistical uncertainties and systematic effects may occur. The method
uses the mass ratios M

⇡

+/M⌦, M
K

+/M⌦, M
K

0/M⌦, M
D

0/M⌦ as input parameters and expresses the splittings
normalized by M⌦.

10.2 Determining the isospin splittings
There are two sources of isospin violation: electromagnetism and the mass difference of the up and down
quarks. The isospin splittings are expanded in powers of the renormalized coupling ↵ = e2

R

/(4⇡) and the
quark mass difference �m = m

d

�m
u

. This expansion is expected to converge rapidly at the physical values
of these parameters. However we work at somewhat larger electromagnetic coupling values. As was shown in
Sec. 8, higher-order terms in ↵ are negligible if we use a coupling defined at a hadronic scale. So we work only
with the linear terms, i.e. in O(�m,↵). In linear order of isospin breaking, an arbitrary mass splitting �M

X

can be written as a sum of two terms:

�M
X

= F
X

(M
⇡

+ ,M
K

0 ,M
D

0 , L, a) · ↵ +G
X

(M
⇡

+ ,M
K

0 ,M
D

0 , a) ·�M2
K

, (S37)

where F
X

, G
X

are functions of pseudoscalar meson masses and the lattice spacing. The QED part of �M2
K

has an L dependence but this can be absorbed into the L dependence of F
X

. The charged particle masses that
enter in Eq. (S37), are already corrected for the universal finite-size effect Eq. (S26). Higher order polynomial
finite-size effects, starting with 1/L3, are still allowed in the electromagnetic part F

X

. Since �M2
K

is the
mass squared difference of a neutral and charged particle, the second term of Eq. (S37) mixes the strong and
electromagnetic isospin breaking effects. This is no problem of principle and good quality fits can be achieved
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This would explain why the two systems resemble
each other closely, up to constant shifts, due to
differences of the respective (constituent) quark
masses. Note that replacing the remaining charm
quark by a light quark flavorwill not result in constant
energy shifts. For example, the fine structure of the
light and heavy baryons are very different.

E. Comparison with previous results

Our final results for the individual masses are summarized
in Fig. 18, where for the negative parity channels only the
results for interpolators which gave a reliable signal are
shown. Overall, for the singly charmed baryons there is
reasonable agreement with experiment, as also seen for the
mesonswith open and hidden charm,which is encouraging in
terms of the size of the remaining systematics. In particular,
in some previous calculations Mcqq − 1

2Mηc or Mccq −Mηc
splittings were computed, instead of the individual baryon
masses, in order to remove the dependence on the charm
quark mass and to reduce the size of discretization effects

and uncertainties arising from tuning the charm quark mass
using the meson sector. This has not been done here.
However, states involving strange quarks are systematically
lower than experiment, in particular, theΩc. This may be due
to residual effects related to simulating along an incorrect
m̄ ¼ constant line. Furthermore, our finite volume study
suggests that the positive parity ground state singly charmed
baryons and excited state doubly charmed baryons will
decrease by a few tens of MeV in the infinite volume limit.
There have been a number of recent lattice studies of

the charmed baryon spectra, also displayed in Fig. 18, most
of which are restricted to positive parity ground states.
Different systematics apply in each case depending on,

(i) the number of sea quarks included: Nf ¼ 2 (Dürr
et al. [40]), Nf ¼ 2þ 1 (Na et al. [35], Liu et al.
[36], PACS-CS [41], Brown et al. [43], HSC [44])
and Nf ¼ 2þ 1þ 1 (Briceño et al. [37], ILGTI
[39], ETMC [42]).

(ii) The charm quark action: the Fermilab action [73]
(Na et al., Liu et al.), a relativistic heavy quark

FIG. 18 (color online). Singly charmed (top) and doubly charmed (bottom) low lying baryon spectra. (Left) our results (RQCD) from
the V ¼ 323 × 64 ensembles. (Right) a comparison with previous determinations from Na et al. [35], Liu et al. [36], Briceño et al. [37],
Dürr et al. [40], ILGTI [39], PACS-CS collaboration [41], ETMC [42], Brown et al. [43] and HSC [44]. Note that our results for the
negative parity, spin-1=2 Ωc and Ξ0

c are likely scattering states, see Sec. IV. The first excitations may also contain such states.
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FIG. 18 (color online). Singly charmed (top) and doubly charmed (bottom) low lying baryon spectra. (Left) our results (RQCD) from
the V ¼ 323 × 64 ensembles. (Right) a comparison with previous determinations from Na et al. [35], Liu et al. [36], Briceño et al. [37],
Dürr et al. [40], ILGTI [39], PACS-CS collaboration [41], ETMC [42], Brown et al. [43] and HSC [44]. Note that our results for the
negative parity, spin-1=2 Ωc and Ξ0

c are likely scattering states, see Sec. IV. The first excitations may also contain such states.
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operators. Similarly, for negative parity with
JP ¼ 1=2−; 3=2−; 5=2−; 7=2−, the allowed number of
quantum numbers are 3, 3, 1 and 0, respectively. On the
right sides of Figure 11 and Figure 12, the lowest band

(inside the box) also has exactly the same number of states.
This agreement of the number of low-lying states between
the lattice spectra obtained in this work and the expect-
ations based on nonrelativistic quark spins implies a clear
signature of SUð6Þ × Oð3Þ symmetry in the spectra. Such a
SUð6Þ × Oð3Þ–symmetric nature of spectra was also
observed in Refs. [42,50]. Note that there are no negative
parity spin-7=2 states in that table and the negative parity
spin-7=2 state is obtained from the inclusion of relativistic
operators. We are also able to identify one state with strong
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FIG. 10 (color online). Ground state masses of spin-1=2 and spin-3=2 doubly charmed Ωcc baryons as a splitting from the ηc meson
mass. Our results are shown by the red filled circle (HSC). Other lattice as well as model results are also shown.

1/2
+

3/2
+

5/2
+

7/2
+ 1/2

-
3/2

-
5/2

-
7/2

-0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

m
as

s 
- m

η c [G
eV

]

FIG. 11 (color online). Spin identified Ξcc baryon spectra for
both parities and with spin up to 7=2. Energy splittings of the Ξcc
baryons from the mass of the ηc meson, which has same number
of charm quarks, are shown here. The states inside the pink boxes
are those with relatively larger overlap to nonrelativistic oper-
ators, and the states with unfilled thick borders corresponds to the
states with strong hybrid content. The number of states inside
these boxes matches with the expectations based on nonrelativ-
istic quark spins, as shown in Table II. This agreement of the
number of low-lying states between the lattice spectra obtained in
this work and the expectations based on nonrelativistic quark
spins implies a clear signature of SUð6Þ × Oð3Þ symmetry in the
spectra.
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for both parities and with spin up to 7=2. Energy splittings of the
Ωcc states from the mass of the ηc meson, which has the same
number of charm quarks, are shown here. All other details are the
same as in Figure 11.
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this work and the expectations based on nonrelativistic quark
spins implies a clear signature of SUð6Þ × Oð3Þ symmetry in the
spectra.
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FIG. 12 (color online). Spin identified spectra of Ωcc baryons
for both parities and with spin up to 7=2. Energy splittings of the
Ωcc states from the mass of the ηc meson, which has the same
number of charm quarks, are shown here. All other details are the
same as in Figure 11.
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numbers	  match	  non.rel.	  quark	  spinor	  model:	  SU(6)xO(3)	  

(nf=2+1,	  anisotropic,	  mπ=390	  MeV)
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Baryons	  with	  1,2,3	  heavy	  (c,	  b)	  quarks
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Brown	  et	  al.	  Phys.	  Rev.	  D	  90,	  
	  094507	  (2014).	  

In this case, we also perform an interpolation of the valence strange-quark mass to its physical value, so that the fit functions
become

EðsubÞ
ΞQ

¼ Eðsub;0Þ þ dðvvÞπ
½mðvvÞ

π &2

4πf
þ dðvvÞηs

½mðvvÞ
ηs &2 − ½mðphysÞ

ηs &2

4πf
þ dðssÞπ

½mðssÞ
π &2

4πf
þMΞQ

þ daa2Λ3; ð65Þ

EðsubÞ
Ξ0
Q

¼ Eðsub;0Þ þ Δð0Þ þ cðvvÞπ
½mðvvÞ

π &2

4πf
þ cðvvÞηs

½mðvvÞ
ηs &2 − ½mðphysÞ

ηs &2

4πf
þ cðssÞπ

½mðssÞ
π &2

4πf
þMΞ0

Q
þ caa2Λ3; ð66Þ

FIG. 6 (color online). Chiral and continuum extrapolations for the fΛQ;ΣQ;Σ'
Qg baryons. The curves show the fit functions in infinite

volume at mðvvÞ
π ¼ mðvsÞ

π ¼ mπ , for the two different lattice spacings where we have data, and in the continuum limit. For the continuum
curves, the shaded bands indicate the 1σ uncertainty. The lattice data have been shifted to infinite volume (see Table XI for the values of
the shifts); data points at the coarse lattice spacing are plotted with circles, and data points at the fine lattice spacing are plotted with
squares. The partially quenched data points, which have mðvvÞ

π < mðvsÞ
π , are included in the plot with open symbols at mπ ¼ mðvvÞ

π , even
though the fit functions actually have slightly different values for these points. The data sets with the lowest two pion masses (C14 and
F23) are excluded here because our treatment of finite-volume effects in HHχPT breaks down below the Σð'Þ

Q → ΛQπ strong-decay
thresholds. The vertical lines indicate the physical value of the pion mass.

FIG. 7 (color online). Imaginary parts of the fΛQ;ΣQ;Σ'
Qg baryon energies in infinite volume, obtained from HHχPT. The imaginary

parts depend strongly on Δ and Δþ Δ'; the values used here are given in Table IX.

CHARMED BOTTOM BARYON SPECTROSCOPY FROM … PHYSICAL REVIEW D 90, 094507 (2014)
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to Eqs. (54), (55), and (56). At this order, the energy
splitting parameters from the original fit also need to be
expanded in powers of the quark masses and lattice
spacing, leading to the terms with products of Δð0Þ or
Δð0Þ

# with ½mðvvÞ
π %2, ½mðssÞ

π %2, or a2. The terms proportional to
a3 may arise from heavy-quark discretization errors. We
followed a Bayesian approach and constrained the addi-
tional parameters in Eqs. (89), (90), and (91) to be natural
sized. Because we have introduced appropriate powers of
the relevant energy scales in the definitions of the fit
functions, the new parameters are dimensionless, and we
used Gaussian priors with central value 0 and width 3 for
each one. We then recomputed Eðsub;physÞ for each baryon
from the new higher-order fits. A good measure for the

systematic uncertainty due to the higher-order effects is the
resulting increase in the uncertainty of Eðsub;physÞ, computed
in quadrature,

σsyst;HO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2NLOþHO − σ2NLO

q
; ð92Þ

where σNLO is the uncertainty obtained from the original fit
and σNLOþHO is the uncertainty of the fit including the
higher-order analytic terms. We applied the same procedure
to the baryon mass splittings and their uncertainties. Using
the increase in the uncertainty is far more robust than using
the change in the central value, because the change in the
central value may be close to zero with our choice of priors
for the higher-order terms.

FIG. 15 (color online). Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where
available [8,10,12]. The masses of baryons containing nb bottom quarks have been offset by −nb · ð3000 MeVÞ to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as MΩ#

b
−MΩb

can in fact
be resolved with much smaller uncertainties than is apparent from this figure (see Table XIX).
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Charmonium
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L.	  Liu	  et	  al.	  (HSC),	  JHEP	  1207,	  126	  (2012),	  [1204.5425]

Challenge:	  Spin	  
iden5fica5on	  (from	  
laAce	  irreps)

J
H
E
P
0
7
(
2
0
1
2
)
1
2
6

Figure 14. Summary of the charmonium spectrum up to around 4.5 GeV labelled by JPC. The
red and green boxes are the masses calculated on the 243 volume; black lines are experimental
values from the PDG [21]. We show the calculated (experimental) masses with the calculated
(experimental) ⌘c mass subtracted. The vertical size of the boxes represents the one sigma statistical
uncertainty on either side of the mean. The dashed lines indicate the lowest non-interacting DD̄

and DsD̄s levels using the D and Ds masses measured on the 163 ensemble (fine green dashing)
and using the experimental masses (coarse grey dashing).

for the 243 calculation compared to the 163 calculation (see section 2.1). On the 243 volume

we can reliably extract and identify the spin of more states and determine their masses

with higher statistical precision, and we will therefore quote these as our final results.

In summary, we are able to interpret our spectra in terms of single mesons of definite

continuum spin subduced into various lattice irreps. This, along with the lack of any

significant volume dependence, is evidence that we are not observing multi-hadron states

in our extracted spectra; the distribution of such states across irreps would have a di↵erent

pattern. Further evidence is provided by observing that we do not extract energy levels

where we would expect non-interacting two-meson levels to appear. These points have

been discussed in detail in ref. [11].

6.2 Final spin-identified spectrum

Our final results, the well-determined states on the 243 volume, are shown in figure 14

along with experimental masses taken from PDG summary tables [21]; these results are

also tabulated in appendix A. The X(3872) is not shown because its JPC (1++ or 2�+)

has not been determined experimentally. In the plot, the calculated (experimental) mass

of the ⌘
c

has been subtracted from the calculated (experimental) masses in order to reduce

– 19 –
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Galloway	  et	  al.	  (HPQCD)	  PoS	  (LATTICE2014)	  092	  [arXiv:1411.1318]
See	  also:

(extrapola5on	  to	  physical	  point)

Mohler	  et	  al.,	  Phys.Rev.	  D	  87,	  034501	  (2013)	  [arXiv:1208.4059]

_
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But:	  Effect	  of	  open	  2-‐hadron	  channel?

41

N*(1535),N*(1650)	  
Nπ	  nega5ve	  parity

Kira5dis	  et	  al.,	  Phys.	  Rev.	  D	  91,	  094509	  (2015)	  [arXiv:	  1501.07667]See	  also	  
(different	  operator	  basis	  for	  Nπ:	  (Nπ)(p=0)	  instead	  of	  N(p=0)π(p=0))

CBL&Verduci,	  PRD87	  (2013)	  054502	  	  
[arXiv:1212.5055]
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What	  is	  the	  challenge?
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More	  quarks	  propagators	  
Backtracking	  loops	  are	  
expensive!

“All-‐to-‐all	  propagators”:	  
Stochas5c	  sources	  
Dis5lla5on

Peardon	  et	  al.	  (HSC),	  Phys.	  Rev.	  D	  80,	  054506	  (2009).	    
Morningstar	  et	  al.,	  Phys.	  Rev.	  D	  83,	  114505	  (2011).	    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Nucleon excited states Results Summary

Phase shift analysis

Asymptotically only stable states can be observed and resonances
have to be identified by their impact on the finite volume states.

Luescher formula connects the discrete spectrum in finite volume
with the scattering phase shift in infinite volume

det[e2i�(M(q)� i)� (M(q) + i)] = 0

Mul5	  hadron	  approach

43

The	  excited	  states	  are	  related	  to	  resonances	  that	  decay	  hadronically.

Lüscher:	  energy	  levels	  give	  phase	  shi�	  values	  in	  the	  elas5c	  region

Extension	  to	  moving	  frames	  (operators	  with	  momentum	  )

We	  need	  to	  extend	  the	  space	  of	  operators	  to	  mul5-‐hadron	  operators:	  
(qq)(qq),(qqq)(qq),(qqq)(qqq)…

Lüscher,	  CMP	  105(86)	  153,	  
NP	  B354	  (91)	  531,	  NP	  B	  364	  (91)	  237

Rummukainen, Gottlieb: NP B 450(1995) 397
Kim, Sharpe: NP B 727 (2005) 218
Leskovec, Prelovsek, PR D85 (2012) 114507
Göckeler et al., PR D 86, 094513 (2012) 
Döring et al., Eur.Phys.J. A48 (2012)114 ➞	  irreps	  of	  li2le	  groups	  of	  the	  

cubic	  group
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bound	  state
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Sca2ering	  amplitude
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Extension	  to	  several	  coupled	  channels	  

Briceno	  et	  al	  .,	  Phys.	  Rev.	  D	  88,	  034502	  (2013)

Briceno	  et	  al	  ,	  Phys.	  Rev.	  D	  88,	  094507	  (2013)

Briceno	  et	  al	  .,	  Phys.	  Rev.	  D	  89,	  074507	  (2014)

Briceno	  et	  al.,	  Phys.	  Rev.	  D	  91,	  034501	  (2015)

two	  nucleons
moving	  mul5channels
arbitrary	  spin

1	  ➞	  2	  transi5ons

Extension	  to	  3-‐par5cle	  channels
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Bernard	  et	  al	  .,	  JHEP	  1101	  (2011)	  019	  [arXiv:1010.6018]

Hansen	  &	  Sharpe,	  [arXiv:1504.04248]

Hansen	  &	  Sharpe,Phys.	  Rev.	  D	  90,	  116003	  (2014)	  [arXiv:1408.5933]	  

Hansen	  &	  Sharpe,	  Phys.Rev.	  D86	  (2012)	  016007[arXiv:1204.0826]

cf	  Dudek,	  Wed.	  

cf	  Doering,	  5A3,	  Thu.	  

quan5za5on
Meißner	  et	  al.,Phys.Rev.Le2.	  114,	  091602	  (2015)	  [arXiv:1412.4969]	  shallow	  bound	  states
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LaAce	  operators	  (interpolators)	  Xi

48

Thomas	  et	  al.	  (HSC),Phys.	  Rev.	  D	  85,	  014507	  (2012)
Moore	  et	  al.,	  Phys.	  Rev.	  D	  74,	  054504	  (2006)

Moore	  &	  Fleming	  ,	  Phys.	  Rev.	  D	  73,	  014504	  (2006)

Wallace	  [arXiv:1506.05492]

Dudek	  et	  al.	  (HSC),	  Phys.	  Rev.	  D	  82,	  034508	  (2010)

Irreps	  of	  cubic	  group	  and	  its	  li2le	  groups	  contribute	  to	  different	  
angular	  momenta	  in	  con5nuum

Construc5on	  of	  mul5-‐par5cles	  states

Construc5on	  of	  laAce	  operators	  by	  projec5on	  
from	  con5nuum	  (subduc5on)

Leskovec, & Prelovsek, PR D85 (2012) 114507
Göckeler et al., PR D 86, 094513 (2012) This simple formulation is possible because we have used

the forward-backward derivatives, D
$
.

ð!"D½3$
J13;JD

ÞJ;M ¼
X

m1;m2;m3;m4;m13;mD

h1; m4; JD;mDjJ;Mi

" h1; m2; J13; m13jJD;mDi
" h1; m1; 1; m3jJ13; m13i
" "c!m4

D
$

m1
D
$

m2
D
$

m3
c :

Clearly this procedure can be extended to as many
covariant derivatives as one wishes. In this paper, we will
use operators with up to three derivatives providing access
to all JPC with J ' 4.1

The operators as formed are eigenstates of parity: when
there are an even (odd) number of covariant derivatives, the
parity is equal to (opposite to) that of the local operator
containing the same gamma matrix. The operators are also
eigenstates of charge-conjugation in the case that the c
and "c fields are of the same flavor. In the case that the
fields are degenerate but not identical (e.g., the u and d
quarks in our calculation), the C-parity is trivially gener-
alized to G-parity. For kaons, where the light and strange
quarks are not degenerate, there is no C-parity or any
generalization of it. In this case, the symmetry channels
are labeled by JP and operators of both C can be used.

Subduction into lattice irreps

In lattice QCD calculations, the theory is discretized on
a four-dimensional hypercubic Euclidean grid. The full
three-dimensional rotational symmetry that classifies en-
ergy eigenstates in the continuum is hence reduced to the
symmetry group of a cube (the cubic symmetry group, or
equivalently the octahedral group). Instead of the infinite
number of irreducible representations labeled by spin J, the
single-cover cubic group relevant for integer spin has only
five irreducible representations (irreps): A1; T1; T2; E; A2.
The distribution of the various M components of a spin-J
meson into the lattice irreps is known as subduction, the
result of which is shown in Table III.

To be of any use in lattice computations, the continuum
operators described above must be subduced into lattice
irreps. Noting that each class of operator is closed under
rotations, the subductions can be performed using known
linear combinations of the M components for each J:

O ½J$
#;! ( ð!"D½nD$

... ÞJ#;! ¼
X

M

SJ;M
#;!ð!"D½nD$

... ÞJ;M

(
X

M

SJ;M
#;!O

J;M;

where ! is the ‘‘row’’ of the irrep (1 . . . dimð#Þ). Note that,
althoughO½J$

#;! can have an overlap with all spins contained

within # (as listed in Table III for J ' 4) it still carries the
memory of the J from which it was subduced, a feature we
exploit in Section VI. The subduction coefficients, SJ;M

#;! ,

form an orthogonal matrix,
P

MS
J;M
#;!S

J;M)
#0;!0 ¼ "#;#0"!;!0 ,

and this fixes their normalization.
The subduction coefficients can be constructed in a

number of different ways and here we give a simple
derivation. More details and an alternative method using
a group-theoretic projection formula can be found in
Appendix A.
The simplest case is the subduction of the J ¼ 0 opera-

tor; from Table III, this only subduces into the A1 irrep and
so trivially we have S0;0

A1;1
¼ 1. The J ¼ 1 operator is also

relatively straightforward, only subducing into the T1 irrep
with subduction coefficients shown in Appendix A. Note
that S1;M

T1;!
¼ "!;2*M, where the shift by 2 places ! in the

range 1 . . . dimð#Þ.
Subduction coefficients for all higher spins can be con-

structed by iteration, starting from the J ¼ 0 and J ¼ 1
coefficients and using

S J;M
#;! ¼ N
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!1;!2

X

M1;M2

SJ1;M1

#1;!1
SJ2;M2

#2;!2
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# #1 #2

! !1 !2
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Here hJ1;M1; J2;M2jJ;Mi is the usual SOð3Þ Clebsch-
Gordan coefficient for J1 + J2 ! J and

C
# #1 #2

! !1 !2

! "

is the octahedral group Clebsch-Gordan coefficient for
#1 +#2 ! #. N is a normalization factor, fixed by the
requirement that the subduction coefficients form an or-
thogonal matrix as discussed above. We give explicit val-
ues for the subduction coefficients up to J ¼ 4 in
Appendix A.
In Table IV we show the number of operators we have in

each lattice irrep, i.e., using all operators with up to 3
derivatives. We have performed extensive tests of this
operator set to check that two-point correlators having
operators in differing irreps at source and sink are consis-
tent with zero and that similarly within an irrep, correlators
of differing rows at source and sink are consistent with

TABLE III. Continuum spins subduced into lattice irreps
#ðdimÞ.

J irreps

0 A1ð1Þ
1 T1ð3Þ
2 T2ð3Þ , Eð2Þ
3 T1ð3Þ , T2ð3Þ , A2ð1Þ
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1Except the exotic 4þ*, which requires a minimum of four
derivatives.
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and this fixes their normalization.
The subduction coefficients can be constructed in a

number of different ways and here we give a simple
derivation. More details and an alternative method using
a group-theoretic projection formula can be found in
Appendix A.
The simplest case is the subduction of the J ¼ 0 opera-

tor; from Table III, this only subduces into the A1 irrep and
so trivially we have S0;0

A1;1
¼ 1. The J ¼ 1 operator is also

relatively straightforward, only subducing into the T1 irrep
with subduction coefficients shown in Appendix A. Note
that S1;M

T1;!
¼ "!;2*M, where the shift by 2 places ! in the

range 1 . . . dimð#Þ.
Subduction coefficients for all higher spins can be con-

structed by iteration, starting from the J ¼ 0 and J ¼ 1
coefficients and using

S J;M
#;! ¼ N

X

!1;!2

X

M1;M2

SJ1;M1

#1;!1
SJ2;M2
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Here hJ1;M1; J2;M2jJ;Mi is the usual SOð3Þ Clebsch-
Gordan coefficient for J1 + J2 ! J and

C
# #1 #2

! !1 !2

! "

is the octahedral group Clebsch-Gordan coefficient for
#1 +#2 ! #. N is a normalization factor, fixed by the
requirement that the subduction coefficients form an or-
thogonal matrix as discussed above. We give explicit val-
ues for the subduction coefficients up to J ¼ 4 in
Appendix A.
In Table IV we show the number of operators we have in

each lattice irrep, i.e., using all operators with up to 3
derivatives. We have performed extensive tests of this
operator set to check that two-point correlators having
operators in differing irreps at source and sink are consis-
tent with zero and that similarly within an irrep, correlators
of differing rows at source and sink are consistent with

TABLE III. Continuum spins subduced into lattice irreps
#ðdimÞ.

J irreps

0 A1ð1Þ
1 T1ð3Þ
2 T2ð3Þ , Eð2Þ
3 T1ð3Þ , T2ð3Þ , A2ð1Þ
4 A1ð1Þ , T1ð3Þ , T2ð3Þ , Eð2Þ

1Except the exotic 4þ*, which requires a minimum of four
derivatives.
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Bolton	  et	  al.	  [arXiv:1507.07928]

Bernard	  et	  al.,	  JHEP08(2008)024

Dudek	  et	  al.(HSC)	  Phys.	  Rev.	  Le2.	  113,	  182001	  (2014)	  
[arXiv:1406.4158]	  

Guo	  et	  al.	  Phys.	  Rev.	  D	  88,	  014501	  (2013)	  
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N atm g a2

t �0 a2

t �1 a2

t �2 �2/N
dof

– 0.13172(36) 0.4475(52) – – – 27.0/(22� 2) = 1.3
0 0.13164(36) 0.4611(66) 5.4(17) – – 16.8/(22� 3) = 0.88
1 0.13161(37) 0.4677(82) �3.3(67) 2.6(22) – 15.6/(22� 4) = 0.86
2 0.13165(37) 0.4679(89) �21.5(74) 16.6(24) �2.4(4) 14.8/(22� 5) = 0.87

TABLE III. K-matrix descriptions of the elastic spectrum using Eq. 5.
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FIG. 10. P -wave ⇡⇡ isospin-1 elastic scattering phase-shift.
Points as in Figure 7. Curves illustrate the K-matrix descrip-
tions given in Table III, plus a K-matrix description using
the simple phase-space, ⇢, in place of the Chew-Mandelstam
function.

leading partial-wave, and we have determined one low-
lying energy level in each, as shown in Fig. 5. Us-
ing Eq. 1 to obtain the phase-shift, under the reason-
able assumption that higher partial-waves are negligible,
we find �⇡⇡

3

= (0.45 ± 0.60 ± 0.28)� from the point at
a
t

Ecm = 0.14763(51) in [100]B
1

. The level at a
t

Ecm =
0.18712(53) in [100]B

2

, which is slightly outside the elas-
tic region, yields a phase-shift of �⇡⇡

3

= (�0.2±1.6±1.8)�.
It is clear that the F -wave is negligibly small at low en-
ergies.

We may repeat the analysis described above to deter-
mine the P -wave scattering amplitude, also allowing a
non-zero F -wave amplitude to influence the spectrum.
A description of the 22 levels described previously plus
the [100]B

1

level, using a Breit-Wigner to describe the
P -wave and a scattering length parameterization for the
F -wave, k7 cot �

3

= 1/a
3

, yields a
3

= 19(14)⇥ 105 a7
t

, or
m7

⇡

· a
3

= 27(20) ⇥ 10�5, and P -wave Breit-Wigner pa-
rameters statistically compatible with those given above.
K-matrix variations produce similar results, with the F -
wave amplitude always being compatible with zero.

B. Coupled-channel ⇡⇡, KK scattering

We now consider the coupled-channel region above
KK threshold, where ⇡⇡ ! KK is expected to be the
first significant source of inelasticity. Although we will
use levels which lie above the 4⇡ and ⌘⇡⇡ thresholds,
we will not consider those to be open channels. We
expect the scattering amplitudes featuring these chan-
nels to be very small in the near-theshold energy region
– experimental support for this assertion comes from
the measured cross-sections for e+e� ! 4⇡ [39] and
e+e� ! ⌘⇡⇡ [40], neither of which has any significant
value until at least 300 MeV above threshold, likely due
to the dominance of meson-meson isobars in the ampli-
tudes. Our expectation is that if we were to include
operators resembling 4⇡ and/or ⌘⇡⇡ into our basis, we
would extract additional energy levels very close to non-
interacting levels corresponding to weak scattering am-
plitudes, decoupled from the ⇡⇡, KK channels that we
consider. These non-interacting levels will lie somewhat
above the corresponding thresholds. The formalism to
understand three-body and higher multiplicity scattering
amplitudes is not yet complete, although recent progress
is promising [17, 19, 20].
We consider coupled-channel K-matrices like those de-

scribed in Ref. [16], using Eq. 4 to define the t-matrix and
K

ij

being a 2⇥ 2 matrix. A particularly useful form for
K is

K
ij

(s) =
g
i

g
j

m2 � s
+

NX

n=0

�
(n)

ij

✓
s

s
0

◆
n

, (6)

where the explicit pole in the first term is an e�cient
way of obtaining a coupled-channel pole in the t-matrix.
While this parameterization permits a pole to occur in
the complex energy plane, it is the description of the fi-
nite volume energy levels which determines whether or
not this pole occurs close to the real axis and is thus
relevant. We use the Chew-Mandelstam form for the
phase space, subtracted at the pole position so that
Re I

i

(s = m2) = 0.
We make use of a total of 34 energy levels, shown by

the black points in Figures 3 and 4. Four of these states
show a significant overlap with a KK operator, whilst
the remaining levels in the coupled-channel region dom-
inantly overlap with ⇡⇡ operators. This corresponds to
using all energy levels below a

t

Ecm = 0.22, or below the
the first unknown “⇡⇡” level, whichever is lowest. This
spectrum can be described by the K-matrix of Eq. 6,
with N = 0, with parameters

3

FIG. 1. The upper panel shows the I = 1 ⇡⇡ phase shift ob-
tained from the lattice QCD spectrum determined at m⇡ =
236 MeV as a function of the c.m. energy. The band corre-
sponds to the SU(2) U�PT fit. The dashed line shows the 4⇡
threshold. We do not show two noisy energy levels.

where µ is the renormalization scale. We define f0 such
that the left hand side coincides with the physical value
of the decay constant.

To perform a chiral extrapolation we must deter-
mine the lattice spacing. We use two definitions of
the lattice spacing. First, we use the ⌦ baryon mass,
which has been determined to be atmlatt.

⌦ = 0.2789(16)
at these quark masses [8]. By setting this equal to
atm

phys.
⌦ (mphys.

⌦ = 1672.45(29) MeV is the mass of

physical ⌦ baryon) we obtain the lattice spacing a[1]
t =

0.1668(10) GeV�1. Second, we perform an extrapolation
to the physical point of the lattice ⌦ baryon mass us-

ing m⌦(m⇡) = m⌦,0 + ↵ m2
⇡

m2
⌦

+ � m4
⇡

m4
⌦

determined for four

di↵erent values of atm⇡
atm⌦

2 [0.14 � 0.33] [8, 61]. We find

a[2]
t = 0.1630(14) GeV�1 with a �2/d.o.f. = 0.52. As-

suming that a[1]
t should coincide with a[2]

t , we perform all
fits using both of these lattice spacings and any deviation
of the result is incorporated into the systematic error. All
central values below are obtained using the mean value

of a[1]
t . As is shown below, this 2% error is the largest

source of uncertainty in our final result. This systematic
error is improvable.

Having 22 energy levels at a single quark mass and
spatial volume, we are able to fit the two unknown low-
energy coe�cients. The fit results in �2/Nd.o.f. = 1.26
for SU(2) U�PT and is shown in Fig. 1 compared to the
lattice determined phase shifts. The phase shift is plotted
as a function of the c.m. ⇡⇡ energy, E?

⇡⇡. The low-energy
coe�cients and correlations are found to be

↵1(770 MeV) = 14.7(4)(2)(1) ⇥ 10�3

1 �0.98

1

�

↵2(770 MeV) = �28(6)(3)(0111) ⇥ 10�3 (4)

The first uncertainty is statistical, the second is the sys-
tematic due to the determination of the ⇡ mass and the
anisotropy of the lattice 4, and the third is an estimate
of the systematic due to the determination of the lattice

4
The ⇡ mass was determined in lattice units to be atm⇡ =

FIG. 2. I = 1 ⇡⇡ phase shifts at three pion masses. In red
we show the lattice-determined phase shifts, along with the
SU(2) U�PT fit to the spectrum atm⇡ = 236 MeV. The green
band shows the extrapolation to the experimental pion mass.
In blue we show the discrete points from the lattice calcula-
tion at m⇡ = 391 MeV [26] and the extrapolation from the
parameters determined from this 236 MeV fit. The extrap-
olated bands include both statistical and systematic errors
discussed in the text.

spacing. The symmetric matrix on the right of the co-
e�cients denotes the statistical correlation between the
two. By analytically continuing the scattering amplitude
to the complex plane we obtain the resonance pole at
these quark masses E⇢ = 782(2) � i

2 85(2) MeV with a
width, �⇢ ⌘ �2 Im(E⇢) = 85(2) MeV. We observe good
agreement with the result from the Hadron Spectrum col-
laboration where the poles were determined using other
parameterizations of the scattering amplitude. This em-
phasizes the fact that the lattice QCD spectrum properly
constrains the scattering phase shift independently of the
parameterization chosen.

The power of the U�PT amplitude is that it allows
one to extrapolate these quantities as a function of pion
mass. In Fig. 2 we show the result of this exercise using
the mean values of the coe�cients in Eq. 4 and propa-
gating both statistical and systematic uncertainties. We
show the postdiction for m⇡ = 140 MeV and m⇡ = 391
MeV, where an earlier calculation also extracted the ⇡⇡
scattering amplitude containing the ⇢ resonance [26]. We
emphasize that in Ref. [45] it is clearly explained that
U�PT is not expected to reliably describe lattice QCD
results above m⇡ ⇠ 300 � 350 MeV. Despite this formal
constraint and the slight deviation at m⇡ = 391 MeV
from the lattice results, U�PT produces phase shifts that
resemble both experimental and lattice determinations as
a function of m⇡.

In Fig. 3 we present our final result for the chiral ex-
trapolation of the ⇡⇡ phase shift using SU(2) U�PT.
The result include a propagation of statistical and sys-
tematic uncertainties. The largest uncertainty is due to
the determination of the lattice spacing, where we aim

0.03928(18). The anisotropy of that lattice is defined as ⇠ =

as/at where as and at are the lattice spacings in the spatial and

temporal extents. The anisotropy has been determined to be

⇠ = 3.4534(61).

Model	  calcula5ons

Resonances	  in	  coupled	  πK,ηK	  sca2ering

Resonances	  in	  coupled	  ππ,KK	  sca2ering

extrapola5on	  to	  the	  
physical	  point

cf	  Wilson,	  1C1,	  Tue.
cf	  Bolton,	  1D5,	  Tue..	  

mπ=	  236	  MeVWilson	  et	  al.,	  (HSC)	  [arXiv:1507.02599]	  
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4

FIG. 2: Shown are examples of the phase shift determination in several partial wave channels, as well as representative ERE
fits. The dashed vertical lines indicate the momentum at which the t-channel cut occurs (q = m⇡/2). In most panels we plot
q2`+1 cot �` which is used to determine the parameters in the ERE. In the upper right panel we also show the phase shift � 3P2

as a function of the lattice momenta.

arising from the truncation of the ERE. In addition, in
the 3S1 channel we find a second pole near threshold,
corresponding to Bd = 3.3(1.00.9)(

0.6
0.2) MeV. With this pre-

cision, it is unclear whether this state corresponds to a
true bound state or a near-threshold scattering state. Im-
proved analysis techniques, such as employing a full basis
of interpolating fields in momentum space, as has been
successfully used in the two-meson systems [28, 29, 39–
41], or additional statistics are necessary to settle this
matter.

Corresponding to each of these poles we find finite vol-
ume states whose energies are consistent with the ex-
pected exponential volume dependence associated with
bound states. However, with only two volumes we can-
not definitively state whether the volume dependence is
exponential or polynomial. The large negatively shifted
energy levels, determined with the local operators, are
consistent with those in Ref. [48], which also used local
fields. The state closer to threshold (and additionally, the
negative energy state near threshold in the 1S0 channel)
has strong overlap onto the non-local NN interpolating
field, and has not been found in previous works. This

is consistent with the intuition that the wavefunction for
a shallow bound state is more extended in space, and
thus will have poor overlap with an interpolating field
involving only two nucleons at the same point.

Summary: This work presents the implementation of
new two-nucleon interpolating fields which allow, for the
first time, a robust determination of ` > 0 scattering
phase shifts in the NN sector. Further, this improved ba-
sis of interpolating operators are sensitive to additional
states in the S-wave spectrum that were not found us-
ing only local operators and greater statistics. This has
been made possible by three previously unexploited tools.
First was the development of displaced two-nucleon inter-
polating sources. These are necessary to have apprecia-
ble overlap with partial waves beyond the S-wave as the
` 6= 0 orbital wavefunctions are zero at the origin. Second
was the use of momentum space sink operators that were
not restricted to the simplest cubic irreps. Finally, we
applied the formalism for two-nucleon systems in a finite
volume [59], with notable success for the 3P2 channel.
This work represents the first crucial step towards the
study of more challenging systems such as three-neutron

Berkowitz	  et	  al.	  (CalLat),[arXiv:1508.00886]	  

mπ=800	  MeV	  (u,d,s	  flavor	  symmetric	  limit)	  
spa5al	  extent	  up	  to	  4.6	  fm	  
par5al-‐waves:	  S,	  P,	  D,	  F
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4.14	  GeV

3.36	  GeV

J/ (11)⇡(�11)

 3(0)⇡(0)

D(1)D⇤(�1)

⌘c(1)⇢(�1)

 3700(0)⇡(0)

D⇤(0)D⇤(0)

 2S(0)⇡(0)

D(0)D⇤(0)

J/ (1)⇡(�1)

⌘c(0)⇢(0)

J/ (0)⇡(0)

18	  interpolators	  of	  meson-‐meson	  type	  
covering	  all	  imaginable	  states	  up	  to	  4.1	  GeV	  
(small	  volume	  bonus)	  
4	  tetraquark	  operators

Charmonium:	  “Level	  hun5ng”

51

Prelovsek	  et	  al.	  ,	  Phys.	  Rev.	  D	  91	  (2015)	  014504;	  
arXiv:1405.7623v2	  

Search	  for	  1+(1+-‐)	  (Zc+(3900)	  ccud)

Chen	  et	  al.,(CLQCD)	  Phys.	  Rev.	  D	  89,	  094506	  (2014)
DD*	  weakly	  repulsive!

➞	  No	  signal	  for	  Zc+(3900)	  

Lee	  et	  al.	  (FNAL/MILC),	  [arXiv:1411.1389]
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ψ(3770):	  resonance	  close	  to	  DD	  threshold

LaAce	  study:	  DD	  sca2ering	  on	  two	  
volumes	  and	  mπ=266	  and	  157	  MeV

CBL	  et	  al.,	  JHEP	  (2015)	  [arXiv:1503.05363]

15	  interpolators	  of	  cc	  type	  
2	  operators	  of	  type	  DD
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Figure 5. The comparison of the final 1−− spectrum to the experiment. The magenta diamond
denotes ψ(3770) resonance mass from the Breit-Wigner fit (i) or extended fit (ii), given in Eqs. (5.4)
and (5.6), respectively. The magenta triangle denotes ψ(2S) obtained as a pole in DD̄ channel.
The blue triangles denote masses of J/ψ and ψ(2S) extracted as energy levels in the finite box.
The statistical and scale setting errors have been summed in quadrature.

6 Results for the scalar channel

6.1 Discrete spectrum

The energy levels in the scalar channel are shown in Figs. 6. The only experimentally well

established state is χc0(1P ). The triangles represent the intriguing experimental candidates

for χc0(2P ), none of which is commonly accepted (see Section 2).

The spectrum from a lattice simulation consists both of energy levels that have large

overlap with q̄q operators as well as energy levels with dominant overlap to D̄D operators.

The latter appear near their non-interacting energies En.i.
DD of Eq. (3.3), which are denoted

by dashed lines in Figs. 6a,d. On ensemble (1) levels n = 2, 4 appear near the non-

interacting D(0)D̄(0) and D(1)D̄(−1) (cf. Fig. 6a). Levels n = 2, 3, 4 on ensemble (2) have

dominant overlap to D̄D scattering operators and are close to non-interacting D(0)D̄(0),

D(1)D̄(−1) and D(2)D̄(−2) energies (cf. Fig. 6d).
Each energy level in addition to the number of expected D(q)D̄(−q) scattering levels

is related to the presence of a bound state or a resonance. There are two such states, that

cannot be attributed to D(q)D̄(−q) for both ensembles. The ground state is related to

χc0(1P ) and is close to its experimental mass. The second of these two levels appears above

threshold and corresponds to n = 3 for ensemble (1) and n = 5 for ensemble (2), as shown

in Figs. 6a and 6d. The avoided level crossing scenario suggests that an additional level

appears somewhere in the range E ≃ m± Γ, which suggests the existence of a resonance

– 13 –

[same	  paper:	  
ηc0(2P)	  or	  X(3915):	  0++	  	  
controversial	  signal] ψ(3770),	  mR g(no	  unit) ψ(2S),	  mR

mπ=266	  MeV 3774(6)(10) 9.7(1.4) 3676(6)(9)

mπ=157	  MeV 3789(68)(10) 28(21) 3682(13)(9)

Exp. 3773.15(33) 18.7(1.4) 3686.11(1)
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Y
Z

X(3872)	  0+(1++)

at	  mπ=266	  MeV	  
22	  cc	  and	  ccuu,ccud,..interpolators	  	  
for	  I=0	  and	  1	  
(DD*,	  J/ψ	  ρ,	  J/ψ	  ω,	  ηc	  σ,	  χc0	  π,	  χc2	  π,	  4q)

[3]	  Padmanath	  et	  al,Phys.	  Rev.	  D	  92	  (2015)	  034501	  
	  [arXiv:1503.03257]
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FIG. 3 (color online). The spectra of states with JPC ¼ 1þþ for the cases with u=d valence quarks. The energies En ¼ Elat
n −mlat

s:a: þ
mexp

s:a: [Eq. (11)] are shown. The horizontal lines show energies of noninteracting two-particle states (1) and experimental thresholds,
indicating uncertainty related to σ width. In each subplot, the middle block shows the discrete spectrum determined from our
lattice simulation from the optimized basis [Eq. (9)]. The right-hand block shows the spectrum we obtained from the optimized basis
of operators with the ½c̄ q̄$Ḡ½cq$G operators excluded. The gray marks, on the right-hand side of each pane, indicate the lowest three-
meson threshold mηc þ 2mπ , while the actual lowest ηcππ level on the lattice appears higher due to l ¼ 1, which requires relative
momenta. The left-hand block shows the physical thresholds and possible experimental candidates (a) χc1, Xð3872Þ and Xð3940Þ,
(b) Zþ

c ð4050Þ and Zþ
c ð4250Þ. The violet error bars for experimental candidates show the uncertainties in the energy and the black error

bars show its width.
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FIG. 4 (color online). The spectrum of states with JPC ¼ 1þþ

and hidden strange quarks. The possible experimental candidates
shown are χc1, Xð3872Þ, Yð4140Þ and Yð4274Þ. The gray marks,
on the right-hand side of each pane, indicate the lowest three-
meson threshold mηc þ 2mK . However, the actual lowest ηcKK
level on the lattice appears higher due to l ¼ 1, which requires
relative momenta. For further details see Fig. 3.
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FIG. 5 (color online). The spectrum of states [Eq. (11)] with
JPC ¼ 1þþ and quark content c̄cðūuþ d̄dÞ & c̄c. (i) Optimized
basis (without OMM

17 ), (ii) optimized basis without c̄c operators
(and without OMM

17 ) and (iii) basis with only c̄c operators. Note
that the candidate for Xð3872Þ disappears when removing c̄c
operators although diquark-antidiquark operators are present in
the basis, while it is not clear to infer on the dominant nature of
this state just from the third panel. The OMM

17 ¼ χc1ð0Þσð0Þ is
excluded from the basis to achieve better signals and clear
comparison.
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of the states with JPC ¼ 1þþ and three quark contents.
The horizontal lines represent various two-meson non-
interacting energies.
The states that have dominant overlap with two-meson

scattering operators are represented by circles and the color
coding identifies the respective scattering channels based
on the following criteria:

(i) The levels appear close to the expected two-meson
noninteracting energies.

(ii) They have dominant overlaps hΩjOM1M2
j jni with

corresponding OM1M2
j . This is also verified based on

the ratios Zn
j =maxmðZm

j Þ, which are independent of
normalization of operators and are shown in Fig. 6.

(iii) If the corresponding two-meson interpolators are
excluded from the basis, this eigenstate disappears
or becomes too noisy to be identified. This is
determined by comparing the pattern of the effective
masses and overlaps between the original basis and
the basis after operator exclusion.

The remaining states, that are not attributed to the two-
meson scattering channels, are represented by red squares.
Figures 3 and 4 also compare the spectra between the

two bases of operators, one with optimized operator set and
another with the optimized set excluding ½c̄ q̄&Ḡ½cq&G. In
all three cases we see an almost negligible effect on the
low lying states, while we do observe an improvement in
the signals for higher lying states in the basis without
½c̄ q̄&Ḡ½cq&G. The same conclusion applies for overlaps.
The employed irreducible representation Tþþ

1 contains
the states JPC ¼ 1þþ of interest, as well as JPC ¼ 3þþ

states due to the broken rotational symmetry. Upon
inclusion of the interpolator Oc̄c

8 to the basis [Eq. (9)]
the spectra for both I ¼ 0 channels remain essentially
unchanged except for an additional level at
E≃ 4.1–4.2 GeV [Eq. (11)]. This is where the earlier
simulation on the same ensemble [25] and the simulation
[47] have identified the only 3þþ state in the energy region
of our interest. In the following subsections, we present
the spectra of JPC ¼ 1þþ states in three flavor channels for
the basis [Eq. (9)], where Oc̄c

8 is excluded.

A. I ¼ 0 channel with flavor c̄cðūuþ d̄dÞ and c̄c

This is the channel where the experimental Xð3872Þ
resides. We will argue that the energy levels affected by this
state are n ¼ 2 (red squares) and n ¼ 6 (blue circle) from
Fig. 3(a). The lowest state is the conventional χc1ð1PÞ. The
overlaps of the three low-lying levels represented by circles
show dominant J=ψð0Þωð0Þ, ηcð1Þσð−1Þ and χc1ð0Þσð0Þ
Fock components. The highest two states in Fig. 3(a)
have significant overlap with the J=ψð1Þωð−1Þ and
D0ð1ÞD̄'

0ð−1Þ operators.
Now we focus on the eigenstates that are related to

Xð3872Þ. The c̄c interpolators alone give an eigenstate
close to the DD̄' threshold (right pane of Fig. 5), but one

cannot establish whether this eigenstate is related to
Xð3872Þ or to nearby two-meson states in this case.
Therefore we turn to the spectrum of the full optimized
basis [midpane in Fig. 3(a)], where levels n ¼ 2
(red squares) and n ¼ 6 (blue circles) are found to
have dominant overlap with the c̄c and DD̄' operators.
Excluding either of these operators results in disappearance
of one level and a shift in the other level towards the DD̄'

threshold. We emphasize that one of the two levels remains
absent when DD̄' and O4q are used and Oc̄c is not, as is
evident from the first and second panel from the left of
Fig. 5. This indicates that the c̄c Fock component is crucial
for Xð3872Þ, while the ½c̄ q̄&Ḡ½cq&G structure alone does not
render it. This also implies a combined dominance of c̄c
andDD̄' operators in determining the position of these two
levels, while their resulting energies are not significantly
affected whether O4q is used in addition or not.
We determine the DD̄' scattering phase shift from levels

n ¼ 2; 6 via Lüscher’s relation [31] assuming elastic
scattering. The phase shift is interpolated near threshold
using the effective-range approximation. The eigenstate
n ¼ 6 (blue circle) is interpreted as the Dð0ÞD̄'ð0Þ scatter-
ing state, which is significantly shifted up due to a large
negative scattering length [48]. The resulting scattering
matrix T ∝ 1=ðcot δðpÞ − iÞ has a pole just below the
threshold where cot δðpBÞ ¼ i is satisfied. We neglect
possible effects of the left-hand cut in the partial wave
amplitude. The results confirm a shallow bound state just
below the DD̄' threshold and the binding momentum pB
renders the mass of the bound state, interpreted as exper-
imentally observed Xð3872Þ. The resulting mass of
Xð3872Þ and its binding energy are provided in Table III
and in Fig. 7, which indicate that it is insensitive to
inclusion of diquark-antidiquark interpolators within
errors. The mass of Xð3872Þ was extracted along these
lines for the first time in Ref. [17], where this channel was
studied in a smaller energy range on the same ensemble
without diquark-antidiquark interpolators. The error on the

-30
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-10

 0
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Exp. Lat. Lat.-O4q [17] [18]

mX(3872)−mD−m-D*

770

790

810

830

850
mX(3872)−ms.a.

FIG. 7 (color online). Mass of Xð3872Þ with respect to ms:a:
from the present simulation, previous lattice studies [17,18] and
experiment [6].
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all	  observe	  X(3872)	  closely	  below	  DD*	  
(with	  strong	  cc	  component)

χc1(1P)

[1] [2][3]
(large	  sca2.length	  1.1	  fm)

cf	  Santoro,	  
Swanson,	  Wed.	  

[3]
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Quark	  model	  and	  LQCD	  in	  single	  hadron	  
approxima5on:	  unclear	  picture,	  
threshold	  important?

Mohler	  et	  al.,PRL.	  111,	  222001;	  (2013)
[arXiv:1308.3175];	  
CBL	  et	  al.,	  Phys.	  Rev.	  D	  90,	  034510	  (2014)

(PACS-‐CS	  laAces.	  
mπ=157	  MeV)

See	  also	  Mar5nez	  Torres	  et	  al.,	  	  
JHEP	  1505	  (2015)	  153
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[arXiv:1308.3175];	  
CBL	  et	  al.,	  Phys.	  Rev.	  D	  90,	  034510	  (2014)

(PACS-‐CS	  laAces.	  
mπ=157	  MeV)

See	  also	  Mar5nez	  Torres	  et	  al.,	  	  
JHEP	  1505	  (2015)	  153
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CBL	  et	  al.,	  Phys.	  Le2.	  B	  750	  (2015)	  17	  [arXiv:1501.01646]
BK,	  B*K	  sca2ering	  (PACS-‐CS	  laAces,	  mπ=157	  MeV)

0+: Bound	  state	  Bs0	  with	  	  	  
m(Bs0)	  =	  5.711(13)(19)	  GeV	  

3

FIG. 1. Plot of ap cot δ(p) vs. (ap)2 for BK scattering in
s-wave. Circles are values from our simulation; red lines in-
dicate the error band following the Lüscher curves (broken
lines). The full line gives the linear fit (3) to the points. Be-
low threshold |p| is added and the zero of the combination (4)
indicates the bound state position in infinite volume.

For JP = 0+ we computed cross-correlations between
four s̄b (in the form given in Table XIII of [6]) and three
BK (irrep A+

1 ) interpolators:

O5 ≡ OBK
1 = [s̄γ5u] (p⃗ = 0) [ūγ5b] (p⃗ = 0) + {u → d} ,

O6 ≡ OBK
2 = [s̄γtγ5u] (p⃗ = 0) [ūγtγ5b] (p⃗ = 0) + {u → d} ,

O7 ≡ OBK
3 =

!

p⃗=±ex,y,z 2π/L

[s̄γ5u] (p⃗) [ūγ5b] (−p⃗) + {u → d} .

As in earlier experience it turned out that the full set of
operators gave noisier signals than suitable subsets so for
the final analysis we use the interpolator set (1,2,4,5,7).
The energy values resulting from correlated 2-exponential
fits to the eigenvalues are given in Table III.
In this channel B and K are in s-wave. If there is

a bound state one expects an eigenstate with energy
approaching the bound state energy from below in the
infinite volume limit. The levels above threshold then
would be dominated by BK interpolators with back-to-
back momenta. This is exactly what is seen from the
overlap ratios: The lowest level is dominated by interpo-
lators 1,2 and 4, level 2 by the B(0)K(0) interpolator 5
and level 3 by the B(1)K(−1) interpolator 7.
As shown in (3) we can use the values of p cot δ(p)

from Lüscher’s relation to determine the effective range
parametrization near threshold. The energy eigenvalues
give the points shown in Fig. 1 together with a linear fit.
The value and slope at threshold can be related to the
scattering length and effective range:

aBK
0 = −0.85(10) fm , rBK

0 = 0.03(15) fm . (5)

Equation 4 gives the bound state position. From this the
binding energy is estimated to be mB + mK − mBs0

=
64(13)(19) MeV; thus, using the physical threshold as
input to minimize systematic effects, we predict a bound
state Bs0 with JP = 0+ at a mass of

mBs0
= 5.711(13)(19)GeV . (6)

FIG. 2. Plot of ap cot δ(p) vs. (ap)2 for B∗K scattering in
s-wave, as given by the levels 1, 3 and 4 in Table III; see
analogous caption of Fig. 1.

The first error is due to statistics and the effective range
fit, and the second value is our estimate for the systematic
error with the main contributions due to discretization,
unphysical Kaon mass, and finite volume effects. Details
of this uncertainty estimate are provided in Table IV.
For JP = 1+ we computed cross-correlations between

eight s̄b (in the form given in Table XIII of [6]) and three
B∗K (irrep T+

1 ) interpolators:

O9 ≡ OB∗K
1,k = [s̄γ5u] (p⃗ = 0) [ūγkb] (p⃗ = 0) + {u → d} ,

O10 ≡ OB∗K
2,k = [s̄γtγ5u] (p⃗ = 0) [ūγtγkb] (p⃗ = 0) + {u → d} ,

O11 ≡ OB∗K
3,k =

!

p⃗=±ex,y,z 2π/L

[s̄γ5u] (p⃗) [ūγkb] (−p⃗) + {u → d} .

Comparing various subsets of interpolators the most sta-
ble set was (3,4,6,9,11), where four energy levels could be
determined (Table III).
Based on the overlaps, levels 3 and 4 are dominated

by interpolators 9 (B∗(0)K(0)) and 11 (B∗(1)K(−1)),
respectively. The lowest energy level (dominated by in-
terpolators 3 and 4) agrees with a bound state interpre-
tation. A linear fit to the points corresponding to energy
levels 1, 3 and 4 gives the scattering parameters

aB
∗K

0 = −0.97(16) fm , rB
∗K

0 = 0.28(15) fm . (7)

This indicates a B∗K bound state Bs1 with a binding en-
ergy of 71(17)(19) MeV. Using again the physical thresh-
old as input we obtain

mBs1
= 5.750(17)(19)GeV . (8)

This state has not (yet) been observed in experiments.
Level 2 (dominated by interpolator 6) lies just below

threshold. This is interpreted, as in the case of the
Ds1(2536) [6], to be the j = 3

2 state with JP = 1+

which does not couple to B∗K in s-wave in the heavy
quark limit [3]. The composition of the state with regard
to the qq operators is fairly independent of whether the
B∗K operators are included or not. Assuming that the

1+: Bound	  state	  Bs1	  with	  	  m(Bs1)=	  5.750(17)(19)	  GeV	  	  	  

Close	  to	  threshold	  weakly	  coupled	  state	  Bs1’	  at	  m=5.831(9)(6)	  GeV	  	  
(Exp:	  Bs1(5830)	  at	  5.8287(4)	  GeV)	  

(prediction)

(prediction)
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Structure	  
gA	  improving,	  devia5ons	  s5ll	  to	  be	  understood	  
Form	  factors	  need	  more	  work	  and	  ideas	  
Proton	  spin:	  Gluonic	  contribu5ons?	  

Spectroscopy	  
States	  below	  decay	  threshold	  well	  determined	  
Exci5ng	  progress:	  resonances	  and	  coupled	  channel	  
scaBering	  theory	  (some	  modelling	  necessary)	  
Heavy	  quarks:	  nice	  results	  (need	  con5nuum	  limit)
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BMW	  Budapest-‐Marseille-‐Wuppertal	  
CalLat	  Clalifornia	  LaAce	  Collabora5on	  
ChiQCD	  Chiral	  QCD	  
CLQCD	  Chinese	  LaAce	  QCD	  
CLS	  Coordinated	  LaAce	  Simula5ons	  
CSSM	  Centre	  for	  the	  Subatomic	  Structure	  of	  Ma2er	  
ETMC	  European	  Twisted	  Mass	  Collabora5on	  
FLAG	  Flavor	  LaAce	  Averaging	  Group	  
HALQCD	  Hadrons	  to	  Atomic	  nuclei	  from	  LQCD	  
HPQCD	  High	  precision	  QCD	  
HSC	  	  Hadron	  Spectrum	  Collabora5on	  
ILGTI	  	  Indian	  LaAce	  Gauge	  Theory	  Ini5a5ve	  	  
JLQCD	  Japan	  LaAce	  QCD	  
LHPC	  LaAce	  Hadron	  Physics	  Collabora5on	  
MILC	  MIMD	  LaAce	  Computa5on	  
NPLQCD	  Nuclear	  Physics	  with	  LaAce	  QCD	  
PACS-‐CS	  Parallel	  Array	  Computer	  System	  for	  Computa5onal	  Sciences	  	  
PNDME	  Precision	  Neutron	  Decay	  Matrix	  Elements	  
QCDSF	  QCD	  spectral	  func5on	  
RBC	  RIKEN	  Brookhaven	  Columbia	  
RQCD	  Regensburg	  QCD	  
UKQCD	  UK	  QCD	  
USQCD	  US	  QCD


