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Simulation summary

2+1 flavors of domain wall fermions, Iwasaki gluons

β ml size Generator
2.13 0.005, 0.01, 0.02, 0.03 163 × 32, 243 × 64 (Ls = 16) RBC, UKQCD
2.25 0.004, 0.006, 0.008 323 × 64 (Ls = 16) LHPC, RBC, UKQCD

2.13: a−1 = 1.729(28), L ≈ 2.74 fm, ml/ms ≈ 0.217→ 0.884

ms = 0.04, mres = 0.00315

[arXive:0804.0473]

2.25: Target same physical volume, ml/ms ≈ 1/7→ 2/7

ms = 0.03, mres ∼ 0.0005
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Fitting Procedure

• Gaussian, Box, and Wall source quark propagators

• Average forward (1 + γ4) and backward (1− γ4) propagating
baryon states to improve signal

• Up to 4 sources on each configuration, spread over time,
sometimes over space

• Measurement frequency as small as 10 monte-carlo time
units, up to 40

• Measurements blocked into bins of size 40 monte-carlo time
units
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Propagator Summary

size ml source type correlators source time slices config’s

243 0.005 Gauss (r = 7) nuc 0,8,16,19,32,40,48,51 932∗

243 0.005 Box dec 0,32 90
243 0.01 Gauss (r = 7) nuc 0,8,16,19,32,40,48,51 357
243 0.01 Box dec 0,32 90
243 0.02 Gauss (r = 7) nuc 0,8,16,19,32,40,48,51 99
243 0.02 Box dec 0,32 43
243 0.03 Gauss (r = 7) nuc 0,8,16,19,32,40,48,51 106
243 0.03 Box dec 0,32 44
323 0.004 Wall dec, nuc 0,16,32,48 74
323 0.006 Wall dec, nuc 0,16,32 90
323 0.008 Wall dec, nuc 0,16,32,48 100
∗ Doubled sources, separated by 32 time slices in a pair

LHPC has calculated Gaussian props on 323
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Fitting procedure

• Fit function (minus sign for Anti-Periodic BC):

C(t) = Ae−mt ±Be−m
− t

• Fully covariant fit to correlation function

• Errors from jackknife, covariance matrix calculated for each

block

• choose fit range to minimize χ2
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Effective masses

Plateaus: Gaussian vs. 163 Box (Nucleon (uud) 243)
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Effective masses

Plateaus: Wall (Ω (sss) 243)
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Effective masses

Plateaus: Wall (N and Ω 323)
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Spectrum: 243
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Spectrum: 323

0 0.002 0.004 0.006 0.008 0.01
ml

0.4

0.5

0.6

0.7

0.8

B
ar

yo
n 

m
as

s

N
 ∆
 Ω
N*

N∗ is first excited state

much more noisy

Ω not monotonic in ml

Need more statistics
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Chiral Extrapolation of the nucleon mass (243 only)
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Heavy Baryon χPT

mN = M0−2αm2
π−

3g2
A

(4πf)2
m3
π+logs

(Jenkins & Manohar, 1991)

omit logs in fit

Take gA = 1.27 and

f = 115 MeV [arXive:0804.0473]

χ2 >> 1 for HBχPT
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Finite volume effect in gA (243 only)

2

mf 0.005 0.01 0.02 0.03

m![GeV][21] 0.3313(13) 0.4189(13) 0.5572(5) 0.6721(6)

(2.7 fm)3 1.083(50) 1.186(36) 1.173(36) 1.197(30)

(1.8 fm)3 N/A 1.066(72) 1.115(58) 1.149(32)

TABLE I: gA and m! (V = (2.7 fm)3 only).

algorithm [19] with trajectories of unit length. The mea-
surements were performed at the unitary points only,
mf = mval = msea. We use the mass of the !! baryon to
determine the inverse of the lattice spacing 1/a = 1.73(3)
GeV [20, 21]. The residual quark mass due to the finite
size of the fifth dimension is 0.00315(2). The non-zero
lattice spacing error is small in our calculation because
the DWF action is automatically o"-shell O(a) improved.

Four measurements are carried out for the 243 ensem-
bles on each configuration. The number of Monte Carlo
trajectories used for measurements is 6460, 3560, 2000,
and 2120 for mf = 0.005, 0.01, 0.02, 0.03, respectively,
with 10 trajectory separations for mf = 0.005, 0.01 and
20 for 0.02, 0.03. The measurements are blocked into
bins of 40 trajectories each to reduce auto-correlations.
On the 163 ensembles we use 3500 trajectories separated
by 10 trajectories at mf = 0.01, and 0.03, and by 5 at
0.02. The data are blocked with 20 trajectories per bin.

The axial charge is calculated from the ratio of the ma-
trix elements of the spatial component of the axial vector
current and the temporal component of the vector cur-
rent, V a

t = !"t(#a/2)!, !n"|Aa
i |n"/!n"|V a

t |n" = gA. This
ratio gives the renormalized axial charge because Aµ and
Vµ share a common renormalization constant due to the
chiral symmetry of DWF. In our simulation the two con-
stants are consistent to less than 0.5% at the chiral limit.
In order to increase the overlap with the ground state,
the quark propagators are calculated with gauge invari-
ant Gaussian smearing [22] and we employ su#cient sep-
aration in Euclidean time, more than 1.37 fm, which
is the largest used so far in dynamical calculations of
gA [15, 23, 24], between the location of the nucleon source
and sink to minimize excited state contamination.

The plateaus of gA computed on volume V = (2.7 fm)3

are shown in Fig. 1. We checked that consistent results
are obtained by either fitting or averaging over appro-
priate time slices, t = 4–8, and also by fitting the data
symmetrized about t = 6. The larger volume data can
be symmetrized because the source and sink operators
are identical in the limit of large statistics. We note that
the length of our lightest mass run is already the longest
we know of for comparable simulation parameters. Re-
sults obtained from the fit using the unsymmetrized data,
presented in the figure with one standard deviation, are
employed in the analysis.

Figure 2 shows our result for gA. The results are also
presented in Table I. The (2.7 fm)3 data are almost inde-
pendent of the pion mass (squared) except for the lightest
point which is about 9% smaller than the others. A set
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FIG. 1: Plateaus of gA. V = (2.7 fm)3 and mf = 0.005, 0.01,
0.02, and 0.03, from top to bottom.
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FIG. 2: gA. Dashed and solid lines denote the fit results and
chiral extrapolation in infinite volume, respectively. The open
circle is extrapolated result at m! = 135 MeV.

of the results obtained with a smaller volume, (1.8 fm)3

shows a similar downward behavior, albeit with relatively
larger statistical uncertainties. An earlier two flavor cal-
culation by RBC [14] with spatial volume (1.9 fm)3 and
1/a = 1.7 GeV showed a clear downward behavior, but
it sets in at heavier pion mass.

We suspect that this pion mass dependence driving
gA away from the experimental value is caused by the
finite volume of our calculation: in general such an ef-
fect is expected to grow as the quark mass gets lighter
at fixed volume, or the volume decreases for fixed quark
mass. More quantitatively, we observe in the figure that
the two flavor result with V = (1.9 fm)3 significantly de-
creases at m2

! # 0.24 GeV2, while the 2+1 flavor results
with V = (2.7 fm)3 do not decrease even at m2

! # 0.17
GeV2. Another trend of the FVE seen in Fig. 2 is that
all the 2+1 flavor, smaller volume data are systematically
lower than the larger volume data. Similar behavior was
observed in quenched DWF studies [8, 25]. However, for
pion masses close to our lightest point such a sizable shift
is not observed when V is larger than about (2.4 fm)3,
not only in the quenched case, but also the 2+1 flavor,
mixed action, calculation in [15], as shown in Fig. 2. On
the other hand, our results suggest that V = (2.7 fm)3

is not enough to avoid a significant FVE on gA when
m! $ 0.33 GeV in dynamical fermion calculations.

In order to more directly compare the various results,
we plot gA against a dimensionless quantity, m!L, in the

May also indicate f.v.

effect in mN

T. Yamazaki, et al. Phys.

Rev. Lett. (2008)
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Chiral Extrapolation of the shifted nucleon mass (243 only)
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χ2 reduced by ∼ ×3

At heavier 3 masses,

f.v. effect is <∼ 2± 2%
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Using the Ω mass to set the scale (243)
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[Toussaint and Davies, Lattice 2004;

Tiburzi and Walker-Loud (2005)]

a−1 = 1.729(28)GeV

[RBC/UKQCD arXive:0804.0473]
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Edinburgh Plot
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Summary/Outlook

• Baryon spectrum in reasonably good shape

• Need more critical analysis of chiral exptrapolation

• Important to handle finite volume systematics as ml → 0

• Continue to improve statistics at 323

• Thanks to Chris Dawson and Chris Maynard
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