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3Unitarity

tII` (s) =
1

K(s)� i⇢(s)

=
m�

m2 � s� i⇢(s)m�Unitarity used to construct parametrizations

Fit waves independently      (first step)S-wave 
I = 0

P-wave 
I = 1

S-wave 
I = 2

Phys. Rev. D77 054015 (2008)
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5Dispersion Relations
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Constrained fit to data:         Phys. Rev. D83 074004 (2011) 
Solving Roy equations:        Phys. Rev. Lett. 96 132001 (2006)

Roy Equations

p
s
max

= 0.8� 1.4 GeV

S-,P-wave above smax and other waves 

Relevant for sigma and kappa resonances
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PERFORMANCE

https://arxiv.org/abs/1606.05645

Dirc Expected Performance (simulated) TOF Performance

k

π

Note different momentum ranges

Current resolution is ~ 2 GeV

DIRC@GlueX

courtesy of M. Williams
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PERFORMANCE

https://arxiv.org/abs/1606.05645

Dirc Expected Performance (simulated) TOF Performance

k

π

Note different momentum ranges

Current resolution is ~ 2 GeV

DIRC@GlueX

DIRC will extend resolution to ~ 4 GeV

Data in high mass region will be available! 

courtesy of M. Williams
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π−

p

η, η′

π−

P
p

⇡⌘ ⇡⌘0

Eta-Pi @COMPASS

COMPASS  Phys. Lett. B740 (2015)

Odd waves have exotic quantum numbers  
(in the quark model sense)



π−

p

η, η′

π−

P
p

COMPASS  Phys. Lett. B740 (2015)

⇡⌘ ⇡⌘0

Eta-Pi @COMPASS

L = 1 L = 2

⇡1(1600)? a2(1320)

black: 
red:                 (scaled)

⇡⌘0

⇡⌘

Resonance in angular mom. L = 1 ?

L = 4

a4(2040)

P-wave originates from  
asymmetry in high mass region

9
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a

b

1
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P

Y

⌘

⇡�⇡�

P + f

High Mass Region

⇡⌘ ⇡⌘0

a

b

1

2

3

P

Y
⌘

⇡�
a

⇡�

cos ✓GF ⇠ 1 ! ⌘ forward

cos ✓GF ⇠ �1 ! ⌘ backward

a : IGJPC = 1�(0, 2, 4, 6, . . .)++

f : IGJPC = 0+(0, 2, 4, 6, . . .)++



11Dispersion Relations

t = t0

⌫ = (s� u)/2

has a right- and a left-hand cuts
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has no other singularity on sheet I
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A(s, t)

⌘
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only even  
signature exchange
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S-wave from Phys. Rev. D95 407 (2017) 
(courtesy of J. Ruiz de Elvira) 

no P-wave 

D-wave is a Breit-Wigner with A2(1320)
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8

PERFORMANCE

https://arxiv.org/abs/1606.05645

Dirc Expected Performance (simulated) TOF Performance

k

π

Note different momentum ranges

Dispersion relations constrains parametrizations

Data will be available in a large mass region

One can develop un-subtracted or moments 
dispersion relations

Example: high mass asymmetry generate exotic wave

3
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⇤↵f+1

↵f + 1
� �a
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⇡)

Phase shifts (and inelasticities) of pseudoscalar scatterings are needed



17JPAC Interactive Website

http://www.indiana.edu/~jpac/index.htmlInteractive webpage:



18JPAC Interactive Website http://www.indiana.edu/~jpac/index.html

http://www.indiana.edu/~jpac/index.html
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connections (home page) ~ 100/month

JPAC Interactive Website
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connections (home page) ~ 100/month

JPAC Interactive Website
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Backup Slides



21

Checking Analyticity

A(⌫, t) =
2

⇡

Z 1

⌫0

ImA(⌫0, t)

⌫02 � ⌫2
⌫0d⌫0

Match low energy (PW) 
and high energy (Regge)  
imaginary parts

Plab

Partial waves Regge poles

2-3 GeV

Reconstruct the real part  
from the dispersion relation

VM et al (JPAC)  PRD92 arXiv:1506.01764
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⇡

⇡ ⇡

⌘⌘

P
tF

Inelastic Scattering

Im F (s) = ⇢(s)t⇤(s)F (s)

F (s) = FR(s) + FL(s)

F_R has only right hand cut
F_L has only left hand cut

Im F (s) = 0 + ⇢t⇤(s)t(s)

Z 1

s0

⇢(s0)FL(s0)

s0 � s
ds0 + t⇤(s)FL(s)

Omnes solution (for known F_L)

Check: 

We know how to parametrize t. We need to fit or to model F_L

F (s) = FL(s) + t(s)
1

⇡

Z 1

s0

⇢(s0)FL(s0)

s0 � s
ds0

Im (AB) = [Im A]B +A⇤Im B
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1.4 1.6 1.8 2.0

JPC = 2++

A. Jackura et al (JPAC) and COMPASS, 
arXiv:1707.02848

COMPASS  PLB740 (2015)

JPC = 1�+

π−

p

η, η′

π−

P
p

Eta-Pi @COMPASS
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Eta-Pi @COMPASS

COMPASS  Phys. Lett. B740 (2015)

π−

p

η, η′

π−

P
p

⇡�

pp

⇡�
⌘, ⌘0

p

⇡�

⌘, ⌘0⇡�

p

JPC

High energy beam:

⇡�⇡+⇡��� �� : ⇡0
or ⌘final state: with

plab = 190 GeV

⌘ or ⌘0


