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TMD Factorization

* Non-perturbative transverse momentum

— Relationship to hadron structure, spin, power corrections etc...
* Important to have explicit TMD definitions
* Extract from data and compare across processes to test universality
* Predict with non-perturbative techniques: lattice, etc...



Phenomenology and Partons

Talk by C. Pisano
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Cross Section = H ¢ /ko} Fyip(x, kt — q1) Dpys(2, 2kT)

(Schweitzer, Strikman, Weiss, (2013)) (Signori, Bacchetta, Radlici, Schnell (2013))
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TMD Factorization

Non-perturbative transverse momentum

— Relationship to hadron structure, spin, power corrections etc...
* Important to have explicit TMD definitions
* Extract from data and compare across processes to test universality
* Predict with non-perturbative techniques: lattice, etc...

Issues in semi-inclusive deeply inelastic scattering
— Smallish Q is typical
— Match to central & target regions

— Limited range of rapidity and transverse momentum at small Q
and/or large x

— Nature of power corrections from hadron masses?
Talks by E. Moffat and J. Guerrero



TMD Factorization

* Many results exist.
— Resummation in collinear factorization
— CSS
— SCET
— Sudakov Factors

* Formalisms often appear different on the surface.

e @Goals:

— Map old styles to new.

— Is there convergence toward a standardized set of definitions (and
results) for TMD definitions?

— Brir)1§ diverse results together with consistent conventions (notation,
etc):



Older Formalisms...

e (CSS1 - Multiple redefinitions of factors
(starting from TMD definitions) No explicit hard part.

(Collins, Soper, Sterman (1981-1985))

— Match to collinear for Aqp << g; << Qand g; = Q.

e (Catani, de Florian, Grazzini et al.

— Factorization takes a simple form.

— Large transverse momentum (e.g., Y-term) results are
automatic.

— Ressumation scheme dependence; shown there is no

uniquely defined hard part.
(Catani, de Florian, Grazzini (2001))



do

Drell-Yan

dQ?dydg 9@2

Z /de iqp-br

no = CQ
My = Cl/bT
b, = Cl/b*

J:JA,IB
L d ~ x
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+ suppressed corrections.

No explicit hard part here
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do

Drell-Yan

dQ?dydg 9@2
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+ suppressed corrections.

No explicit hard part here
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+ suppressed corrections.
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b method

max

 Replacement

bT bT < bmaX
bmax bT > bmax ‘

* One commonly used functional form.

b po = C20)
py = C1/br

b* (bT) =
VAR Y. 1. = Ch /b,




New TMD methods

Improved TMD function definitions (e.g., CSS2).
(J. Collins textbook, (2011))

— SCET-based approaches
* Main differences from CSS2: Implementation of regulators.

* At least two are equivalent to CSS2
(Echevarria, Idilbi, Scimemi (2012); Collins, TCR (2013) )
(Li, Neill, Zhu, (2016); Collins, TCR (2017) App. B)

(See talks by V. Vaidya and Esp. |. Scimemi )

— Better oriented for hadron structure studies (e.g. lattice QCD)
— Structurally familiar from phenomenology.

Hf /dsz Ff/p(l', k}T — qT) Dh/(,-(z, ZkZT)

— Hard parts are fixed by factorization of operator

structures. Cross Section

fdsz Ff/p(ili, k:T — qT) Dh/f(z, ZktT)




New TMD methods

 TMD parton model structure + evolution equations.

Ex: CSS52
d 4 d?b : 73 3
dQ? dqu a 97%23 ZHDY Q, MQaas(MQ))/ﬁ 0T fia(xa, b1 Q% 1) f3/8(xB,br; Q7 1)

+ suppressed corrections,

dln f(xz, by . n
nfgfrl \;Z,M’C) = K(br; ) Jiyn (@, br; G ) Z/ d; CiRl (/€615 ¢y as () fryu (& 1) + O[(mbr)”]
AKCri) _ 0 Ho = 020

dln pu ° = C1 /by
dlnf(%&r%%f) 1 ¢ pp, = C1 /by

dln g =i (1)) = yic(as () In 73
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Perturbation-Theory-Optimized
Solution

= Z HpY(Q, po,a (MQ))/ 1 ig-br
2 2 2 ) y S 2
d@Q?*dy dgt 9Q = (27)
—9gj/a(xA,bT;bmax) dgA PDF [ A
xe = f]A/A(SA Mo, ) C]/JA b*aub 7”1)*3@3(/“) )
-’EA 5 §A
g (b Ld x
% e~ 97/8(%B,bTbmax) 3:; =By B(Esim,) Cﬁ?i( B D s b, s as (o, )>
TB f €B
Q> - 2 rQ 2
< xp] ~gic(b1ibae) 10 25+ Kb ) 2 [ S 2160, (4) ~ Lo ()
0 lub* Kb, 'u (M)

+ suppressed corrections.
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Perturbation-Theory-Optimized
Solution

= Z HpY(Q, po,a (MQ))/ 1 ig-br
2 2 2 ) s s 2
d@Q?*dy dgt 9Q v (27)
—9j/4(24,bT;bmax) dgA PDF [ £A
xe = f]A/A(SA Mo, ) CJ/JA b*aub 7,ub*aas(,ub )
-’EA 5 €A
g (b Ld x
% e~ 97/8(%B,bTbmax) 3:; =By B(Esim,) Cﬁ?i( B D s b, s as (o, )>
B 5 gB
Q> - 2 1Q q 2
< xp] ~gic(b1ibae) 10 25+ Kb ) 2 [ S 2160, (4) ~ Lo ()
0 lub* Kb, ,LL (M)

+ suppressed corrections.
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Perturbation-Theory-Optimized
Solution

= Z HpY(Q, po,a (MQ))/ 1 ig-br
2 2 2 ) s s 2
d@Q?*dy dgt 9Q v (27)
—9j/4(24,bT;bmax) dgA PDF [ £A
Xe 2 f]A/A(SA Mo, ) CJ/JA b*aub 7,ub*aas(,ub )
-’EA 5 €A
g (b Ld x
% e—97/5(%B,bT:bmax) 3:; =By B(Esim,) Cﬁ?i( B D s b, s as (o, )>
B 5 gB
Q> - 2 1Q q 2
< exp] —giclbribae) 10 25+ Kb ) 2 [ S 121560, (4) ~ o ()
0 lub* Kb, ,LL (M)

+ suppressed corrections.
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Perturbation-Theory-Optimized
Solution

= o Y HY Qg aslpa) [ e
2 2 - 2 9 s s 2
d@Q?*dy dgt 9Q v (27)
—9gj/a(xA,bTibmax) dgA PDF [ A
X e 2 f]A/A(SA Mo, ) C]/JA b*aub 7,ub*aas(,ub )
-’EA 5 €A
—97/8(B,bT;bmax) de PDF [ B
X e f]B/B(€B7/J‘b ) CJ/JB b*a:ub 7Nb*7as(ﬂb )
B 5 gB
Q2 - Q2 HQ d,LL ) Q2 /
X exp _gK(bT;bmax) In Q2 +K(b*a,ub )ln_‘|’ 27.7( (,LL )) — In o 2’)/[((&3(# ))
o py. Ju, W (p)? ———

+ suppressed corrections.
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Compare CSS$S1 vs. CSS2

po = 2Q
py = C1/br
do 472042 d b
sayd ~ 907 2= & | @™ . = Ci /b
d@Q*dydq 9Q°s
T J,JASIB
b déa ~Css1, DY [ TA
fjA/A(gA Mo, ) CJ/JA b*ﬂub a:ub*ac%as(:ub )
:UA 5 ‘EA
b deg ~Css1, DY [ TB
ij/B(gB Hb., ) Cj/jB b*nub 7:ub*7027a8(:ub )
rB f fB
kG d,LLIZ / 'ug? /
X exp —/ 2 Acssi(as(p'); C1) In 2 + Bcssi, py(as(1'); C1, C2)
By,

x exp| ~g T (@, 003 bnax) — 955" (@5, 513 i) — 955 (b1 b)) I0(Q?/Q3)

+ suppressed corrections.

No explicit hard part
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Old Schemes and New Schemes

e (Questions:

— CSS1 involves “A” and “B” functions not explicit in CSS2.

— Non-perturbative parts in CSS1 and in TMD functions?

— Anomalous dimension of PDFs vs. FFs?

— Many high order calculations in old resummation, SCET,
etc... how to utilize in, for example, CSS27?



Fast translation to new TMD
methods

CSS1 and CSS2 drop same subleading powers:

CSS1
do

CSS2 CSS1 CSS2
do . do do

dQ?dyde? |y — dQ?dydg?

py ’ d@Q?>dydé}|qps  dQ?dyded |gpre

Derivatives given by evolution equations.
(anomalous dimensions)

b, independence.

Charge conjugation invariance.



Fast translation to new TMD
methods

* First equate In(Q) and In(b;) derivatives

* Useb,_ ., independence

dK (by; ) | 1 0K (by; 1)

ACSS1(as(Mb*);C1) = — d1n b2 + E’YK(as(Mb*)) - = Oln b2

M= b

81n HJP?—Y(Q7 IUJQa ag (:U“Q))

Besst, py (as(1g); C1, C2) = — K(C1 /i ko) — Oln Q2

CSSl(bT bmax) — gK(bT; bmax)



Fast translation to new TMD
methods

e Use result and repeat for undifferentiated cross
section

2,4CSS1, DY [ TA ) ~xCSS1, DY [ TB )
ejCj/jA (g_Aub*aﬂb*7ﬂb*7c27a8(ub*)) X Cj/jB (g_Bvb*aﬂb*aub*ac%aS(ﬂb*))

~ T A ~ rB ~
= Cf/?f(a,b*;ui*yub*,as(ub*)) X Cﬁ?g(5—376*;%*,%*,@5(%*)) X HPY (b, /Co, o, s as (. ) exp| —2K (b iy, ) In Co

gj/A<a7A7 bT; bmax) + gj/B(xBy bT; bmax) — g;j/%fl(an bT; bmax) + g;j/SBSl(ZEB, bT; bmax)



Fast translation to new TMD
methods

* Charge conjugation invariance:

~CSS1, DY [ L
‘ej‘cj/k; (gob*;ug*aub*aC27as(,ub*))

~ T ~
=Cin’ (E’ bs tig fib. - as(ub*)> \/Hj%Y(Nb*/C% . » @ (115 )) €XP {—K(b*; ) In 02}

gf/sgl (:Ea br; bmax) — gj/H(CUa br; bmax)

* “Non-perturbative” g-functions are exactly equal in
CSS1 and CSS2.



Fast translation to new TMD
methods

* Fitted functions are same in new approaches (CSS2 and

SCET) as in CSS1.

— Ex: (Nadolsky, Stump, Yuan (1999), Landry, Brock, Nadolsky, Yuan (2003);
Konychev, Nadolsky (2006))

e (CSS1“A,” “B,” “C” fixed by TMD-based expressions.

e TMDs have ’Vj(:u)a ’YK(,U)a K(bThu)v H(QS(M)3M/Q)

CSS1 has “A” and “B”

— Need independent information on hard parts and anomalous
dimensions



Sudakov Factors and Hard Parts

PA

+ PB — PA

PB

2
Sud, u N
HEY(Q. i as(n)) = €2 [HE" THQ2)| = 2 [H$2(~@? —ie)

 TMD factorization hard part determined from Sudakov factor.

e Known for some time:

(Moch, Vermaseren, Vogt (2005): Three-loop poles)
(1dilbi, Ji, Yuan (2006))

* Complete three loop result
(Gehrmann, Glover, Huber, N. Ikizleri, Studerus (2010) )



Sudakov Factors and Hard Parts

ba D

+ PB — PA

u 2 u NP
HEY(Q, 15 as(w) = €2 | H™ TH(Q2)| = ¢ [HE™(-Q? — ie)|

* Anomalous dimensions of collinear factors: y; and y;

dln gSud, TL . In FSud, TL(QQ) —In HSud, TL +21In C}aare
dlnp 1 o ) Q2
= —23(as() = i (as() + (s () -2 + Dlas,€) —imE(ay, €) +In -5 Elas €)

— Equality of y"°" and y,"" to all orders: TP invariance
(Collins, TCR (2017), Appendix A)
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Rapidity Evolution Kernels

 Knowledge of B: CSS1 to CSS2, two loops

> Oln H2Y (Q, po, as(1g))
BCSS1, DY(CLS(,LLQ); C1,C2) = — K(Cl/MQ;MQ) _ JJ Q Q

Oln Q2
(B calculated in Davies and Stirling (1984))

* Direct calculation from operators (using SCET): Three
loops

(Li, Neill, Zhu; Li, Zhu (2016, 2017))
(Vladimirov (2017))



Fast translation to new TMD
methods

* Charge conjugation invariance:

~CSS1, DY [ L
‘ej‘cj/k; (gob*;ug*aub*aC27as(,ub*))

~ T ~
=Cin’ (E’ bs tig fib. - as(ub*)> \/Hj%Y(Nb*/C% . » @ (115 )) €XP {—K(b*; ) In 02}

gf/sgl (:Ea br; bmax) — gj/H(CUa br; bmax)

* “Non-perturbative” g-functions are exactly equal in
CSS1 and CSS2.



Wilson Coefficients

* (SS1 to CSS2: order a2

. ot DY(%%M% ,ub*,Cz,as(ub*)> .
Cf/]:l)cF<§7b*§ﬂg*aﬂb*aas(ﬂb*)> Sl EDY - exp [K (b*;ub*ﬂn@}
J/EVHDY (o /Co, o, as (s )

Ct51 DY taken from (Catani, Cieri, de Florian, Ferrera, Grazzini (2012))

* Directly from operators (using SCET)

(Echevarria, Scimemi, Vladimirov (2016))
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b method

max

d?br Jidr

Wigr, Q) = / (27‘(‘)2 b Wby, Q)

d2bT i . T T
_ / G brOPE (4 (br), Q) Wiep (bT, Q; bmax)



b method

max

Cbr g,

Wiar.Q) = [ e W Q)

_ / d2ﬁequ bTWOPE(b (br), Q)WNP (b1, @; bmax)
(27)? \ Y,
Y

Interesting part.
(Esp. for JLab)

W(br, Q)
WOPE (b, (br), Q)




b method

max

d?br Jidr

W(QT’Q):/(QW) b 1 (by, Q)

_ / d2ﬁequ bt WOPE(b*(bT), Q)WNP (bT7 Q; bmaX)
(27)? \ Y,
Y

Interesting part.
(Esp. for JLab)

W (br, Q)
WOPE (b, (br), Q)

W (br, Q) = WOTE(b,(br), Q) + O ((bym)P)

Fyaabricin) = Y- / 98 CPRF (26, brs ¢,y a0 (1)) iy (€ 8) + Of(mbr)?]



d2bT i . T T
_ / Cr br 17 OPE (b, (br), Q) Warp (bT, Q; bunax)

Banish any explicit non-perturbative calculations here.
Calculated from operator definitions.
Allow scale dependence.

Large contribution all the way to b; = 1/Q.




Banish any explicit non-perturbative calculations here.
Calculated from operator definitions.
* Allow scale dependence.

Large contribution all the way to b; = 1/Q.

Banish any scale dependence here (strictly universal)

* Allow for non-perturbative b;-dependence (don’t
necessarily require)

* Power suppression at small b;



b method

max

* Combine b;argument substitution with
evolution.

* Maintains exact operator definitions for all
factors and for all b; (Including any possible
non-perturbative b.-dependence)



b method

maxXx
e Evolution

7 03,Q) = W (om, Qo) exp { Klbrsno) o () + [ B ot =10 ety |

(0. (62), Q) = (b (br). Qo) exp { Kb b)) (g) v f - 20 1) ~ 1 el |

* At areference scale Q,

W (br, Qo) =W, (b1, Qo3 bmax) = e_gA(iUA,bT;bmax)—gB(ZB>bT5bmax)'

W (b.(bt), Qo)

e Evolution

dIn WJ(bTa Q7 [CA,$B) _
0 1n Q2 N

K(br; p) + b, independent parts v Exact for all b;.



b method

max
e Evolution

01n Wj(bT7 @, 74, TB) _ K(bT; ) + b; independent parts

01In Q2 .
These equations
* RGforK: are valid for all b,
dK(br;p)
a1 — _VK(O‘s (:u))
n 4

 Atany scale

> ;- "o dy! /
(b o - () = Kb ) = [ o)
Hb

W(bT’ Q) I/V(bTa Qo)  —|-K(br;po)+K (b (b)spo)] ln<Q—§>

— = — (& QO

W (b (br), Q) W (b«(b1), Qo)
W(bT, Qo) —gK(bT;bmax)1n<g—§>

= = €

W(b* (bT>7 QO)

_gA(xA7bT;bmax)_gB (xB abT;bmax)_QgK(bT;bma.x) ln(Q/QO)

= €



b method

max

Wier Q) = [ Ggze " Wier.Q

d?b T
_ / #QWT b WOPE(b*(bT), Q)WNP (bT7 Q§ bmaX)

d?br . - — ; - ' !
:/(QW)EG’LQT bTWOPE(b*(bT)7Q)€ gA(xA,bT3bmax)—9B (£ B,bT;bmax) —29K (bT;bmax) In(Q/Qo)

e Note that still:

W —
dbmaX (QTa Q) 0



b method

max

* The large b;functions are scale independent. g, is
independent of everything except b;

* Everything is written in terms of the W(b,,Q)

* Can directly calculate with the definitions,

W(br.Q)

gK(bT7 bmax) S _K(bTa MO) + K(b* (bT)7 /’LO)

in perturbation theory, if b; is small.
using non-perturbative theory and
operator defs if b; is large



The b mechanism

Cbr
W(gr, Q) = / (%; BT Y (b O)

~

d*br iqr-br17/OPE
| G IO b (br). Q) Wae (b, Q)

Ex: ResBos e—ab?r
Generator

* Simple ansatz will tend to introduce b_,, dependence.

 Other options remove b

Cr B2

2
n bmax

ower corrections, e.g

b4T 0}27’045 (:ub* )2
bfnaxWQQO (bmaX)

max p

9K (b1 bmax) = as(pp,) + O (

J. Collins, T. Rogers: arXiv:1750.07167 (2017)



Summary

Many calculations now exist in old CSS, pure collinear
factorization, SCET.

Different methods of calculation produce same results.

Different approaches to derivation converging on standardized
TMD definitions.

Altogether these give necessary ingredients for new operator-
based TMD factorization up to to order a2 (except in Wilson
coefficient).



