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HOW FAST DO PARTONS TRAVEL?
How is the momentum of a fast-moving nucleon 
distributed amongst its constituents?



EXPERIMENTAL EXTRACTION

From PDG 2016

http://www-pdg.lbl.gov/2016/reviews/rpp2016-rev-structure-functions.pdf


PDFs FROM FIRST PRINCIPLES: QUASI DISTRIBUTIONS

SMEARED QUASI DISTRIBUTIONS

THE GRADIENT FLOW



PDFS FROM FIRST PRINCIPLES
An unsolved challenge



Decompose cross-section

Hadronic contribution

in turn, expressed in terms of structure functions

DIS

parton distribution functions (PDFs)



Defined as 

where 

and

Renormalised PDFs

PDFs



Mellin moments of PDFs

related to matrix elements

of local twist-two operators

PDFs



QUASI DISTRIBUTIONS
 X. Ji, PRL 110 (2013) 262002

X. Ji, Sci.Ch. PMA 57 (2014) 1407
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Defined as 

Recall

Related to light-front PDFs via
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QUASI DISTRIBUTIONS

From J.-W. Chen et al., NPB 911 (2016) 246 

H.-W. Lin et al, PRD 91 (2015) 054510
C. Alexandrou et al., PRD 92 (2015) 014502
J.-H. Zhang et al., arXiv:1702.00008

See also:

Momentum dependence

http://arxiv.org/abs/1702.00008
http://arxiv.org/abs/1402.1462
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http://arxiv.org/abs/1504.07455
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H.-W. Lin et al, PRD 91 (2015) 054510
C. Alexandrou et al., PRD 92 (2015) 014502
J.-H. Zhang et al., arXiv:1702.00008

See also:

With partial 
matching

QUASI DISTRIBUTIONS

From J.-W. Chen et al., NPB 911 (2016) 246 
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A MORE GENERAL 
FRAMEWORK

Define lattice “cross-sections”

Quasi distributions - lattice “cross-section” from which one can extract PDFs

 Y.-Q. Ma & J.-W. Qiu, arXiv:1404.6860

K.-F. Liu, PRD 62 (2000) 074501
W. Detmold & C.J.D. Lin, PRD 73 (2006) 014501
A. Radyushkin, PLB (2017) 02 019

See also:

http://arxiv.org/abs/1305.1539
http://arxiv.org/abs/1404.6680
http://arxiv.org/abs/1305.1539
http://arxiv.org/abs/hep-ph/9910306
http://arxiv.org/abs/hep-ph/9910306
http://arxiv.org/abs/hep-lat/0507007
http://arxiv.org/abs/hep-lat/0507007
http://arxiv.org/abs/1612.05170
http://arxiv.org/abs/1612.05170


GENERAL PROCEDURE



GENERAL PROCEDURE

J.-W. Chen et al, NPB 12 (2016) 004
T. Ishikawa et al, arXiv:1609.02018

J.-W. Chen et al, NPB 12 (2016) 004
T. Ishikawa et al, arXiv:1609.02018

X. Ji et al, PRD 92 (2015) 034006

C.E. Carlson, M. Freid, PRD 095 (2017) 094504
R. Briceno, M. Hansen & CJM, arXiv:1703.06072

 X. Ji, PRL 110 (2013) 262002
X. Xiong et al, PRD 90 (2014) 014051

X. Ji et al, arXiv:1506.00248

https://arxiv.org/abs/1609.08102
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https://arxiv.org/abs/1702.05775
https://arxiv.org/abs/1702.05775
https://arxiv.org/abs/1703.06072
https://arxiv.org/abs/1703.06072
http://arxiv.org/abs/1305.1539
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GENERAL PROCEDURE:
GENERAL CHALLENGES
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GENERAL PROCEDURE:
GENERAL CHALLENGES

Power-divergence must be controlled

Large momentum required:
- discretised Fourier transform
- control power-suppressed corrections

Renormalisation and continuum limit:
- perturbative truncation uncertainties
- discretisation effects

C.E. Carlson, M. Freid, PRD 095 (2017) 094504
R. Briceno, M. Hansen & CJM, arXiv:1703.06072

https://arxiv.org/abs/1702.05775
https://arxiv.org/abs/1702.05775
https://arxiv.org/abs/1703.06072
https://arxiv.org/abs/1703.06072


THE GRADIENT FLOW
A continuum hammer for lattice nails



GRADIENT FLOW
Deterministic evolution in new parameter - flow time
Drives fields to minimise action - removes UV fluctuations
Correlation functions of “bulk” fields provide probe of underlying field theory

Narayanan & Neuberger, JHEP 0603  (2006) 064
Lüscher, Commun. Math. Phys. 293 (2010) 899

CJM, arXiv:1512.00294 

http://arxiv.org/abs/hep-th/0601210
http://arxiv.org/abs/hep-th/0601210
http://arxiv.org/abs/0907.5491
http://arxiv.org/abs/0907.5491
http://arxiv.org/abs/1512.00294
http://arxiv.org/abs/1512.00294


Lüscher & Weisz, JHEP 1102 (2011) 51
Luscher, JHEP 04 (2013) 123

FINITE CORRELATION FUNCTIONS
Renormalised correlation functions remain 
finite at non-zero flow time.

http://arxiv.org/abs/1101.0963
http://arxiv.org/abs/1101.0963
http://arxiv.org/abs/1302.5246
http://arxiv.org/abs/1302.5246


GRADIENT FLOW

Gradient flow is a smearing (smoothing) tool that:
● generates more continuum-like operators
● provides a method to fix smearing length scale

Flow time serves as a nonperturbative, rotationally-invariant cutoff

Matrix elements of operators at fixed flow time are finite

Fixing the flow time (physical units) allows a continuum limit

Roughly speaking: exchange lattice for gradient flow regulator
 

CJM & K. Orginos, PRD 91 (2015) 074513

http://arxiv.org/abs/1501.05348
http://arxiv.org/abs/1501.05348


SMEARED QUASI DISTRIBUTIONS
Provides continuum limit



Defined as 

Related to light-front PDFs via

Here “ringed” fermions remove need for wavefunction renormalisation

SMEARED QUASI 
DISTRIBUTIONS

CJM & K. Orginos, JHEP 03 (2017) 116

H. Makino and H. Suzuki, PTEP (2014) 063B02
 K. Hieda and H. Suzuki, MPLA 31 (2016) 1650214

https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1403.4772
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https://arxiv.org/abs/1606.04193
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Defined as 

If we write

then, in practice,

where

SMEARED QUASI 
DISTRIBUTIONS

CJM & K. Orginos, JHEP 03 (2017) 116

https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1612.01584


RELATION TO PDFs

Introduce Mellin moments

In limit of vanishing separation z

Unlike PDFs these matrix elements are not twist-2, but related via

CJM & K. Orginos, JHEP 03 (2017) 116

https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1612.01584


RELATION TO PDFs

Introduce a kernel with Mellin moments

Then, assuming one corrects for target mass effects and that

This leads to

CJM & K. Orginos, JHEP 03 (2017) 116

https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1612.01584


PDFs obey

and (renormalised) moments obey

with

DGLAP EQUATION
CJM & K. Orginos, JHEP 03 (2017) 116

https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1612.01584


Introducing a small-flow time expansion

such that

The matching kernel satisfies

DGLAP EQUATION
CJM & K. Orginos, JHEP 03 (2017) 116

https://arxiv.org/abs/1612.01584
https://arxiv.org/abs/1612.01584


MATCHING IN PERTURBATION THEORY



Axial gauge simplest. But gradient flow requires generalised Feynman gauge.

MATCHING IN 
PERTURBATION THEORY

Smeared quasi distributionQuasi distribution

X. Xiong et al., PRD 90 (2014) 014051
Ji et al., PRD 92 (2015) 014039

https://arxiv.org/abs/1310.7471
https://arxiv.org/abs/1310.7471
https://arxiv.org/abs/1310.7471
https://arxiv.org/abs/1310.7471
https://arxiv.org/abs/1506.00248
https://arxiv.org/abs/1506.00248


In principle, one can calculate these diagrams directly.

In practice, integrals not solvable analytically
● usual techniques (or at least, all the ones I can think of) fail

Matching procedure considerably simplified in coordinate space:
● infrared behaviour identical
● set external mass and momentum to zero
● reduces number of diagrams and simplifies remaining integrals

One-loop calculation complete - but not checked

MATCHING IN 
PERTURBATION THEORY

CJM & K. Orginos, in prep.



GRADIENT FLOW 
PROCEDURE
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SUMMARY



PDFs FROM FIRST PRINCIPLES: QUASI DISTRIBUTIONS
Quasi distributions

Current issues - the continuum limit

SMEARED QUASI DISTRIBUTIONS
Finite continuum distributions

Matching in perturbation theory ~ complete

Nonperturbative study of systematics underway

THE GRADIENT FLOW
Matrix elements finite at fixed flow time



THANK YOU

chris.monahan@rutgers.edu





QCD

QCD

Exact solution not possible (even with Dirichlet boundary conditions)

Smearing radius

Interactions occur at non-zero flow time: generalised BRST symmetry 
guarantees renormalised correlation functions remain finite.

Lüscher & Weisz, JHEP 1102 (2011) 51
Luscher, JHEP 04 (2013) 123

http://arxiv.org/abs/1101.0963
http://arxiv.org/abs/1101.0963
http://arxiv.org/abs/1302.5246
http://arxiv.org/abs/1302.5246


From C. Carlson & M. Freid (2017)
“Lattice corrections to the quark quasidistribution at one-loop”

PRELIMINARY

PRELIMINARY



EXPERIMENTAL EXTRACTION

From PDG 2016

http://www-pdg.lbl.gov/2016/reviews/rpp2016-rev-structure-functions.pdf

