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Systematic Uncertainties

* Non-zero lattice spacing and continuum limit a — 0
* Finite volume V —

s My — myPhys

 Number of quark flavors

» [solating ground states

* Nucleon Charges
* Nucleon Charge Radius
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Precision Calculations

of Nucleon Charges
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Hadron Structure

M Constantinou, arXiv:1511.00214
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« Governs beta-decay rate

* Important for proton-proton fusion
rate in solar models

¢ Benchmark for lattice QCD
calculations of hadron structure
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e.g. novel interactions probed in ultra-
cold neutron decay
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Calculation of Physics Observables

Our paradigm: nucleon mass  (C/(¢) = Z<N(f’ HYN(0)) = Z | A, |2 e Ent

Z

Noise: ' (t) = Y (NN(Z t)NN(0)) — e™*""

whence

O(t)/\/CO_Q (t) ~ 6—(mN—3mﬂ/2)t

Use local nucleon interpolating operators [UCV5(1 T 74)d]u

Replace quark field by spatially extended (smeared) quark field

Y — (1 — o*V2 /AN )N
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Excited States: Smearing Radii

Yoon et al., Phys. Rev. D 93, 114506 (2016)

ID Method Analysis Smearing Parameters fucp LP HP
R1 AMA 2-state {5,60} 10,12,14,16,18 96 3
R2 LP VAR {3.22}, {5,60}, {7,118} 12 96
R3 AMA VAR {5.46}, {7,91}, {9,150} 12 96 3
R4 AMA 2-state {9,150} 10,12,14,16,18 96 3
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Variational Method

Subleading terms = Excited states
Construct matrix of correlators: different smearing radii

Cij(t) = Y _(Ni(T, )N;(0)) = » A} Affe Fn!
Delineate contributions using variational method: solve
C(t)v™) (L, t0) = An (L, t0)C(to)v™) (¢, to).

AN (t, tg) — e_EN(t_tO)(l + (’)(e_AE(t_tO)))

Eigenvectors, with metric C(t,), are orthonormal and project onto the
respective states

U(N/)TC(tO)U(N) — 5N,N’

' Thomas Jefferson National Accelerator Facilit
.!effe?son Lab . @ @JSA



Nucleon Mass - I
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Variational Method

Fixed source smearing

CPP(tsep: ) = Y _(N(Z, tsep)T(#, 7)N(0,0))
z,y
= [ A0 T [ 0per Moter
R N
AgAZ(0 | T | 1)e MoTe=Miltsep=7)

Grey Band : tgep — 00

Variational Method
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Variational
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Controlling excited states essential for precision calculations!
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Renormalized Charges

Yoon et al., Phys. Rev. D 95, 074508 (2017)

ID Lattice Theory a fm M, (MeV) gu e g3 —d g g%j_d
al27m285 | 2+1 clover-onclover  0.127(2)  285(6) /| 1.249(28) \ 0.89(5) 1.023(21) 1.014(2¢
a12m310 | 2+1+1 clover-on-HISQ 0.121(1)  310(3) [| 1.220(14) \ 0.84(4)  1.055(36) 0.969(2:
a094m280 | 2+1 clover-on-clover _ 0.094(1) _ 278(3) || 1.208(33) | 0.99(9) 0.973(36) 0.998(2(
a09m310 | 24141 clover-on-HISQ  0.089(1)  313(3) || 1.231(33) [0.84(10) 1.024(42) 0.975(3:
a091m170 | 241 clover-on-clover  0.091(1) 166(2) 1.210(19) [ 0.86(9) 0.996(23) 1.012(2:
a09m220 | 24141 clover-on-HISQ  0.087(1)  226(2) \ 1.249(35)/ 0.80(12) 1.039(36) 0.969(3:
a09m130 | 24141 clover-on-HISQ  0.087(1)  138(1) |\..230(29) 0.90(11) 0.975(38) 0.971(3:

Consistency between different actions

Matrix Elements of 1st excited state?

10 AOsN_ (107])

ID Type| (0|0a]1)  (0|Os|1)  (0]Or|1)  (0]Ov|1) (1|Ov [1)
—0.179(21) 0.182(16) —0.9(2.4) —0.2(1.2)

—0.35(4) —0.014(2) 0.6(1.1) 0.80(34)

al27m285 | S5Ss| —0.172(18) —0.37(4)  0.210(15) —0.015(2) | 0.75(48) | 0.8(9) 0.42(27)  0.87(28)

—0.205(58) —0.45(15) 0.167(40) —0.014(6)| 1.5(3.0) 1.8(1.4) | 0.54(86)  0.86(55)

—0.295(57) —0.45(15) 0.166(47) —0.014(6) | 1.46(54) \ 1.8(1.4) / 0.54(41)  0.86(28)

arXiv:1704.01114, Berkowitz et al

Feynman-Hellman Method proceeds through looking at variation of a spectral function w.r.t external current.

oOE,
O
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= (n | Hx | n) where H = Hy + \H

See talk by K. Orginos
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Nucleon Charge Radius

Bouchard, Chang, Orginos, Richards, PoS LATTICE2016 (2016) 170
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Proton EM form factors

 Nucleon Pauli and Dirac Form Factors described in
terms of matrix element of vector current

(N [V, | N)@ = ) | Fala® s+ o

MmN u(p;)
 Alternatively, Sach’s form factors determined in

Gu(Q*) = Fi(Q%) + F(Q%)
Charge radius is slope at Q? =0

8GE(Q2) . _1<T2> . aFl(Q2) . F2(O)
Q% |poy 6 Q% gy AM?
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EM Form factors

1T . 1 Approved expt E12-07-109
PRAD: E12-11-106 e .{]’ i B E12:07-109 (Hall A, SBS) PP P
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x| s | Q7 S82GeVE Q% S 4.1 GeV?
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G o5 N — ]
= i
00 ;-ﬁ-\““—:
Nucleon Charge Radius o5————3————7 >t
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+— —_—
Boosted interpolating operators
Green et al, arXiv:1404.40 Bali et al., Phys. Rev. D 93, 094515 (2016)

HBChPT+d ¥ 92048 conrse . . LHPC, Syritsyn, Gambhir, Orginos et
a0 wowe Direct calculation of charge al, Lattice 2016

¥ 32c96 coarse ¥ ow
24c24 coarse ¢ CODATA

ol g o ict coume radius through coordinate-
space moments

(r$)* [fm?)
= &

Y ' UKQCD, Lellouch, Richards et

A al., NPB444 (1995) 401
Differing treatment of

Excited states
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Isgur-Wise Function and CKM matrix
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UKQCD, L. Lellouch et al., Nucl. Phys.
B444, 401 (1995), hep-lat/9410013
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Moment Methods

r

tsrc —
Pz —

4> = k

 Introduce three-momentum projected three-point function
Cot, 1) = <Ng:frt’,f’ﬁg,6> et

= =y

T,T

« Now take derivative w.r.t. k2

—_ / —_
Cflspt(ta t/) = ;];Z sin (kx;) <Ntcffrt’,£’N8,6>
whence z,@
. / / _x/zQ a =70
kl%go CSpt(t7t ) — Z 2 <Nt,frt/,f/NO,6> .

— =¥y

T,T

Odd moments vanish by symmetry
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Moment Methods - I

* Analogous expressions for two-point functions:

70 —i1kx
Copt(t) = Z <Ntb,a_:’NO,6> et

=
—X . b
Chpe(t) = > — = sin (k) (N} :No )
—> *
hm (=S 7% (N N
k?lgo 2pt()_z 9 t,24¥ 0,0

Lowest coordinate-space moment & slope at zero

momentum
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Moment Methods - I

* Analogous expressions for two-point functions:

70 —i1kx
Copt(t) = Z <Ntb,a_:’NO,6> et

=
—X . b
Chpe(t) = > — = sin (k) (N} :No )
—> *
hm (=S 7% (N N
k?lgo 2pt()_z 9 t,24¥ 0,0

Lowest coordinate-space moment & slope at zero

momentum
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Lattice Details

« Two degenerate light-quark flavors, and strange quark
set to its physical value

a ~ 0.12 fm
m,. o~ 400 MeV
Lattice Size : 24° x 64

« To gain control over finite-volume effects, replicate in z
direction: 24 x 24 x 48 x 64

B Thomas Jefferson National Accelerator Facilit
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Two-point correlator
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Three-point correlator

-25 ' ' /
In [Cspt (17, 2,)]
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e Spatial mome)ﬁts push the peak of the correlator away from
origin

 Larger finite volume corrections compared to regular
correlators
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C12pt

where

Fitting the data...

AM,(0)E,,(k?)

n,m

ZbT k2 Zb k? >
Sy B0 it

Z1(0) = (QINIn,p; = (0,0,0))
78 (k%) = (m, p; = (0,0,k)| N |Q)

(rnm<k2> = (n,p; = (0,0,0) |T|m, p; = (0,0, k)) )

.geffe?son Lab

Allow for multi-state contributions in the fit
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Fitting - |l

* Now look at the functional form of derivatives:

2p1; Zzb/(kQ) 1 t
Czpt ZC ( Zb (k2 B 2[E,, (k2)]? a 2Em(k2))

/ - - N Z,%(k2) 1 t
Cipe(t,t) = 3 Cala(t,1) | 25, (k%)  2[En (R 2Em<’f2>}

|

spatially extended Second distance
sources scale

n,m

' Thomas Jefferson National Accelerator Facilit
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Fitting - lli

nstate = 1
nstate = 2
nstate = 3
nstate = 4
nstate = 5
nstate = 4 (2pt only)

H3H HH HEH KO e

‘!
RS
L

| 4 state

| 2pt : [2,10]

- 2pt’ @ [3,11]

- qug/dOf = 0.7
[ xl2/x§ug = 0{8

Z02%Pt(0) =1.27(3) x 107 ]
7022 (0) =1.25(2) x 107 |

2 _.2 2
Xaug =Xdata + Xprior
2

2
X =Xdata

.geffe;gon Lab
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In practice we use multi-
exponential, Bayesian
fits
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F1 Form Factor

| | A r2oxi0tt [ 1zo0)
2.5 R\ b 4 state fit ]
% ‘ — 4 state slopes 1 1.26x1074E ! il 1
B\ ¢ 2 state fit :
[ $ 3 state fit _ 4l
A £ 5 state fit 1 1.23x10 S
I % 4 state 2+3pt : | 16x10~L T Z0,(4) |
| o
1.5+ 1.13x10°%F ¢ }
' 1.1x107*F |
i | | | |
1 % 9x10°F 20,(16)
l gx105 * ¢ 1
05 B I 7)(10_5 - | | I
0 4 (ak = 2 n/L) 16 ™ S:_: 2 =

.geffé;Zon Lab

Thomas Jefferson National Accelerator Facility

@ &



Outlook

« Controlling the contribution from excited states in study of hadron
structure is a crucial for precise and accurate calculations

« The approach of the variational method is a powerful way of
addressing systematic uncertainties due to excited state

» Current basis of operators based on quasi-local sources. Exploring
basis that admits non-zero orbital structure

Starting point B = (}‘ZF X S):s X DZD) {d)lwzd)g}

Introduce circular basis: — i (5 =
N* — —
) Dp—o=1D;
b )
= - = = | > 4 —
:—a o= = N _ L y
. - — =" o -1
i-; AN _‘—_ —LE e — R.G.Edwards et al., arXiv:1104.5152
= \ F— " Dudek, Edwards, arXiv:1201.2349
= e
i i
[ B B s y

Structure of Excited States - Raul Briceno
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