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Lattice Simulation



Action Nf = 2

S = SG + SF

SG = β
X

x,µ<ν
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x

n

ψ̄(x)ψ(x) − κ ψ̄(x)U†
µ(x− µ̂)[1 + γµ]ψ(x− µ̂)

− κ ψ̄(x)Uµ(x)[1 − γµ]ψ(x + µ̂) −
1

2
κ cSW g ψ̄(x)σµνFµν(x)ψ(x)
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Clover Fermions



Advantages

• Local

• Transfer matrix

• O(a) improved

• Flavor symmetry Prerequisite to making contact with SU(2) ChPT

– Finite size corrections

– Chiral extrapolation

– Determination of low-energy constants

• Fast to simulate



In progress →

β κsea Volume a [fm] mPS [MeV]

5.20 0.13420 163 × 32 0.090 1010

5.20 0.13500 163 × 32 0.090 830

5.20 0.13550 163 × 32 0.090 620

5.25 0.13460 163 × 32 0.084 990

5.25 0.13520 163 × 32 0.084 830

5.25 0.13575 243 × 48 0.084 600

5.25 0.13600 243 × 48 0.084 430

5.26 0.13450 163 × 32 0.083 1010

5.29 0.13400 163 × 32 0.080 1170

5.29 0.13500 163 × 32 0.080 930

5.29 0.13550 243 × 48 163 × 32 123 × 32 0.080 810

5.29 0.13590 243 × 48 163 × 32 123 × 32 0.080 590

5.29 0.13605 243 × 48 0.080 480

5.29 0.13620 243 × 48 0.080 390

5.29 0.13632 403 × 64 323 × 64 243 × 48 0.080 250

5.29 0.13640 643 × 96 403 × 64 0.080 140

5.40 0.13500 243 × 48 0.072 810

5.40 0.13560 243 × 48 0.072 770

5.40 0.13610 243 × 48 0.072 610

5.40 0.13625 243 × 48 0.072 530

5.40 0.13640 323 × 64 0.072 420

5.40 0.13660 323 × 64 0.072 240



ρ → ππ ∆ → Nπ



ρ → ππ



Basics



Inclusive
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h

Ãq
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Impact Parameter Space

Generically
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Probability interpretation

Burkardt
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Exclusive
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Distribution Amplitudes Leading Twist

Pion

〈0|d̄(z)γµγ5U(z, 0)u(0)|π(p)〉

= ifπpµ
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Braun et al.



Generic moment
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Applications Two Examples

Form factor
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Hoodbhoy, Ji & Yuan



Nucleon



Form Factors Revisited

Fi(Q
2) = Fi(0)

`
1 −

1

6
r2
iQ

2 +O(Q4)
´

i = 1, 2

Proton rd1,2 > ru1,2



Moments of Structure Functions

〈x〉 =

Z

dx x
ˆ
u(x,Q2) − d(x,Q2)
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Disconnected
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Spin Asymmetries

λ⊥ quark spin

s⊥ nucleon spin
Transverse spin density
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Dipole fit

To be extrapolated to chiral limit

1st moment
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Courtesy of G. Schnell

Sivers effect
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Sivers effect ⇐ Orbital angular momentum
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Experiment



Nucleon and quarks both polarized Spin-orbit coupling



Distribution Amplitudes

Expansion

φN(x1, x2, x3, µ
2
) = 120 x1x2x3

∞X

n=0

nX

l=0

cnl(µ0)Pnl(x1, x2, x3)L
γnl/β0 LLog

L =
αs(µ)

αs(µ0)
c10 =

7

2

h

3
`
φ

100
N

`
µ

2
0) + φ

001
N (µ

2
0)
´
− 2
i

c11 =
63

2

`
φ

100
N (µ

2
0) + φ

001
N (µ

2
0)
´

c21 = −
126

5

`
φ

200
N (µ

2
0) + φ

002
N (µ

2
0) + 3φ

101
N (µ

2
0)
´

+
18

5
(4 + c10)

...



φN(x1, x2, x3, µ
2) Barycentric contour plot

µ2 → ∞ µ2 = 4 GeV2



Nucleon N∗(1535)

Strong correlation of (u↓d↑) diquark

µ2 = 1 GeV2



γ∗ N → N∗(1535)
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Pion



Spin Asymmetries

λ⊥ quark spinTransverse spin density
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Hägler et al.



0 0.5 1 1.5 2 2.5
-t @GeV2

D

0.2

0.4

0.6

0.8

1

B
T

n0
Π
,u

Ht
L

n=1

n=2

0 0.5 1 1.5 2 2.5
-t @GeV2

D

0.2

0.4

0.6

0.8

1

B
T

n0
Π
,u

Ht
L

0 0.2 0.4 0.6 0.8 1
mr2 s GeV2t0

0.5

1

1.5
2

2.5

3

3.5

B
0nTu ,u

v t w0 xymuz
Ve

G
{1

|

n} 1

n } 2 ~� 2�

0 0.2 0.4 0.6 0.8 1
mr2 s GeV2t0

0.5

1

1.5
2

2.5

3

3.5

B
0nTu ,u

v t w0 xymuz
Ve

G
{1

|

5.40

5.29

5.25

5.20

�

p−pole fit



� 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6
bx � fm �� 0.6

� 0.4

� 0.2

0

0.2

0.4

0.6

b y
�mf�

� 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6
bx � fm �� 0.6

� 0.4

� 0.2

0

0.2

0.4

0.6

b y
�mf �

1n = 1n = 0

1

2

3

2

� � fm� 2�

� 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6
by � fm �0

0.5

1

1.5

2

� n� 1 � mf
�2 � bx � 0.15 fm

� 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6
by � fm �0

0.5

1

1.5

2

� n� 1 � mf
�2 �

� 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6
by� fm �0

0.5

1

1.5

2
p� 1.6
p� 2
ChPT

bx� 0.15 fm

� 0.6 � 0.4 � 0.2 0 0.2 0.4 0.6
by� fm �0

0.5

1

1.5

2

Boer-Mulders effect

ChPT: Diehl, Manashov & Schäfer



Distribution Amplitude

Expansion
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Conclusions & Outlook



• Simulations at the physical pion mass with Wilson-

type fermions are feasible now

• Improvement of algorithms

• Increase of computing power

• Extrapolations to infinite volume are largely under

control

FS corrections surprisingly well

described by ChPT

• Simulations with Nf = 2 + 1 SLiNC fermions

are under way

• Challenge: Evaluation of disconnected diagrams

• To exploit the full potential of lattice calculations, interactions with Experiment and

Hadron Phenomenology are very important


