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FIG. 1. Mass distributions for w+x n+p events (reaction 1) in 20-MeV bins. (a) ~'p mass distribution, all events
double counted; (b) x+n mass distribution, all events double counted; (c) w+n mass distribution with 6'+ selected
and ~t&@&0.4 GeV; (d) same as (c) but tt&at&0. 1 GeVt.

restricted sample of them later on (Sec. III C). After
the ~" selection we are left with the following:

(1') w'p-w'w d,", 32100 events, ~t» &0 4GeV', .
23400 events, t t~z, &0.1 GeV',

(2') w'p-K'K h", 682 events, t t~at &0.1 GeV',

(3') w'p-w'w w'w L", 2470 events,
~
t'q~ &0.1 GeV,

(4') w'p-w'w MMA", 9600 events,
]'~ &0.1 GeV',

(6') w'p-K'(K')A", 140 events, t~~a &0.1 GeV',
(6') w'p K'K'tt-", 63 events, t t~at &0.1 GeV'.
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FIG. 2. Mass distribution for K'K n+p events (reaction 2) in 30-MeV bins. (a) n+p mass distribution, all events;(b) K'K mass distribution, all events; (c) K+K mass distribution with b++ selected and ~t&z, ~& 0.1 GeVt.
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FIG. 11. Phases and inelasticities of I =0 s wave and I =1p wave. The crosses are the points calculated from our
data. The horizontal bars of the crosses give size of bins used in the fit to the moments and cross section. The vertical
bars indicate the calculated error at a given mass. These errors are purely statistical and do not reflect possible sys-
tematic effects introduced by extrapolation procedure. The dots correspond to the elastic "down" and "up" solutions of
Baton, Laurens, and Reignier (Ref. 26). The open circles are the results of Baillon et al. (Ref. 27).

ancy is due either to non-n-exchange background
or to our crude estimate of the M7 cross section
(see Sec. III C).
With the parameters obtained from our fit we

can compute the phases and inelasticities. These
are tabulated in Table VI and shown in Figs. 11
and 12 for case 1 (see Table IV). We point out that
the given errors are computed by standard propa-
gation of error and reflect only the statistical er-
rors; they do not reflect the inherent uncertainties
in performing an extrapolation. They should be
considered only as an indication of the minimum
error in our computed values. How accurate our
results really are can only be ascertained by com-
parison with results of an experiment at different
energy with comparable statistics.
For the p-wave phase shift (6,') we obtain the

well-known Breit-Wigner shape (with 6,'=90 at
0.772 GeV, 5,'=45'at 0.703 GeV, and 5,'=135 at
0.863 GeV); the inelasticity (q,') is close to unity
within errors, although by 1.13 GeV it could be as

small as 0.8. The I =0 d-wave phase shift (6,')
around 1 GeV is larger than we would expect for
the f, meson alone. This wave also seems to be
quite inelastic (g,' = 0.80 at 1.070 GeV). This re-
sult has to be viewed with caution because it de-
pends strongly on what is assumed for the f-wave
inelasticity, and non- v-exchange background (or
absorption) may have a substantial effect on these
waves. The effect of the I =2 d wave (6', ) is small;
we can obtain a good fit by setting 5', =0 through-
out. The f-wave phase shift is small and negative
under the p and becomes positive past the wm

threshold. As indicated before, the obtained in-
elasticity is too small to be compatible with the
data in the inelastic channels; we believe that it
is simply acting as a parametrization of back-
ground (or a failure of the extrapolation). What
bearing various effects may have on our results
will be discussed in more detail in Sec. VII.
The most interesting results are the phase shift

and inelasticity of the I =0 s wave. The phase
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1-dimensional QM, periodic BC, single particle:
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1-dimensional QM, periodic BC, two particles, no interactions
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X
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1

|~n|2 � q2

E

generalisation to a 3-dimensional strongly-coupled QFT 
￫ powerful non-trivial mapping from finite vol spectrum to infinite volume phase

1-dimensional QM, periodic BC, two interacting  particles:V(x1 - x2) 6= 0

Lüscher 1986, 1991
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FIG. 11. Phases and inelasticities of I =0 s wave and I =1p wave. The crosses are the points calculated from our
data. The horizontal bars of the crosses give size of bins used in the fit to the moments and cross section. The vertical
bars indicate the calculated error at a given mass. These errors are purely statistical and do not reflect possible sys-
tematic effects introduced by extrapolation procedure. The dots correspond to the elastic "down" and "up" solutions of
Baton, Laurens, and Reignier (Ref. 26). The open circles are the results of Baillon et al. (Ref. 27).

ancy is due either to non-n-exchange background
or to our crude estimate of the M7 cross section
(see Sec. III C).
With the parameters obtained from our fit we

can compute the phases and inelasticities. These
are tabulated in Table VI and shown in Figs. 11
and 12 for case 1 (see Table IV). We point out that
the given errors are computed by standard propa-
gation of error and reflect only the statistical er-
rors; they do not reflect the inherent uncertainties
in performing an extrapolation. They should be
considered only as an indication of the minimum
error in our computed values. How accurate our
results really are can only be ascertained by com-
parison with results of an experiment at different
energy with comparable statistics.
For the p-wave phase shift (6,') we obtain the

well-known Breit-Wigner shape (with 6,'=90 at
0.772 GeV, 5,'=45'at 0.703 GeV, and 5,'=135 at
0.863 GeV); the inelasticity (q,') is close to unity
within errors, although by 1.13 GeV it could be as

small as 0.8. The I =0 d-wave phase shift (6,')
around 1 GeV is larger than we would expect for
the f, meson alone. This wave also seems to be
quite inelastic (g,' = 0.80 at 1.070 GeV). This re-
sult has to be viewed with caution because it de-
pends strongly on what is assumed for the f-wave
inelasticity, and non- v-exchange background (or
absorption) may have a substantial effect on these
waves. The effect of the I =2 d wave (6', ) is small;
we can obtain a good fit by setting 5', =0 through-
out. The f-wave phase shift is small and negative
under the p and becomes positive past the wm

threshold. As indicated before, the obtained in-
elasticity is too small to be compatible with the
data in the inelastic channels; we believe that it
is simply acting as a parametrization of back-
ground (or a failure of the extrapolation). What
bearing various effects may have on our results
will be discussed in more detail in Sec. VII.
The most interesting results are the phase shift

and inelasticity of the I =0 s wave. The phase
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GAMS, Alde et al PLB 203 397, 1988.
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Figure 2: Data on ⇡⇡ ! ⇡⇡ scattering phase shifts: Protopopescu et al. from [31], Grayer et al. from [33] (Solution
B also from [32]), Estabrooks and Martin from [35], Kaminski et al. from[36]. Left panel: The scalar-isoscalar phase
shift �(0)

0 . Note the huge di↵erences due to systematic uncertainties, which exist even within data sets from the same
experimental collaboration [33] (Something similar happens with [31], but we only show the most commonly used and
consistent data set). Please note that there is no Breit-Wigner-like sharp increase of 180o on the phase between threshold
and 800 MeV. Such sharp phase increase is seen around 980 MeV, corresponding to the f0(980) meson, although starting
over a background phase of about 100o degrees. Right panel: For comparison we also show the vector-isovector �1 phase
shift, where the ⇢(770) resonance can be seen to follow the familiar Breit-Wigner shape [38] to a very good degree of
approximation.

Sometimes, as in [33], statistical uncertainties were provided for each set of solutions. However,
since these data sets are incompatible among themselves within statistical uncertainties, the dif-
ferences between sets should be interpreted as an indication of the systematic uncertainty. As an
example, the left panel of Fig.2 displays the data on ⇡⇡! ⇡⇡ scattering phase shifts of the scalar
isoscalar wave. Note the large di↵erences even within data sets coming from the same exper-
iment [33] (Solution B was published first in [32]) due to systematic uncertainties. Something
similar happens with [31], but we only show the most commonly used data set, since it will be
seen later that the others are even more inconsistent with fundamental dispersive constraints.

Another relevant indication of the interest on ⇡⇡ scattering in the early seventies was the
appearance of Ke4 experiments [39, 40]. These correspond to the K ! ⇡⇡e⌫ decay and provide
an indirect measurement of the �00 � �1 phase combination well below 500 MeV, a region that
could not be reached with ⇡N ! ⇡⇡N experiments. At that time these low energy data were not
very determinant in the � discussion, but we will see that recent Ke4 experiments have actually
been decisive to enter the precision era for light scalars.

At this point, and in view of Fig.2 it is important to emphasize that the � is so wide that
right from the very beginning it was clear that the familiar Breit-Wigner description [38], valid
for narrow isolated resonances, is not appropriate to describe the S-wave data. Actually, note in
Fig.2 that there is no isolated Breit-Wigner shape around 500-600 MeV, corresponding to a � or
f0(500) resonance. This means that the � resonance does not appear as a peak in the ⇡⇡ ! ⇡⇡
cross section nor in many other amplitudes which contain in the final state two pions with the
quantum numbers of the f0(500). Of course, a Breit-Wigner-like shape over a background phase
of about 100 degrees is seen around 980 MeV in Fig.2, corresponding to the f0(980), but even

8

Figure 58. Partial wave analysis of the K−π+ → K−π+ amplitudes deduced from the
LASS results of Fig. 57, showing the magnitude and phase for the S , P and D-waves [103].

Figure 59. Mass distribution for π0η from the GAMS experiment [11] on π−p → (π0η)n ,
where both π0 and η are detected in the γγ decay mode. Partial wave analysis reveals that
the J = 0 wave has two possible resonances a0(980) and a0(1430) in this mass region.

a0(1430)

⇡+p ! (⇡0⌘)n
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LASS experiment at SLAC EK = 11 GeV
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/K?
0 (700)
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f0(980) and a0(980) lie very close to  
KK threshold

In the scalar sector,  amplitudes grow  
rapidly from threshold:

σ and 𝜿 are broad (width ~ mass)
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dominated by S-wave interactions

Briceno et al, Phys. Rev. D 97, 054513 [Editors’ Suggestion]
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determinant condition: 
- several unknowns at each value of energy 
- energy levels typically do not coincide 
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations 
- Constrained problem when #(energy levels) > #(parameters) 
- Essential amplitudes respect unitarity of the S-matrix 

t =

✓
⇡⇡ ! ⇡⇡ ⇡⇡ ! KK̄
KK̄ ! ⇡⇡ KK̄ ! KK̄

◆

S†S = 1 ! Im t�1 = �⇢

t�1 = K�1 � i⇢K-matrix approach:

⇢ij = �ij
2ki
Ecm

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Chew-Mandelstam 
phase space: t�1 = K�1 + I use a dispersion relation to generate a real 

part from iρ

• any form real for real energies is valid 
• we use a broad selection of K-matrices 
• neglects left-hand cut



/42David Wilson (TCD)          hadron resonances  from QCD

K�1(s) =

0

@
a+ bs c+ ds e
c+ ds f g

e g h

1

A

S-wave amplitudes �27
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An example S-wave spectrum fit

t�1 = K�1 + I
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Kij(s) =
g(1)i g(1)j

m2
1 � s

+
g(2)i g(2)j

m2
2 � s

+ �ij

�⌘⌘ 6= 0

�ij = 0 otherwise

�2/Ndof =
28.9

34� 9
= 1.15

34 energy levels

An example D-wave spectrum fit

t�1 = K�1 + I
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57 energy levels

�2/Ndof =
44.0

57� 8
= 0.90

An example S-wave spectrum fit

K�1(s) =

0

@
a+ bs c+ ds e
c+ ds f g

e g h

1

A
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tij ⇠
cicj
s0 � s

Near a t-matrix pole
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• rapid variation in both amplitudes at 
threshold 

• both contain a nearby pole with a similar 
real part 

KK̄

sheet II

sheet IV

sheet I

f0

�

a0
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Kij(s) =
g(1)i g(1)j

m2
1 � s

+
g(2)i g(2)j

m2
2 � s

+ �ij

�⌘⌘ 6= 0

�ij = 0 otherwise

�2/Ndof =
28.9

34� 9
= 1.15

34 energy levels

An example D-wave spectrum fit

t�1 = K�1 + I
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Near a t-matrix pole
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The lightest tensors of QCD at mπ=391 MeV �38
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Dudek et al, Phys.Rev. D93 (2016) no.9, 094506

Briceno et al, arXiv:1708.06667

Wilson et al, Phys.Rev. D91 (2015) no.5, 054008
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Scattering amplitudes of pairs of pseudo-
scalar hadrons can be computed from 
lattice QCD

Scattering of particles with spin 

Control of 3+ body effects needed for 
 - lighter pion masses 
 - higher mass resonances

Several channels with scalar, vector and 
tensor resonances have been computed
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I = 2 ρπ scattering, mπ = 700 MeV

Woss et al, arXiv:1802.05580
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Many thanks to my collaborators: 
Raul Briceño, Bipasha Chakraborty, Jozef Dudek, Robert Edwards, Balint, Joo, 
David Richards (Jefferson Lab & around) 

Mike Peardon, Sinéad Ryan, Cian O’Hara, David Tims (Trinity College Dublin) 

Christopher Thomas, Graham Moir, Gavin Cheung, Antoni Woss (University of 
Cambridge) 

Nilmani Mathur (Tata Institute) 

(Bold - authors of one or more of the papers mentioned)
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 ̄�
 !
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 !
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operators used:

⌦†
⇡ =

X

i

viO
†
i

local qq-like constructions

two-hadron 
constructions

uses the eigenvector from the 
variational method performed in  
e.g. pion quantum numbers 

using distillation (Peardon et al 2009) 
many wick contractions, eg just pi-pi & qq operators:

3 volumes 
L=16, 20, 24 
anisotropic (3.5 finer spacing in time) 
Wilson-Clover

mπ =391MeV

mK =549MeV
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operator overlaps give some intuition 
lots of mixing in the scalar sector 
 - essential to have meson-meson ops even below threshold 
 - can’t always ‘read-off’ resonance content arXiv:1706.06223

recent review by Briceno, Dudek, Young:
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Elastic scattering: Lüscher 1986,1991 
Generalised to moving frames: Gottlieb, Rummukainen 1995 
Unequal masses: Prelovsek, Leskovec 2012 

Many derivations of the coupled-channel extension, all in agreement: 
He, Feng, Liu 2005 - two channel QM, strong coupling 
Hansen & Sharpe 2012 - field theory, multiple two-body channels 
Briceño & Davoudi 2012 - strongly-coupled Bethe-Salpeter amplitudes 
Guo et al 2012 - Hamiltonian & Lippmann-Schwinger 

Also derivations in specific channels, or for a specific parameterization of the interactions like  
NREFT, chiral PT, Finite Volume Hamiltonian, etc. 

Briceño 2014 - Generalised to scattering of particles with non-zero spin, and spin-½. 

For progress on a general 3-body quantization condition - see other talks

infinite volume scattering  
t-matrix

known finite-volume  
functionsphase space

Direct extension of the elastic quantization condition

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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An example S-wave spectrum fit

�2/Ndof =
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det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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Tensor f2 resonance poles �52

tij ⇠
cicj
s0 � s

Near a t-matrix pole
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Tensor f2 resonance poles �53
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Moir et al, JHEP 1610 (2016) 011
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Several methods - many challenges similar to experimental analyses 

• Weinberg method, uses renormalisation factor Z 

Useful for bound states - distinguishes composite meson-meson vs compact 

• Morgan pole counting 

Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact 

• Photocouplings - determine radial extent 

• Decay constants  

• Nc dependence 

qq states become stable, meson-meson sink into continuum - Pelaez et al 

• mπ dependence 

How a near-threshold state reacts to changes in the masses can give clues
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Several methods - many challenges similar to experimental analyses 

• Weinberg method, uses renormalisation factor Z 

Useful for bound states - distinguishes composite meson-meson vs compact 

• Morgan pole counting 

Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact 

• Photocouplings - determine radial extent 

• Decay constants  

• Nc dependence 

qq states become stable, meson-meson sink into continuum - Pelaez et al 

• mπ dependence 

How a near-threshold state reacts to changes in the masses can give clues

State composition �56

requires significant extra computation
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• Weinberg method 

Useful for bound states - distinguishes composite meson-meson vs compact 

• Morgan pole counting 

Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact

State composition �57
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Obtain the finite volume spectrum using a variational method

Cij(t)v
n
j = �(t)nCij(t0)v

n
j ! �n ⇠ exp(�Ent)
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J. J. Dudek, R. G. Edwards, P. Guo and C. E. Thomas, Phys.Rev. D88 (2013) 9, 094505. 
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J. J. Dudek, R. G. Edwards, P. Guo and C. E. Thomas, Phys.Rev. D88 (2013) 9, 094505. 



/42David Wilson (TCD)          hadron resonances  from QCDK-matrix details �60

• K-matrix contains everything not constrained by unitarity

• Chew-Mandelstam phase space -- include also s-channel cut along with imaginary part.

K =
1

m2 - s


g2
⇡K g⇡K g⌘K

g⇡K g⌘K g2
⌘K

�
+


�⇡K,⇡K �⇡K,⌘K

�⇡K,⌘K �⌘K,⌘K

�
t-1
ij (s) = K-1

ij (s)- i�ij⇢i(s)

• Threshold factors for l>0

(Subtract at pole so that Re I(s = m2) = 0)

Ii(s) = Ii(sthri)-
s- sthri

⇡

Z1

sthri

ds 0
⇢i(s 0)

(s 0 - s)(s 0 - sthri)

t-1
ij (s) = K-1

ij (s) + �ij Ii(s)

t-1
ij (s) =

1

(2ki)`
K-1
ij (s)

1

(2kj)`
+ �ij Ii(s)

As used in Guo, Mitchell and Szczepaniak Phys.Rev. D82 (2010) 094002  

No modifications were used in I(s) for higher waves. 

Also tested phase space factors instead of ki for thresholds.
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PRL 118, 022002 (2017)

Black point: dispersive + exp. 
J.R. Pelaez, Phys. Rep. 658, 1 (2016).
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Coupled-channel scattering from lattice QCD

Bolton, D., et al, Phys. Lett. B757 (2016) 50-56 

• fitted UChiPT LECS at 236 MeV 
• Extrapolated up to 391 MeV 
• Extrapolated down to 140 MeV
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Coupled-channel scattering from lattice QCD
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Bulava et al 2016

Lang et al 2011

Alexandrou et al 2017

• just a selection for the ρ 
• … many more in the literature 
• nucleons, K, D, B, charmonium
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FIG. 1. Mass distributions for w+x n+p events (reaction 1) in 20-MeV bins. (a) ~'p mass distribution, all events
double counted; (b) x+n mass distribution, all events double counted; (c) w+n mass distribution with 6'+ selected
and ~t&@&0.4 GeV; (d) same as (c) but tt&at&0. 1 GeVt.

restricted sample of them later on (Sec. III C). After
the ~" selection we are left with the following:

(1') w'p-w'w d,", 32100 events, ~t» &0 4GeV', .
23400 events, t t~z, &0.1 GeV',

(2') w'p-K'K h", 682 events, t t~at &0.1 GeV',

(3') w'p-w'w w'w L", 2470 events,
~
t'q~ &0.1 GeV,

(4') w'p-w'w MMA", 9600 events,
]'~ &0.1 GeV',

(6') w'p-K'(K')A", 140 events, t~~a &0.1 GeV',
(6') w'p K'K'tt-", 63 events, t t~at &0.1 GeV'.
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FIG. 2. Mass distribution for K'K n+p events (reaction 2) in 30-MeV bins. (a) n+p mass distribution, all events;(b) K'K mass distribution, all events; (c) K+K mass distribution with b++ selected and ~t&z, ~& 0.1 GeVt.
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S. D. Protopopescu, et al  
Phys. Rev. D 7, 1279 (1973)
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FIG. 11. Phases and inelasticities of I =0 s wave and I =1p wave. The crosses are the points calculated from our
data. The horizontal bars of the crosses give size of bins used in the fit to the moments and cross section. The vertical
bars indicate the calculated error at a given mass. These errors are purely statistical and do not reflect possible sys-
tematic effects introduced by extrapolation procedure. The dots correspond to the elastic "down" and "up" solutions of
Baton, Laurens, and Reignier (Ref. 26). The open circles are the results of Baillon et al. (Ref. 27).

ancy is due either to non-n-exchange background
or to our crude estimate of the M7 cross section
(see Sec. III C).
With the parameters obtained from our fit we

can compute the phases and inelasticities. These
are tabulated in Table VI and shown in Figs. 11
and 12 for case 1 (see Table IV). We point out that
the given errors are computed by standard propa-
gation of error and reflect only the statistical er-
rors; they do not reflect the inherent uncertainties
in performing an extrapolation. They should be
considered only as an indication of the minimum
error in our computed values. How accurate our
results really are can only be ascertained by com-
parison with results of an experiment at different
energy with comparable statistics.
For the p-wave phase shift (6,') we obtain the

well-known Breit-Wigner shape (with 6,'=90 at
0.772 GeV, 5,'=45'at 0.703 GeV, and 5,'=135 at
0.863 GeV); the inelasticity (q,') is close to unity
within errors, although by 1.13 GeV it could be as

small as 0.8. The I =0 d-wave phase shift (6,')
around 1 GeV is larger than we would expect for
the f, meson alone. This wave also seems to be
quite inelastic (g,' = 0.80 at 1.070 GeV). This re-
sult has to be viewed with caution because it de-
pends strongly on what is assumed for the f-wave
inelasticity, and non- v-exchange background (or
absorption) may have a substantial effect on these
waves. The effect of the I =2 d wave (6', ) is small;
we can obtain a good fit by setting 5', =0 through-
out. The f-wave phase shift is small and negative
under the p and becomes positive past the wm

threshold. As indicated before, the obtained in-
elasticity is too small to be compatible with the
data in the inelastic channels; we believe that it
is simply acting as a parametrization of back-
ground (or a failure of the extrapolation). What
bearing various effects may have on our results
will be discussed in more detail in Sec. VII.
The most interesting results are the phase shift

and inelasticity of the I =0 s wave. The phase

π

π

π

π
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J. J. Dudek, R. G. Edwards, P. Guo and C. E. Thomas, Phys.Rev. D88 (2013) 9, 094505. 

from a large basis of local qq-like operators
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kcm

Multi-sheeted complex plane due to square-root branch cuts at each threshold, 
in single channel case for now:

Ecm
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Virtual Bound state

poles in s: complex  
conjugate pairs in k

tij(s ⇠ s0) ⇠
cicj
s0 - s
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k2
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for n-channels, there are 2n sheets

many distributions of pole positions possible 

in some cases they can tell us about the 
composition the state

label sheets by signs of Im(k)
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An example D-wave spectrum fit

�2/Ndof =
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