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The relaxation times of particle numbers in hot hadronic matter with vanishing baryon
number are estimated using the ideal gas approximation and taking into account reso-
nance decays and annihilation processes as the only sources of particle number fuctua-
tions. Near the QCD critical temperature the longest relaxation times turn out to be of
the order of 10 fin and grow roughly exponentially to become of the order of 10° fm at
temperatures around 100 MeV. As a consequence of such long relaxation times, a clear
departure from chemical equilibrium must be observed in the momentum distribution
of secondary particles produced in high energy nuclear collisions.
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L INTRODUCTION

Experimental studies of QCD near and above the critical temperature for
the hadron to quark-gluon phase transition are thought to be possible in ultra-
relativistic nuclear collisions.  After such a collision takes place, a hot spot of
quark-gluon matter is expected to remain al central rapidity. This secondary
system subsequently expands and cools until a phase transition to hadronic mat-
ter occurs. This first stage of the evolution is the most relevani one for these
studies. Unfortunately, after the system enters the hadronic phase, thermal equi-
librium 18 expected to persist, erasing strong interaction signatures of this first
stage. The observed momentum distribution of stable hadrons corresponds to
the freeze out configuration, expected to correspond to temperatures well below
the critical temperature. In present high energy nuclear collisions the final state
of secondary particles shows as many as five hundred particles, mostly pions,
stemming from a source whose radius is about 5 fm., as determined from pion
interferometry. Under these conditions thermal equilibrium can persist down to
temperatures of the order of 100 MeV [1-1]. It is assumed that freeze-out occurs
suddenly, leading to a thermalized momenium distribution of the final state. The
composition of the hadronie gas at freeze-oul, however, will show an excess of
stable particles if chemical equilibrium is lost in the course of the evolution. In
fact, inelastic processes which can produce fluctuations in the number of particles
and restore chemical equilibrium in this way are overcome by the expansion rate
well before the stage of freeze-out is reached. This has been suggested [2-5) as a
natural explanation for the enhancement of the pion spectrum at low transverse-
momentum observed in present high energy nucleus collisions [6].

While the thermalization characteristic time can be well determined by con-
sidering elastic * — 7 scattering as the only source of equilibration [1,2], the
determination of the characteristic times assoctated with chemical equilibrium
involve a large number and variety of inelastic processes. Using the available
information on inelastic processes, in this work we furnish estimates for these
relaxation times.

The time evolution of the particle number densities per degree of freedom N,
of the different particles composing a system is determined by the following first
order differential equation:

9o No= 3 8n [Palbn) — Pa(—én)], (1)
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where g, = (284 +1){21,+1) counts the number of degrees of freedom associated
with the spin and the isospin of the particle and P,(én) is the probability per unit

tirne and unit volume for the elementary inelastic processes where the number of
particles of type o change by én. P, is given by the following expression:
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where {i} and {f} denote respectively to the particle content of the initial and
final states in the elementary process. Obviously, these states must satisfy the
condition that n, {f} —na.{i} = én. Here T} ; is the scattering amplitude, S({i})
and S({f}) are the initial and final state statistical factors, K; and K; are re-
spectively the momenta of the initial and final state, the Lorentz invariant volume
element. in momentum space is as usual given by
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and the density factors, which take into account the statistics of the particles,
are given by:

op(k) = Np(k) (1)
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where Ng(k) is the number density per degree of freedom of particles of type
with momentum k. In thermal equilibrium at temperature T this number density

is given by:

if 3 1s a boson
if 2 is a fermion

if #is a boson
if A is a fermion
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where ¢g(k) = FEp(k) — pg, and pg is a chemical potential. A non-vanishing
chemical potential can be associated with conserved and approximately conserved
particle numbers. By the latter one means those numbers whose characteristic
relaxation times are much greater than the thermal relaxation time of the system.
A chemical potential be ascribed even to short lived resonances, since resonances
are constantly regenerated in the collisions of stable siates, and consequently,
their lifetime is not directly related to the relaxation time of their chemical po-
tential.

From egs. (2, 4, 5}, and in the limit of small chemical potentials, the following
form for N, is obtained:

(5)
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where v runs over all particle species. The explicit expression for TG, £;7) is
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For small chemical potential, we can write
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where N s the deusity at vanishing chemical potential. Since we are considering

the titne evolution al constant temperature, Ng = 0, and eqn.(6) becomes a
system of first order linear differential equations with constant coeflicients. The
characteristic times of this system of equations are the chemical relaxation times
we need.

In the case of baryons, particle and antiparticle are taken into account sepa-
rately, while mesons are considered as their own antiparticles by including all the
members of each flavor multiplet. We are assuming that there is no net baryon
number, and therefore the chemical potentials associated to a baryon and its
antiparticle are equal.

In a realistic sitnation, eqn.(6) requires a large body of information about
the muiiipie inelastic sirong inieraciion processes. Only pariiai informaiion is
available from data: for instance, there are sufficient data on resonance decays
and N — N annihilation. On the other hand, data on resonance production in
hadronic collisions at low energy are poor, and more exotic inelastic processes are
experimentally inaccessible. As a consequence, approximations are unavoidable.
These approximations will consist in including in eqn. {6) only those processes for
which data are already available and those whose rates can be estimated reliably
enough.

For the sake of illustration, we first discuss the chemical relaxation time in a
pion gas. In this case the relevant inelastic process is 7@ « wwax, for which an
estimate within Chiral Perturbation Theory is possible. Later on, we consider a
more realistic situation, where all hadronic levels, except those containing strange
quatks, are included. The main conclusion is that chemical relaxation times
are large, even at temperatures close to the phase transition, supporting the
conviction that in a high energy heavy ion collision the evolution of the fire-ball
in the hadronic phase will proceed away from chemical equilibrium.

1. PION GAS

At low temperatures and in the absence of net baryoen number, a gas of pions
gives a good approximation to the thermodynamics of a hadronic gas. As the
temperature increases, heavier states become increasingly populated and even-
tually dominate the energy density [7]. Concerning the kinetic properties of the
hadronic gas, it was found that the thermal relaxation time is reliably obtained
within the pion gas approximation if the temperature is less than 130 MeV [9).
On the other hand, as we find in this work, the relaxation times associated with
chemical equilibrium are poorly represented in this approximation if the temper-
ature exceeds 70 MeV. Since the question of chemical equilibrium is turns out
to be important at temperatures close to the critical temperature, for practical
purposes the pion gas turns out to give an unreahstic picture. For the sake of
making this claim clear, and also giving a simple illustration of the topic of this
work, we discuss the pion gas case in detail.

We work in the dilute gas approximation (E, >> 2T}, where according to
eqn.(6) the time evolution of Ny = N,o + Ny+ + N,- becomes determined by
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Performing the integrations over the finai state phase space and the anguiar
integrations in the initial state phase space, this equation takes the following

form:
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where:
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The cross section is estimated hy using the amplitude obtained from the
lawest order chiral Lagrangian. A practical simplification consists in neglecting
the tree level contribution to the amplitude resulting from twice iterating the
chiral Lagrangian term containing the four-leg vertices. We expect thal this
approximation will not significantly affect the results. In the chiral hmit, and
after summing over the initial state isospins I; and 4, the inelastic cross section,
is:

3
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In this limit, the integrations over the initial energies are readily performed, and
the chemical relaxation time becomes:

FS
T% (14)
For the physical value of the pion mass we perform the integration numerically.
Table I shows the results for the chemical relaxation time. For comparison, the
thermal relaxation time of the pion gas {2] is also displayed.

Telag. o ~ 4700

T oMz =0) | (M. =138 MeV) | Tihermat
MeV fm fm {m
100 5150 17000 17
120 1000 2300 7
140 250 450 3.3
160 75 120 1.7
180 26 40 0.9
200 10 15 0.5

Table I: Resulls for chemical relazation ltme 7, in a pure pionic gas. The
last column shows the thermal relazation ftme.

As s increases the lowest order chiral Lagrangian fails to give a good rep-
resentation of the cross section, overestimating its value. For this reason, at
temperatures above 158 MeV or so the chemical relaxation time of a pion gas
ought to be targer than in the table.

I11. HADRONIC GAS

In a hadronic gas a large variety of inelastic elementary processes can take
place. These processes tend to maintain or restore chemical equilibrium as they
can produce fluctuations of the different particle numbers. Due to the large
multiplicity of badronic states and the large variety of inelastic processes, it is
clear that a precise analysis is impossible. Data are available only for resonance
decays and N — N annihilation processes, and to a lesser extent, for resonance
production in # — N and N — N collisions at low energy. For this reason, we
will only take into account the following processes: (a) resonance decays, e.g.
p—am, N* = Nm, N* = Nar, etc.; (b) baryon-antibaryon and excited meson
annihilation into pions, e.g. NN — 7.7, ww — 7.7, elc. The purely pionic
processes considered in the previous section turn out to give small corrections
in this more realistic picture, and are therefore neglected. Strange hadrons are
also neglected. We expeci that by solely including these classes of processes, a
reasonable estimate of the relevant chemical relaxation times can be obtained.
Within the dilute gas approximation to eqn.(6) one can then write down:

BaSaNa=)_ Aap s (15)
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where o, # = 7, N, N}, Aj, and, 8, = 1(2) if @ is a meson(baryon). The
matrix Aqp is symmetric, and for the class of processes we take into account its
matrix elements are given by the following expressions:
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where the following definitions have been used: (8n,), is the average number of
pions produced in the decay of the state a, {6nx}.p is the average number of
pions produced in the annihilation of a with 3, and analogously for the corre-
sponding averages of the square of the number of pions. We have assumed that
the annihilation averages are roughly energy-independent at low energy, so that
they can be factored out. Here Iy, is the width of the corresponding resonance,
and (l, 5 can be expressed in terms of the total annihilation cross section as
follows:

3k, Pk N
Quﬁ = / --('Q“TBE"E t‘-Kp(—(Eu + f’;p)/r) I U(k,_—,,kﬁ) I O f—pions s (17)
where | v{kq, kp) | the relative speed in the rest frame of one of the colliding
partners. For N — N annihilation the following approximation holds [8]:

Qn N{T) ~ NE %(54(40\/114’1‘/70 (18)

where M is the nucleon mass, a ~ 17 mb and b ~ 39 mb.GeV. We adopt here the
following approximation: for all possible annihilation processes the form shown
in (18) is used, with the densities replaced by the densilies of the partners in the
collision and the nucleon mass replaced by the average mass. This is a crude guess,
which is required by the lack of experimental access to resonance annihilation
processess. The following further approximations are performed: (a) the averages
(6ny)a s and {6n?), 5 are taken to be the same for all annihilation processes and
(b) resonances whose width is larger than 250 MeV are not included.

We first consider a simplified case, where only pions, nucleons and p mesons
are taken into account. We find that the longest relaxation time corresponds to a
configuration where gy, ~ % #p and, in the limit where (6n2)amnih,;_ ~ (6n,)§nmhﬂ_ ,
BN o~ %(6ﬂ,)ann;hi|_,u,. In reality, (6n2}annibt. > (6nx)Z,un » and the latter
relation is substantially affected. The next longest relaxation time corresponds
to a configuration where the chemical potentials of pions and p mesons are in
the same relation as before, but the nucleon chemical potential is now similar to
px and of opposite sign. This is interpreted as follows: The longest relaxation
time has to do with how fast the bulk excess of particles can be anmbhilated. The
second longest time measures how fast an excess of nucleons plus antinucleons is
annihilated.

When we include all hadronic levels with no strangeness content, a hierarchy
of relaxation times results. Only those times longer than the time scale char-
acterizing the evolution of the system are of relevance. It turms out that the
longest times are similar to those obtained in the simplified case. Thus, the
approach to chemical equilibrium is not substantially altered by the addition
of more states. 1t however occurs that a larger number of configurations will
have relaxation times which are long on this time scale. These configurations
show different patterns for the chemical potentials. The only qualitative feature
shared by these patterns is that at temperatures below 160 MeV the chemical
potentials of mesonic resonances are all similar to each other, and approximately
given by twice the pion chemical potential. The baryonic chemical potentials are
also similar to each other, and much larger than p,, with gy, ~ &(T'} jtx, where
K{T) ~ 10 x 2Te-1)20MV 160 MeV. Above that temperature the bary-
onic chemical potentials become of the same order as puy, and the mesonic ones



show values much larger than g, This indicaies that the approach to equilib-
rium of those configurations with the longest relaxation times are driven at high
ternperatures mainly by the haryons, and at lower temperatures by the meson
resonances.

T AA) (B}
MeV fm fm

100 | 2200; 1200 | 1060; 470; 20; 8
1300; 700 | 1030; 280; 20; 8
120 | 260; 130 165; €5; 15; 8

200; 60 140; 40; 15; 8

140 65; 25 50; 17,9, 7

50; 13 35; 15; 8; 5.5

160 75. 9 22; 10; 8; 4
17; 4 12; 9; 8; 4
180 10; 4 13. 9,7, 4
7, 2 9.5 7,5 4
200 5 2 11; 9; 6; 4
4; 1 9, 7. 4;3

Table II: Results for chemical relazation times in a hadronic gas. (A)
refers lo the case where only pions, nucleons and p-mesons arc included.
The two longest relazation times are given. (B) corresponds to the inclusion
aof all relevant hadronic levels. The four longest relazation fimes are given.
The upper and lower rows cerrespond repectively to the cases (6n3)annih;|_ =
30 and 40. In all cases {énx}anniba = 5.

We have checked that by removing some states the longest relaxation times
are hardly affected. There are also minor effects in the composition of the gas
corresponding to those longest times. We also observe modest changes when
the annihilation cross section is changed by a factor of two or so. This suggests
that the estimates given here should not be substantially altered by taking more
precise values for the annihilation cross sections and by including other inelastic
processes ignored in our approximations. Finally, comparison with the results for

the pion gas shows the inadequacy of the latter as an approximation (taking into
account that the pion gas results obtained here are trustworthy below 150 MeV,
as mentioned in section 2).

One can draw the following picture of a hadronic gas which drives out of chem-
ical equilibrium in the course of the expansion. Suppose that the system is large
enough so that initially equilibrium prevails. As the expansion rate increases and
becomes larger than the longest relaxation time at the current temperature, a
chemicai poientiai associaied io ihe configuraiion of ihe corresponding eigenvec-
tor starts to develop. As the expansion proceeds, it eventually becomes larger
than the second longest relaxation time, and an additional chemical potential
starts to develop. Thus, in the course of the expansion, at each stage the ther-
modynamic state of the hadronic gas will be characterized by T, and as many
chemical potentials as the number of characteristic relaxation times which are
longer than the current expansion rate. The evolution of these potentials in the
course of the expansion can in principle be estimated. In practice, the typical
radii of the highest multiplicity systems produced in high energy nuclear collisions
are of the order of 10 fm at freeze-out. Thus, in this situation, the relaxation
times ought to be compared with the size of the systemn rather than with the
inverse expansion rate, as this is smaller. Clearly, chemical equilibrinm cannot
be sustained even in the early stages after hadronization occurs.

Acknowledgement: 1 thank the Theory Division of CERN for their kind
hospitality and financial support during the completion of part of this work. 1
also thank Simon Capstick for carefully reading the manuscript.

10



REFERENCES

(1) E. V. Shuryak, Phys. Lett. B207 (1988) 345.

[2] J.L. Goity and H. Leutwyler, Phys. Lett. B228 (1989) 517.

[3] P. Gerber, J.L. Goity and H. Leutwyler, Phys. Lett. B246 (1990) 513.
[4] 3.L. Goity, Nucl. Phys. B16 (Supl. Proc.) (1990) 407.

[5] M. Kataja and P.V. Ruuskanen, Phys. Lett B243 (1990) 181.

[6] A. Bamberger et al., Phys. Lett. B203 (1988) 320.
J.W. Harris, Nucl. Phys. A498 (1989) 133.
T.). Humanic, Z. Phys. C38 (1988} 79.

[7] P. Gerber and H. Leutwyler, Nucl. Phys. B321 (1989} 387.

[8] H. Bebie, P. Gerber, J L. Goity and H. Leutwyler, Nucl. Phys. B378 (1992)
95.

[9] A. Scheuk . Nucl Phys. B363 (1991) 97.

11



