
A Covariant model for the Nucleon and ∆
Jlab Cake Seminar

Gilberto Ramalho

Jefferson Lab
CFTP (Instituto Superior Técnico)

Collaborators: Franz Gross, Teresa Peña

Support:

November 28, 2007

G. Ramalho, Jlab Cake Seminar November 28, 2007 1 / 31



Outline

1 Background

2 Spectator Quark Model
Nucleon Wave Function
Diquark polarization states

3 Nucleon Elastic Form Factors

4 N-∆ transition
Delta wave function
Sum in diquark polarizations
Form Factors

5 Classification of Angular Momentum states

6 Conclusions

G. Ramalho, Jlab Cake Seminar November 28, 2007 2 / 31



Background

Constituent Quark Model view

Quark dressed by gluons and
qq̄ interactions

Gluon interactions between
qq̄ ⇒ quark form factors

Quarks with anomalous
moments κu, κd

Nucleon FF can be explained
without high angular
momentum components

Light Front view

Baryon states as a sum of Fock
states:
qqq, qqqg, qqq(qq̄), ...

Pointlike quarks

No anomalous moments
κu, κd = 0

High angular momentum
required to explain κN 6= 0
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Spectator Quark Model

k
P+ P−

N , ∆,... N

Ψf Ψi

diquark on-mass-shell

Hadronic current

Jµ = 3
∑

λ

∫

k
Ψ̄f (P+, k)jµI Ψi(P−, k)

Quark current

jµI = j1

(

γµ − 6qqµ

q2

)

+ j2
iσµνqν

2M

ji =
1
6

fi+ +
1
2

fi−τ3

Vector Meson Dominance current

f1± = λq +
1 − λq

1 + Q2/mV
2 + c±

Mh
2Q2

(Mh
2 + Q2)2

f2± = κ±

(

d±

1 + Q2/mV
2 +

1 − d±

1 + Q2/Mh
2

)

3 parameters
{

λq ⇐ DIS
c± ⇐ fit

4 parameters
{

κ± ⇐ Gn,p
M (0)

d± ⇐ fit

mV = mρ, Mh = 2M nucl-th/0606029v1
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Deep Inelastic Scattering (Extra)

< x f >

< f >
= 0.171

⇒ diquark mass

∫ 1

−∞

f (x)dx = λq
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Wave functions construction

Construction of a baryon wave function:

Non Relativistic structure; baryon rest frame: P = 0
⇒ Relativistic form

Consider a boost in the z-direction
fixed-axis polarization states

Initial and final state wave functions defined in a collinear frame
diquark constraint

Arbitrary Lorentz transformation Λ
⇒ wave function defined in an arbitrary frame

⇒
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Wave functions construction

Construction of a baryon wave function:

Non Relativistic structure; baryon rest frame: P = 0
⇒ Relativistic form

Consider a boost in the z-direction
fixed-axis polarization states

Initial and final state wave functions defined in a collinear frame
diquark constraint

Arbitrary Lorentz transformation Λ
⇒ wave function defined in an arbitrary frame

⇒ Axial diquark with positive parity
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Nucleon Wave Function (Non Relativistic form)

Spin 1/2 NR spin-isospin S-state structure (P = 0):

ΨNR =
1√
2

(
φ0

I φ
0
S + φ1

I φ
1
S

)
φN(P, k)

φ0
S and φ1

S written in terms of the nucleon spin χN(s)

S = 0 : φ0
S(±) ≡ 1√

2
(χ+χ− − χ−χ+) χ± α χN(±)

S = 1 : φ1
S(s;λ) ≡

∑

(Cλ
s1,s2,s3)χs1χs2χs3 =

1√
3

(σ · ε∗λ) χN(s)

Spin-1 polarization vectors

εµ(±) = ∓ 1√
2

(0, 1,±i , 0) εµ(0) = (0, 0, 0, 1)
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(
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I φ
0
S + φ1

I φ
1
S

)
φN(P, k)

φ0
S and φ1

S written in terms of the nucleon spin χN(s)

S = 0 : φ0
S(±) ≡ 1√

2
(χ+χ− − χ−χ+) χ± α χN(±)

S = 1 : φ1
S(s;λ) ≡

∑

(Cλ
s1,s2,s3)χs1χs2χs3 =

1√
3

(σ · ε∗λ) χN(s)

Spin-1 polarization vectors

εµ(±) = ∓ 1√
2

(0, 1,±i , 0) εµ(0) = (0, 0, 0, 1)

Similar result for the isospin

G. Ramalho, Jlab Cake Seminar November 28, 2007 7 / 31



Nucleon Wave Function (Relativistic Form)

Relativist form with P = 0; S = 0: φ0
S = u(0, s)

S = 1 : φ1
S(s;λ) = − 1√

3
(ε∗λ)αγ5γ

αu(0, s) = −(ε∗λ)αUα(0, s)

Uα(0, s′) =
X

sλ

〈1λ;
1
2

s|
1
2

s′〉εα
λu(0, s)

ε∗P

P
Ψ

k

p1

Spin wave function (S=1)
φ1

S(s;λ) = −ε∗αUα(P, s)
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Nucleon Wave Function (Relativistic Form)

Relativist form with P = 0; S = 0: φ0
S = u(0, s)

S = 1 : φ1
S(s;λ) = − 1√

3
(ε∗λ)αγ5γ

αu(0, s) = −(ε∗λ)αUα(0, s)

Uα(0, s′) =
X

sλ

〈1λ;
1
2

s|
1
2

s′〉εα
λu(0, s)

ε∗P

P
Ψ

k

p1

Spin wave function (S=1)
φ1

S(s;λ) = −ε∗αUα(P, s)

Covariant wave function for a moving frame: P 6= 0 boost

ΨN =

{

u(P, s)χI − 1√
3

(ε∗P)αUα(P, s)[(ξ∗ · τ)χI ]

}

φN(P, k)

ξi cartesian rep. of isospin-1 states ξ1,m (m = 0,±1)

ΨN satisfies Dirac eq φN(P, k) =
N0

(β1 + (P − k)2)(β2 + (P − k)2)
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Diquark polarization states

Helicity states are usually used to define polarization.
In the x − z plane: k = (Ek , k cos θ, 0, k sin θ)

ξ(0) =
1
m







k
Ek sin θ

0
Ek cos θ







, ξ(±) = ∓ 1√
2







0
cos θ
±i

− sin θ







ξ(λ) is θ− dependent; k · ξ = 0
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Diquark polarization states

Helicity states are usually used to define polarization.
In the x − z plane: k = (Ek , k cos θ, 0, k sin θ)

ξ(0) =
1
m







k
Ek sin θ

0
Ek cos θ







, ξ(±) = ∓ 1√
2







0
cos θ
±i

− sin θ







ξ(λ) is θ− dependent; k · ξ = 0

Fixed-axis: vector particle is bound to a system with P = (P0, 0, 0, P):

ε(0) =
1
M







P
0
0
P0







, ε(±) = ∓ 1√
2







0
1
±i
0







No angular dependence; P · ε = 0

arXiv:0708.0995 [nucl-th]
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Nucleon Elastic Form Factors

Good description of
the Jlab GEp/GMp data
with a S-state
Nucleon rest frame
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Nucleon Elastic Form Factors

Good description of
the Jlab GEp/GMp data
with a S-state
Nucleon rest frame

⇒ GEp/GMp falloff is
not a signature of high
orbital momentum
states
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Nucleon Elastic Form Factors (2)

Good description of
the data using models
with 5-9 parameters
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Nucleon Elastic Form Factors (2)

Good description of
the data using models
with 5-9 parameters

Models with and
without explicit pion
cloud but VMD

pQCD asymptotic
behavior

GM , GE ∼ 1
Q4 ×

(logQ2corrections)
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Nucleon Elastic Form Factors (3)

Models with no explicit
pion cloud

· · · · · · · Model I (4) :
Isospin symmetry
f1+ = f1−

χ2 =9.26
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Nucleon Elastic Form Factors (3)

Models with no explicit
pion cloud

· · · · · · · Model I (4) :
Isospin symmetry
f1+ = f1−

χ2 =9.26

- - - Model II (5):
No Isospin symmetry
f1+ 6= f1−

χ2 =1.36
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Delta wave function (S-state)

Spin 3/2 NR form (P = 0) S-state

φi(s′) =
∑

sλ

〈1λ;
1
2

s|2
2

s′〉εi
λχs =







εi
+χ↑ s′ = + 3

2√
2
3εi

0χ↑ +
√

2
3εi

+χ↓ s′ = + 1
2√

2
3εi

0χ↓ +
√

2
3εi

+χ↑ s′ = − 1
2

εi
−χ↓ s′ = − 3

2
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Delta wave function (S-state)

Spin 3/2 NR form (P = 0) S-state

φi(s′) =
∑

sλ

〈1λ;
1
2

s|2
2

s′〉εi
λχs =







εi
+χ↑ s′ = + 3

2√
2
3εi

0χ↑ +
√

2
3εi

+χ↓ s′ = + 1
2√

2
3εi

0χ↓ +
√

2
3εi

+χ↑ s′ = − 1
2

εi
−χ↓ s′ = − 3

2

States related with Rarita-Schwinger states w i in rest frame

φi(s) = T iω(s) →
[

T iω(s)
0

]

= w i(0, s)

T i spin 1/2→ 3/2 transition matrix; ω(s) spin 3/2 state

ε∗P

P
Ψ

k

p1

Delta Spin wave function (S=1)

Φ1
∆(s;λ) = −(ε∗P)β

λwβ(P, s)
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φi(s′) =
∑
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2√
2
3εi

0χ↑ +
√

2
3εi

+χ↓ s′ = + 1
2√

2
3εi

0χ↓ +
√

2
3εi

+χ↑ s′ = − 1
2

εi
−χ↓ s′ = − 3

2

States related with Rarita-Schwinger states w i in rest frame

φi(s) = T iω(s) →
[

T iω(s)
0

]

= w i(0, s)

T i spin 1/2→ 3/2 transition matrix; ω(s) spin 3/2 state

ε∗P

P
Ψ

k

p1

Delta Spin wave function (S=1)

Φ1
∆(s;λ) = −(ε∗P)β

λwβ(P, s)

Covariant ∆ wave function P 6= 0

Ψ∆ = −(ε∗P)β
λwβ(P, s)

[
(T · ξ∗)χ̃I]φ∆(P, k)

T i isospin 1/2→ 3/2 transition matrix; χ̃I ∆ isospin states
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N-∆ transition - sum in the diquark polarizations

Wave functions ΨN and Ψ∆ satisfies Dirac equation
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Wave functions ΨN and Ψ∆ satisfies Dirac equation

ΨN ∼ εµ
P
−

, Ψ∆ ∼ εν
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N-∆ transition - sum in the diquark polarizations

Wave functions ΨN and Ψ∆ satisfies Dirac equation

ΨN ∼ εµ
P
−

, Ψ∆ ∼ εν
P+

, ⇒ Jµ = Dµν(....)ν

Dµν first defined in collinear frame -diquark condition

Dµν ≡
∑

λ

εµ
λP+

εν∗
λP

−

Covariant form (b = P+ · P−)

Dµν =

„

−gµν +
Pµ

−
Pν

+

b

«

+
M∆M

b(M∆M + b)

„

P− −
b

M2
∆

P+

«µ „

P+ −
b

M2
P−

«ν
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N-∆ transition - sum in the diquark polarizations

Wave functions ΨN and Ψ∆ satisfies Dirac equation

ΨN ∼ εµ
P
−

, Ψ∆ ∼ εν
P+

, ⇒ Jµ = Dµν(....)ν

Dµν first defined in collinear frame -diquark condition

Dµν ≡
∑

λ

εµ
λP+

εν∗
λP

−

Covariant form (b = P+ · P−)

Dµν =

„

−gµν +
Pµ

−
Pν

+

b

«

+
M∆M

b(M∆M + b)

„

P− −
b

M2
∆

P+

«µ „

P+ −
b

M2
P−

«ν

The covariant expression of Dµν holds for any frame

Dµν(P ′
+, P ′

−) = Λµ
αΛν

βDαβ(P+, P−)
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N-∆ transition (G∗
E , G∗

C)

Transition current

Jµ = 3
∑

λ

∫

k
Ψ̄∆ jµI ΨN

= w̄β[G1qβγµ + G2qβPµ + G3qβqµ − G4gβµ]γ5u

Jones and Scadron, Annals Phys. 81, 1 (1973)

P = 1
2 (P+ + P−) q = P+ − P−

G1, G2, G3 → multipoles G∗
M , G∗

E , G∗
C
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N-∆ transition (G∗
E , G∗

C)

Transition current

Jµ = 3
∑

λ

∫

k
Ψ̄∆ jµI ΨN

= w̄β[G1qβγµ + G2qβPµ + G3qβqµ − G4gβµ]γ5u

Jones and Scadron, Annals Phys. 81, 1 (1973)

P = 1
2 (P+ + P−) q = P+ − P−

G1, G2, G3 → multipoles G∗
M , G∗

E , G∗
C

Nucleon and Delta S-states ⇒ G∗
E= G∗

C= 0

With positive parity axial diquarks:
⇒ Nucleon or Delta D-states needed to generate Quadrupole FF
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N-∆ transition (G∗
M)

Magnetic dipole FF

G∗
M(Q2) =

4

3
√

3

M
M + M∆

j−

∫

φ∆φN =

Q2=0
︷ ︸︸ ︷

2.07
∫

φ∆φN
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G∗
M(Q2) =

4

3
√

3

M
M + M∆

j−

∫

φ∆φN =

Q2=0
︷ ︸︸ ︷

2.07
∫

φ∆φN

Cauchy-Schwartz inequality (for Q2 = 0):

∫

φ∆φN ≤
√
∫

φ2
N

√
∫

φ2
∆=1

⇒ G∗
M(0) ≤ 2.07
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N-∆ transition (G∗
M)

Magnetic dipole FF

G∗
M(Q2) =

4

3
√

3

M
M + M∆

j−

∫

φ∆φN =

Q2=0
︷ ︸︸ ︷

2.07
∫

φ∆φN

Cauchy-Schwartz inequality (for Q2 = 0):

∫

φ∆φN ≤
√
∫

φ2
N

√
∫

φ2
∆=1

⇒ G∗
M(0) ≤ 2.07

⇒ Spectator QM can explain only 70% of the experimental G∗
M(0)
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N-∆ transition (G∗
M form factor)

0 1 2 3 4 5 6 7 8
Q

2
(GeV

2
)

0

0.2

0.4

0.6

0.8

1

G
M

*/
(3

G
D

)

Data
Model I  (Bare)
Model II (Bare)

Data from DESY, SLAC and CLAS/Jlab
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N-∆ transition (GBare
M )

Underestimation of G∗
M(0)

SU(6) Non Relativistic QM G∗
M(0) ≈ 2.3 (77%)

Review: Pascalutsa, Vanderhaeghen and Yang, Prep. 437, 125 (2007)
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N-∆ transition (GBare
M )

Underestimation of G∗
M(0)

SU(6) Non Relativistic QM G∗
M(0) ≈ 2.3 (77%)

Review: Pascalutsa, Vanderhaeghen and Yang, Prep. 437, 125 (2007)

Relativistic QM G∗
M(0) ≈ 2.0 (66%)

Diaz, Sato, Lee and Smith PRC75, 015205 (2007)

Light Cone Sum Rules (Q2 > 1 GeV2)
Braun, Lenz, Peters and Radyushkin, PRD 73, 034020 (2006)

Generalized Parton Distribution (70-80%)
Guidal, Polyakov, Radyushkin and Vanderhaeghen, PRD72 054013 (2005)

Dynamical Models: Sato-Lee; Dubna-Mainz-Taipai (55-70%)
Pion production dynamic: γN → πN, πN → πN
Sato-Lee PRC 54 2660 (1996), PRC 63 0552001 (2001);
Kamalov et al PRC 64 032201 (2001), PRL 83 4494 (1999)
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N-∆ transition (G∗
M form factor)

∆ N

γ

=
Quark Model

+

+ + ...

Pion Cloud

G∗
M = GBare

M + Gπ
M
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N-∆ transition (G∗
M form factor)

∆ N

γ

=
Quark Model

+

+ + ...

Pion Cloud

G∗
M = GBare

M + Gπ
M

Quark Model ⇒ GBare
M

Parametrization for Gπ
M needed ⇐ empirical parametrization:

i) Significant Gπ
M(0); ii) falloff with Q2
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+ + ...
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G∗
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M + Gπ
M

Quark Model ⇒ GBare
M

Parametrization for Gπ
M needed ⇐ empirical parametrization:

i) Significant Gπ
M(0); ii) falloff with Q2

Dynamical Model ⇒ Gπ
M

Parametrization for GBare
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N-∆ transition (G∗
M form factor)

∆ N

γ

=
Quark Model

+

+ + ...

Pion Cloud

G∗
M = GBare

M + Gπ
M

Quark Model ⇒ GBare
M

Parametrization for Gπ
M needed ⇐ empirical parametrization:

i) Significant Gπ
M(0); ii) falloff with Q2

Dynamical Model ⇒ Gπ
M

Parametrization for GBare
M nedded; or ...

Use model for Gπ
M to extract GBare

M from data
Diaz, Sato, Lee and Smith PRC75, 015205 (2007)
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N-∆ transition: G∗
M form factor -Bare data
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N-∆ transition: G∗
M form factor -Bare results
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N-∆ transition G∗
M form factor - Results
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N-∆ transition (Conclusions)
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(except for Q2 ∼ 0)

Deviation for high Q2

More accurate
constraintment required
Q2 > 3 GeV2: GBare

M and
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M dep.

G∗
M ∼ 1/Q4 like in pQCD
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Pion Cloud
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Pion Cloud
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Comparing Nucleon and ∆ wave functions
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Classification of AM states: projectors

S-state Direct product of 1 ⊕ 1
2 MB=baryon mass

M. Benmerrouche et al PRC 39, 2339 (1989)

S = 1
2

(
1, 1

2

)
: Uα Pαβ

1/2 = 1
3

(

γα − Pα 6P
M2

B

)(

γβ − Pβ 6P
M2

B

)

S = 3
2

(
1, 1

2

)
: wα Pαβ

3/2 = gαβ − 1
3γαγβ

− 1
3M2

B

(
6 PγαPβ + Pαγβ 6 P

)

Pαβ
1/2 + Pαβ

3/2 = gαβ − PαPβ

M2
B

NR−→ I ij(= δij)
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(
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: wα Pαβ
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(
6 PγαPβ + Pαγβ 6 P

)

Pαβ
1/2 + Pαβ

3/2 = gαβ − PαPβ

M2
B

NR−→ I ij(= δij)

State projections:

P1/2Uα = Uα P3/2Uα = 0
P1/2wα = 0 P3/2wα = wα
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Classification of AM states: proprieties

Proprieties of the S-states

Uα = 1√
3
γ5

(

γα − Pα

MB

)

u γαUα 6= 0, PαUα = 0, 6PUα = MBUα

wα = T αω γαwα = 0, Pαwα = 0, 6Pwα = MBwα

Example: ∆ D-states

W α
D = Dαβ(P, k)wβ(P)

= (P1/2)
αβDβσwσ + (P3/2)

αβDβσwσ

Dαβ: D-state operator
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Delta wave function (Extension)

Adding angular momentum components
to the ∆ wave function

Configuration: (L, S)

ΨN(S-state) → Ψ∆







(
0, 3

2

)
→ G∗

M

(
2, 3

2

)
→ G∗

M , G∗
E

(
2, 1

2

)
→ Ḡ∗

M , Ḡ∗
E , G∗

C

Ḡ∗
M , Ḡ∗

E = 0 when Q2 = 0
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Delta wave function (Extension 2)

Adding angular momentum components
to the ∆ wave function

S-state

D-state
(
2, 3

2

)
?







ΨN → Ψ∆







(
0, 3

2

)
→ G∗

M

(
2, 3

2

)
→ G∗

M , G∗
E

(
2, 1

2

)
→ Ḡ∗

M , Ḡ∗
E , G∗

C

Is the nucleon D-state important
for the N∆ transition ?
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Final Conclusions

Covariant spectator wave functions for N and ∆

based in S-states; fixed-axis polarization vectors
satisfies Dirac equation and NR limit
gauge invariant currents
electromagnetic interaction based in VMD
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Final Conclusions

Covariant spectator wave functions for N and ∆

based in S-states; fixed-axis polarization vectors
satisfies Dirac equation and NR limit
gauge invariant currents
electromagnetic interaction based in VMD

Extension for D-states is in progress

Good description of N elastic form factors

Description of the main contribution of the dominant N-∆ form factor
(∼ 60% of G∗

M ): GBare
M contribution

Results consistent with Quark Models and Dynamical Models
[Addition of pion cloud ]

A more accurate description of the N-∆ data requires the inclusion of
D-states at least in the ∆ wave function
Systematic classification of the angular momentum components ⇒

extension of the previous applications (N and ∆)
application to higher nucleon-resonance transition
∆∆ form factors (∆ magnetic moments), ...
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