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Outline

 Introduction
Great progress has been made recently

 Transverse momentum dependent 
factorization

 Twist-three collinear factorization 
framework

 Next-to-leading order corrections

 Outlook 
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What’s Single spin asymmetry?

Single Transverse Spin
Asymmetry (SSA)

Final state particle is
Azimuthal symmetric

Transverse plane
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SSAs in Modern era : RHIC, JLab, 
HERMES, …

Central rapidity!!

BRAHMS

STAR

Large SSA continues at DIS ep

and collider pp experiments!!
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Why Does SSA Exist?
 Single Spin Asymmetry requires

Helicity flip: one must have a reaction 
mechanism for the hadron to change its 
helicity (in a cut diagram)

A phase difference: the phase difference 
is needed because the structure S ·(p × k) 
violate the naïve time-reversal invariance
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Naïve parton model fails
 If the underlying scattering mechanism is 

hard, the naïve parton model generates a 
very small SSA: (G. Kane et al, 1978), 

It is in general suppressed by αSmq/Q

 See also, Ma-Sang, arXive: 0809.1791

 We have to go beyond this naïve picture
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Two mechanisms in QCD
 Spin-dependent transverse momentum 

dependent (TMD) function
 Sivers 90

 Brodsky,Hwang,Schmidt, 02 (FSI)

 Gauge Property: Collins 02;Belitsky-Ji-Yuan,02

Boer-Mulders-Pijlman,03

 Factorization: Ji-Ma-Yuan,PRD04;Collins,Metz,04

 Twist-3 quark-gluon correlations (coll.)
 Efremov-Teryaev, 82, 84

Qiu-Sterman, 91,98

P

kTST

Sivers function ~ ST (PXkT)
.
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Regions
 Twist-three: the single inclusive hadron 

production in pp, require large PT, SSA 
is suppressed by 1/Pt

 TMD: low PT, require additional hard 
scale like Q2 in DIS and Drell-Yan, 
PT<<Q, SSA survives in Bjorken limit

 Overlap: QCD<< Pt<<Q, unifying these 
two
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Two contributions

 Collins Mechanism in the fragmentation

 Sivers effects in the distribution

kTST

P
ST (PXkT)

(zk+pT)
~pTXsT

(k,sT)

TMD: Collins, 1993

Twist-three: Koike, 02;

Meissner, Metz, 08

Yuan-Zhou, 09

TMD: Sivers, 1990

Twist-three: Efremov, Teryaev, 82;

Qiu-Sterman, 91



Where can we learn TMDs

 Semi-inclusive hadron production in 
deep inelastic scattering (SIDIS)

 Drell-Yan lepton pair production in pp 
scattering

 Relevant e+e- annihilation processes

 Many others…

5/6/2009 EIC Meeting 2008 10
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Inclusive and 
Semi-inclusive DIS

Inclusive DIS:
Partonic Distribution depending on 

the longitudinal momentum fraction

Semi-inclusive DIS:
Probe additional information for partons’

transverse distribution in nucleon 

Q

Q



TMD: Naïve Factorization

TMD distr. TMD frag.

Mulders, Tangelman, Boer (96 & 98) 

 SIDIS Cross section

• Naïve factorization (unpolarized structure function)

Hadron tensor



QCD Factorization
 Factorization for the structure function

– q: TMD parton distribution

– q hat: TMD fragmentation function

– S: Soft factors

– H: hard scattering.

Impact parameter space



One-loop Factorization

• Verify the factorization

• Deduce the correct definition of TMD parton dis.

• Estimate of one-loop correction to H

Purpose:

Procedure:

1. Take an on-shell quark as target

2. Calculate dis. and frag. to one-loop order

3. Define and calculate the soft factor

4. Full QCD calculation at one-loop order

5. Extract the relevant hard part



TMD: the definition

In Feynman Gauge, the gauge link

v is not n to avoid l.c. singularity !!



One-Loop Virtual Contribution

Double logs

: Energy of the hadron



One-Loop Real Contribution

energy dep.



Energy Dependence
 The TMD distributions depend on the energy of 

the hadron! (or Q in DIS)

 Introduce the impact parameter representation

One can write down an evolution equation  in ζ

 K and G obey an RG equation, 

Collins and Soper (1981)

μ independent!



TMD Fragmentation functions
 Can be defined in a similar way as the parton

distribution

 Have similar properties as TMD dis.



One-loop Factorization (virtual 
gluon)

Four possible regions for the gluon momentum k:

1) k is collinear to p (parton distribution)

2) k is collinear to p′ (fragmentation)

3) k is soft (Wilson line)

4) k is hard (pQCD correction)

p

p′q

k

 Vertex corrections (single quark target)



One-Loop Factorization (real 
gluon)
 Gluon Radiation (single quark target)

Three possible reagions for the gluon momentum k:

1) k is collinear to p (parton distribution)

2) k is collinear to p′ (fragmentation)

3) k is soft  (Wilson line)

p

p′q

k



At one-loop order, we verified the factorization

The hard part at one-loop order,



All Orders in Perturbation Theory

 Consider an arbitrary Feynman diagram

 Find the singular contributions from different 
regions of the momentum integrations

(reduced diagrams)

 Power counting to determine the leading 
regions

 Factorize the soft and collinear gluons 
contributions

 Factorization theorem.



Factorization
 After soft and collinear factorizations, the reduced 

diagram become

which corresponds to the factorization formula 
stated earlier.



Large Logarithms Resummation 

Factorization form in b space,

Large logs:

Differential equation respect to

The Solution

No Large logs.



Further factorization for the TMD distribution at large 1/b
(Collins&Soper 81)

Integrated dis.

CSS resummation at large 1/b (CSS’85)

Our one-loop results for the TMD dis. and frag. can 
reproduce the C functions,

C functions
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Polarized TMD Quark Distributions

Quark

Nucleon

Unpol.

Long.

Trans.  

Unpol. Long. Trans.

Boer, Mulders, Tangerman (96&98)



TMDs and Quark-gluon 
Correlations (twist-3)

 Kt-odd distribution
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Boer-Mulders-Pijlman, 2003



Quark-gluon correlations 
(twist-three)
 Have long been studied, 

 F-type and D-type are related to each other, 
Ellis-Furmanski-Petronzio 82, Eguchi-Koike-Tanaka 06
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twist and collinear expansion
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Twist-three matrix

R.K. Ellis et al., 82;
Qiu-Sterman, 90

Gauge invariant twist-3

Quark-gluon correlation

functions: D- or F-type



Large kt TMDs
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 Color factors, CF: a1-4,b1-4,c2,c4

1/2Nc: c1,c3, d1-4

CA/2: e1-4

 a1-4

 b1-4,c1,c3,e1-4

 b1-4,c1-4,d1-4,e1-4



Generic results

 Kt-even TMDs
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Splitting kernel Large logs



 Sivers and Boer-Mulders
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 g1T and h1L

5/6/2009 34



Scale evolution for the quark-
gluon correlation functions

 Non-singlet part,
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Kang-Qiu, arXiv:0811.3101

Zhou-Liang-Yuan, arXiv:0812.4484

Vogelsang-Yuan, arXiv:0904.0410



36

A unified picture for SSA

 In DIS and Drell-Yan processes, SSA depends 
on Q and transverse-momentum P

 At large P, SSA is dominated by twist-3 
correlation effects 

 At moderate P, SSA is dominated by the 
transverse-momentum-dependent parton
distribution/fragmentation functions 

 The two mechanisms at intermediate P

generate the same physics! 
Ji-Qiu-Vogelsang-Yuan,Phys.Rev.Lett.97:082002,2006,              

Bacchetta-Boer-Diehl-Mulders, 2008
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Factorization guidelines

Reduced diagrams for different regions of the gluon momentum: 
along P direction, P’, and soft                             Collins-Soper 81
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Final Results

 PT dependence

 Which is valid for all PT range

Sivers function at low PT Qiu-Sterman Twist-three
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Transition from Perturbative region  
to Nonperturbative region?
 Compare different region of PT

Nonperturbative TMD Perturbative region
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More over

 PT-moment of the asymmetry can be 
calculated from twist-three matrix 
element
In SIDIS, for the Sivers asymmetry

Boer-Mulders-Tangelmann, 96,98



NLO corrections to SSA

 SSA in Drell-Yan as an example,

 Kt-moment of the asymmetry

 Collinear factorization
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Vogelsang-Yuan, arXiv:0904.0410



Born diagram

 Hard coefficient
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Boer-Mulders, 1998



Virtual diagrams
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soft divergence collinear divergence



Soft divergence from real diagrams

 Cancel out that from virtual diagrams
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Collinear divergence--splitting

 Anti-quark splitting

 Sivers splitting
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Finite terms

+...
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Threshold limits

 Large-z,

 The asymmetry should not change 
dramatically with energy in the forward 
region
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Summary and Outlook
 Based on recent developments, we have 

shown that the TMD and collinear 
factorization approaches are consistent 
in the intermediate transverse 
momentum region

 Next-to-leading order QCD corrections 
to the Drell-Yan SSA have been 
calculated for the first time

 Extension to other processes and 
observables shall follow accordingly



Subtract the soft factor in 
the Dis.
 TMD distribution contains the soft contribution

 Subtract the soft contribution

Zero bin subtraction: Monahar, Stewart, 06;

Lee, Sterman, 06;

Idilbi, Mehen, 07;



Reduced (Cut) Diagrams
 Leading contribution to a cross section from a 

diagram.

 Can be pictured as real spacetime process (Coleman 
and Norton)



Leading Regions
 The most important reduced diagrams are 

determined from power counting. 

1. No soft fermion lines

2. No soft gluon lines attached to the hard part

3. Soft gluon line attached to the jets must be 
longitudinally polarized

4. In each jet, one quark plus arbitrary number of 
collinear long.-pol. gluon lines attached to the 
hard part.

5. The number of 3-piont vertices must be larger or 
equal to the number of soft and long.-pol. gluon 
lines.



Leading Region



Collinear And Soft Gluons
 The collinear gluons are longitudinally polarized 

 Use the Ward identity to factorize it off the hard 
part.

 The result is that all collinear gluons from the initial 
nucleon only see the direction and charge of the 
current jet. The effect can be reproduced by a 
Wilson line along the jet (or v) direction.  

 The soft part can be factorized from the jet using 
Grammer-Yennie approximation 

 The result of the soft factorization is a soft factor 
in the cross section, in which the target current jets 
appear as the eikonal lines.


