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Proton radius puzzle in Hamiltonian dynamics

Stanis law D. G lazek

Department of Physics, University of Warsaw

A non-perturbative proton-size correction to atomic ground state energy in QED is

discussed using the renormalization group procedure for effective particles (RGPEP).

The correction results from the scale-dependence of effective few-body theory. The

correction magnitude appears relevant to the proton radius puzzle. Prospects of ap-

plication of the RGPEP for calculating few-body effective approximations to quantum

field theories, in particular to QCD for the purpose of deriving the quark model, are

briefly mentioned in the context of duality.
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Outline spinoff from QCD studies

1. What is the proton radius puzzle? rp(H)− rp(Hµ) ∼ 4%

2. Key question: QFT ↔ Schrödinger QM, at precision ∼ α6Ry ?

3. Renormalization Group Procedure for Effective Particles (RGPEP)

4. The “true” Schrödinger equation involves a scale parameter, λ

5. The Schrödinger variables correspond to AdS/QFT variables

6. Bound-state constituents ↔ RGPEP effective particles

7. Scale dependence → ∼ 4% lepton-mass effects in extracted rp
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Proton radius puzzle

In the muon-proton atoms, proton appears∼4% smaller than in hydrogen.

R. Pohl, R. Gilman, G. A. Miller, K. Pachucki, Ann. Rev. Nucl. Part. Sci. 63, 175 (2013):

“... [the proton radius] should be a simple quantity to determine and

understand, but that is not the case. Recent experimental results are not

yet well understood, but future research may reveal the true value of this

radius, lead to a better understanding of its structure, or demonstrate

an unexpected aspect of its interactions.”
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S. G. Karshenboim, Phys. Rev. A 91, 012515 (30 January 2015):
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J. Arrington, arXiv:1506.00873 (2 June 2015):

figure referenced as “courtesy of Randolf Pohl.”
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Meaning of the puzzle

Schrödinger eigenvalue equation in lepton-proton relative motion

~p 2

2µ
ψ(~p ) +

∫
d3k

(2π)3
V (~p,~k )ψ(~k ) = −E ψ(~p )

V (~p,~k ) = V pt
C (~q ) = − 4πα

~q 2
~q = ~p− ~k

Extended proton charge distribution implies

VC(~q ) = V pt
C (~q ) GE(~q 2)
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J. C. Bernauer et al., Phys. Rev. C 90, 015206 (2014):
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GE(~q 2) = 1− 1

6
r2
p ~q

2 + o(~q 2)

← ei ~q ~r

V (~p,~k ) = − 4πα

~q 2
GE(~q 2) = V pt

C (~p,~k ) + δV (~p,~k )

δV (~p,~k ) =
2πα

3
r2
p δV (~r ) =

2πα

3
r2
p δ

3(~r )
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Correction to energy

∆E =
2πα

3
r2
p |ψ̂(0)|2 ψ̂(0) =

∫
d3k

(2π)3
ψ(~k)

|ψ̂(0)|2 = (αµ)3/π ∆E =
4

3
(αµ rp)

2 µα
2

2

αµH = 1/rB ∆E =
4

3
(rp/rB)2 µα

2

2
rp/rB ∼ 10−5

mµ ∼ 200 me rp/µ 6= rp/e stglazek@fuw.edu.pl
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Key questions

How does the Schrödinger equation precisely emerge from QED?

Can it be accurate without any limitation on |~p |?

Is it correctable?

Answers suggested in this talk are based on S. D. G lazek, PRD90, 045020 (2014), a la RGPEP in QCD.
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From QFT to the Schrödinger equation

L = −1

4
FµνF

µν +

3∑
n=1

ψ̄n(i∂/− enA/−mn)ψ

n = 1, 2, 3 refer to electron, muon and proton method developed for QCD

L → H → Ĥ =
∫
d3x Ĥ → ĤR =

∫
d3x ĤR → ĤR + ĤCT → Ĥλ

Wilsonian RG ↔ family of effective Hamiltonians Ĥλ

λ =∞ in canonical theory

Bound-state renormalization: Wilsonian RG → SRG → RGPEP

λ in the RGPEP Ĥλ|ψλ〉 = E|ψλ〉 → ĤSch = ?

How does the parameter λ enter in ĤSch in the RGPEP? stglazek@fuw.edu.pl
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The RGPEP interpretation of bound-state constituents

...

..

eγeēpγ

eγpγ

eγp

ep


→



...

..

eγeē

eγγ

eγ

e


×



...

..

peē

pγγ

pγ

p


+ ... ∼ |eλpλ〉 + ...

ψ2(ecan, pcan) +∞ → ψ2λ(eλ, pλ) + corrections

A. Trawiński, S. G lazek, Model of the AdS/QFT duality, Phys. Rev. D 88, 105025 (2013)
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RGPEP L → H → Ĥ =
∫
d3x Ĥ

quantization ψ,A→ ψ̂can, Âcan H → Ĥ

New step: change of bare quanta to effective quanta

λ =∞↔ pointlike bare canonical quanta

λ = λ0 ↔ effective quanta of size 1/λ0

ψ̂λ = Uλ ψ̂can U †λ Âλ = Uλ Âcan U †λ U∞ = 1

Hamiltonian as an operator kept unchanged

Hλ(ψ̂λ, Âλ) = H∞(ψ̂can, Âcan) → Hλ(ψ̂can, Âcan) = U †λH∞(ψ̂can, Âcan)Uλ

stglazek@fuw.edu.pl
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RGPEP equation for Hλ

Hλ = Hλ(ψ̂can, Âcan) = U †λH∞(ψ̂can, Âcan)Uλ

differentiation with respect to λ (actually, wrt 1/λ4)

H′λ = [Gλ,Hλ]

generator Gλ = −U †λU ′λ and Uλ = Tρ exp
(
−
∫ λ
∞ dρGρ

)
Non-perturbative definition of the effective theory Hλ = H0 + HIλ

Gλ ∼ [H0,Hλ]

Similar to Wegner’s equation. Why the double commutator?

stglazek@fuw.edu.pl
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RGPEP vertex form factor Hλ = H0 + HIλ

H′λ = [Gλ,Hλ] Gλ = [H0,HIλ]

H′λ = [[H0,Hλ],Hλ] = [[H0,HIλ],H0] + O(H2
Iλ)

〈m|H′Iλ|n〉 = −(Em − En)2 〈m|HI∞|n〉 + O(H2
I)

〈m|HIλ|n〉 = e−(Em−En)2/λ2〈m|HI∞|n〉 + O(H2
I∞)

Additional dynamical features of the RGPEP lead to the Lorentz symmetry:

Em → M2
m and e−(Em−En)2/λ2 → e−(M2

m−M2
n)2/λ4

stglazek@fuw.edu.pl
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Effective Hamiltonian
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“True” Schrödinger equation, corresponding to Ĥλ|ψλ〉 = E|ψλ〉
~p 2

2µ
ψ(~p ) +

∫
d3k

(2π)3
Vλ(~p,~k )ψ(~k ) = −EB ψ(~p )

Vλ(~p,~k ) = fλ(~p,~k ) V pt
C (~q ) GE(~q 2)

definitions of ~p and ~k match AdS/QFT SDG, Acta Phys. Pol. B 42, 1933 (2011)

β = ml/(mp + ml) , c =
√
mlmp/(ml + mp) , x = p+

l /(p+
l + p+

p )

p⊥ = c
[
(1− x) p⊥l − x p⊥p

]
/
√
x(1− x) Brodsky − de Teramond

pz = c (ml + mp) (x− β)/
√
x(1− x) holography

stglazek@fuw.edu.pl
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M2
lp =

m2
l + p⊥ 2

x
+
m2
p + p⊥ 2

1− x

= (ml + mp)
2 +

ml + mp

µ
~p 2
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Scale-sensitive potential in quantum mechanics αλ = α

Vλ(~p,~k ) = fλ(~p,~k ) V pt
C (~q ) GE(~q 2)

fλ(~p,~k ) = e−(~p2−~k2)2(ml+mp)4/(λ2mlmp)2

To match universal α-scaling of the atomic Schrödinger equation

λ = a
√
µ (ml + mp)/2 a ∼ 1

fλ(~p,~k ) = e−(~p 2−~k 2)2/(aµ)4

stglazek@fuw.edu.pl
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Energy correction due to the proton radius

δV (~p,~k ) = fλ(~p,~k )
2πα

3
r2
p

∆E = da
2πα

3
r2
p |ψ̂(0)|2

da =
1

|ψ̂(0)|2

∫
d3p

(2π)3

∫
d3k

(2π)3
ψ(~p ) fλ(~p,~k ) ψ(~k )

fλ(~p,~k ) = e−(~p 2−~k 2)2/(aµ)4

Despite e−cα
4
, the correction is not pertubative,

i.e., not expandable in powers of α. stglazek@fuw.edu.pl
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λ = a
√
µ (ml + mp)/2 ae ∼ (

√
mµ/me ∼ 14) aµ

Why two curves? stglazek@fuw.edu.pl
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Conclusion

• The RGPEP yields an effective Schrödinger equation

• for bound states made of effective, low-energy leptons and protons.

• The Coulomb potential in the effective theory develops

• a nonlocality at short distances that matters in extraction of

the proton radius with % accuracy.

• The RGPEP suggests a quantum mechanism for AdS/QFT duality.

• The RGPEP is available for studying QCD and other theories.
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P− =

∫
dx−d2x⊥

{
1

2
Aµ ∂

⊥ 2Aµ +

3∑
n=1

[
ψ̄nγ

+−∂⊥ 2 + m2
n

2i∂+
ψn + en ψ̄nA/ψn

+ e2
n ψ̄nA/

γ+

2i∂+
A/ψn + enψ̄nγ

+ψn
1

2(i∂+)2

3∑
k=1

ek ψ̄kγ
+ψk

]}
stglazek@fuw.edu.pl
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ψ̂n+(x) =
∑
s

∫
p

∆1/2(p)
√
p+
[
bnps − d†nps σ1

] χs
0

 e−icpp x−ε|x|

Â⊥(x) =
∑
s

∫
p

∆1/2(p)
[
aps ε

⊥
s + a†ps ε

⊥∗
s

]
e−icpp x−ε|x|

integration measure ∫
p

=

∫
dp+ d2p⊥

2p+(2π)3
θ(p+)

regularization factor

∆(p) = ∆
(
|p+|, |p⊥|

)
stglazek@fuw.edu.pl
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H′λ = [[H0, H̃λ],Hλ]

(1)

Hλ =

∞∑
n=2

∑
i1,i2,...,in

cλ(i1, ..., in) q†∞i1 · · · q0in

H̃λ =

∞∑
n=2

∑
i1,i2,...,in

cλ(i1, ..., in)

(
1

2

n∑
k=1

p+
ik

)2

q†∞i1 · · · q0in

This ensures Hλ to possess 7 kinematical symmetries of the FF dynamics.
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Perturbative expansion of the RGPEP in charge e

Ht = Hf + eH(1)
t + e2H(2)

t + ...

H(1)
t ab = fabH(1)

0 ab

H(2)
t ab = fab

[
H(2)

0 ab +
∑
x

FaxbH(1)
0 axH

(1)
0xb

]
fab = exp (−t ab2)

Faxb =
pax ax + pbx bx

ax2 + xb2 − ab2

[
1− e−t(ax2+xb2−ab2)

]


