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Combining accurate, model-independent predictions
with experiment will lead to a deeper understanding of
QCDs rich resonance skructure
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Instead we can only access
Hqepln, L) = n, LYEn(L) {0, L, *Nan”|J,(2)|“N”, L)

finite-volume energies and matrix elements
labels in quotes indicate quantum numbers

1 How can we determine
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Assume lattice effects are small and accommodated elsewhere

Work in continuum field theory throughout
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Two-to-two scattering For now assume...
identical scalars, mass m

. (P) = /L iz e=iP* (0| TO(2) 0T (0)|0)

At fixed [, ﬁ, poles in ('; give finite-volume spectrum

2 .

: | Calculate C,(P) to all
’ > orders in perturbation

! theory and determine

3 ; locations of poles.

\4

C'1, analytic structure
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73 / contains all power-law
k corrections

Now we introduce an important identity.

In Q:Q all four-momenta are projected on shell.
Physical, propagating states give
dominate finite-volume effects.

Liischer, M. Nucl. Phys B354, 531-578 (1991)
Derivation from Kim, Sachrajda and Sharpe. Nucl. Phys. B727, 218-243 (2005)
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Now regroup by number of Fs

zero Fs one F two Fs

CL(E,P) = EP+++

@ﬁ (

= (7, out|(’)T|O

When we factorlze diagrams and group |nf|n|te volume parts...

physical observables  emerge!

e = ————— e ——— e —— = .

Il
ﬂ'
,\



Keview...









CL(P) = Coe( P <
-~ + \ 3




CL(P) = Coe( P <
-~ + \ 3

We deduce...

Cp(P) = Coo(P) — A'F A




CrL(P) =
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_ _ g difference of two-particle loops depends on
AL in finite and infinite volume L7 E’ P

At low energies, lowest partial waves dominate Mo _.-

withsome = cot 5(EX) + cot ¢(E,, P, L) =0

rearrangin : .
818 scattering phase known function
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How can we get this from finite-volume observables?

Why did we expect C1,(P) to have poles?
Oy (P) = / dz e=iPT (0| TO(2) O (0)[0)
L

Insert a &omyt&%e set %m&eﬂwvotuﬂ«\ﬁ of states

(jL(p)m 3<O\(9( )\nLJZi”l;:; L|@T)\>

R is the residue |
P of this matrix  J

CL(P) = Cou(P) — Al

| <O\O( )\WT 1n>R(En,P L)<7T7T out\OJf( )| > )

P, — ib, — (B 1 D)) ——



o
Photoproduction (77, out|J,|m) = "’V\,"/

How can we get this from finite-volume observables?

L3(0|0(0)|n, P, L)(n, P, L|Ot(0)|0) =
(0|00 |77, in)R(E,,, P, L){rr, out|OT(0)|0)



o
Photoproduction (77, out|J,|m) = "’V\,"/

How can we get this from finite-volume observables?
L*(0|0(0)|n, P, L)(n, P, L|O(0)|0) =
(0|0(0) |7, in)R(E,, P, L){r,out|O(0)|0)

One has the freedom to choose (D' such that O7]0) = T.|m) .
(Finite-volume effects are exponentially suppressed for single particles.)



o
Photoproduction (77, out|J,|m) = "’V\,"/

How can we get this from finite-volume observables?

L3(0|0(0)|n, P, L)(n, P, L|Ot(0)|0) =

(0|00 |77, in)R(E,,, P, L){rr, out|OT(0)|0)

One has the freedom to choose (D' such that O7]0) = T.|m) .
(Finite-volume effects are exponentially suppressed for single particles.)

R. A. Briceno, MTH, A. Walker-Loud, Phys. Rev. D91, 034501 (2015)
R. A. Briceno, MTH, Phys. Rev. D92, 074509 (2015)
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: o
Photoproduction (77, out|J,|m) = :/V/V\;<:‘

How can we get this from finite-volume observables?

L3(0|0(0)|n, P, L)(n, P, L|Ot(0)|0) =

(0|00 |77, in)R(E,,, P, L){rr, out|OT(0)|0)

One has the freedom to choose (D' such that O7]0) = T.|m) .
(Finite-volume effects are exponentially suppressed for single particles.)

get this from the lattice

2w L8| (n, P, L|7,(0)|x, L)|? = experimental
observable

<7T|ju(0)‘7T7T,in>R(En,P L){mm, out|J,(0)|r)

R. A. Briceno, MTH, A. Walker-Loud, Phys. Rev. D91, 034501 (2015)
R. A. Briceno, MTH, Phys. Rev. D92, 074509 (2015)
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: o
Photoproduction (77, out|J,|m) = :/V/V\;<:‘
How can we get this from finite-volume observables?

L3(0|0(0)|n, P, L)(n, P, L|Ot(0)|0) =

(0|00 |77, in)R(E,,, P, L){rr, out|OT(0)|0)

One has the freedom to choose (D' such that O7]0) = T.|m) .
(Finite-volume effects are exponentially suppressed for single particles.)

get this from the lattice

2w L8| (n, P, L|7,(0)|x, L)|? = experimental
observable

O mR(E,. P Do 015, 0

- ) 1
R(E,,. P, L) = —Resid
( ) e]SEln e _F_l —|—./\/l2_>2_

R. A. Briceno, MTH, A. Walker-Loud, Phys. Rev. D91, 034501 (2015)
R. A. Briceno, MTH, Phys. Rev. D92, 074509 (2015)




O
Photoproduction (77, out|J,|7) = %"/
p (ot Julm) = <

get this from the lattice

2w L|(n, P, L|7,(0)|x, L)|* = experimental
observable

(7| T (0) |77, in) R(E, P, L){(xm, out| 7, (0)|m)
Briceno, MTH, Walker-Loud/Briceiio, MTH

00l my ~ 400 MeV |
= 150 | Photoproduction
£ oo} - in the rho channel
Il g
© 50}
0 I
2.0 2.1 2:2 2.3
e
=
~ 400t . ~
: Briceno, Dudek, Edwards,
Le 20 | Schultz, Thomas, Wilson
0 ' ' ' arXiv: 1507.6622

2.0 2.1 2.2 23 E*_/m,


http://arxiv.org/find/hep-lat/1/au:+Hansen_M/0/1/0/all/0/1

O
Photoproduction (77, out|J,|7) = %"/
p (ot Julm) = <

get this from the lattice

2w L|(n, P, L|7,(0)|x, L)|* = experimental
observable

(7| T (0) |77, in) R(E, P, L){(xm, out| 7, (0)|m)
Briceno, MTH, Walker-Loud/Briceiio, MTH

00l my ~ 400 MeV |
< 1s0f - Photoproduction
TE 100} " rho resonance - in the rho channel
50l peak
: . . ya
2.0 2.1 .' /23
-
~ 400¢ . ~
: 1 Briceno, Dudek, Edwards,
Le 2 | Schultz, Thomas, Wilson
0 ' ' ' arX1v: 1507.6622

2.0 2.1 2.2 23 E*_/m,


http://arxiv.org/find/hep-lat/1/au:+Hansen_M/0/1/0/all/0/1

o
Photoproduction (77, out|J,|m) = WVL/

Result is very general

non-indentical particles o+®

multiple two-particle channels ¢—>=—_,

particles with spin R Y

R. A. Bricenno, MTH, A. Walker-Loud, Phys. Rev. D91, 034501 (2015)
R. A. Briceno, MTH, Phys. Rev. D92, 074509 (2015)


http://arxiv.org/find/hep-lat/1/au:+Briceno_R/0/1/0/all/0/1
http://arxiv.org/find/hep-lat/1/au:+Hansen_M/0/1/0/all/0/1
http://arxiv.org/find/hep-lat/1/au:+Briceno_R/0/1/0/all/0/1
http://arxiv.org/find/hep-lat/1/au:+Hansen_M/0/1/0/all/0/1

o
Photoproduction (77, out|J,|m) = WVL/

Result is very general

non-indentical particles o+®

multiple two-particle channels ¢—>=—_,

particles with spin R Y

Formalism is Un place to give Lattice QCD
predwﬁoms of this process (lgnoring three Par%iat&s)

R. A. Bricenno, MTH, A. Walker-Loud, Phys. Rev. D91, 034501 (2015)
R. A. Briceno, MTH, Phys. Rev. D92, 074509 (2015)


http://arxiv.org/find/hep-lat/1/au:+Briceno_R/0/1/0/all/0/1
http://arxiv.org/find/hep-lat/1/au:+Hansen_M/0/1/0/all/0/1
http://arxiv.org/find/hep-lat/1/au:+Briceno_R/0/1/0/all/0/1
http://arxiv.org/find/hep-lat/1/au:+Hansen_M/0/1/0/all/0/1

Two-to-two ‘i‘}

(mm,out|J,|7mm, in) = /<

transitions ®

Formalism complete
non-indentical particles o+®

multiple two-particle channels ¢—=>=—_,
R. A. Bricenno, MTH, arXiv: 1509.08507




Two-to-two .i.'}

(mm,out|J,|7mm, in) = /<

transitions ®

Formalism complete
non-indentical particles o+®

multiple two-particle channels ¢—=>=—_,
R. A. Bricenno, MTH, arXiv: 1509.08507

Required to extract resonance form factors




Two-particle scattering
A Bo(L) o
Ey(L)




Three-to-three scattering For now assume...
A identical scalars, mass m

o N e AN
/\ ZQ symmetry .
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o e
/' \ Lio symmetry ~ N
o

/L Bz e=iP7 (0| TO(2) 0T (0)]0)

K“\,h_’three -pion

interpolator



Three-to-three scattering For now assume...
A identical scalars, mass m

o e &\
/\ ZQ symmetry M
A

1 (P) = /L 'z e~ P (0[O ()0 (0)]0)

K"\,‘_’three-pion

interpolator

; P

! | Calculate C(P) to all

) , orders in perturbation
| theory and determine
¢ . locations of poles.

\4

Require m < E* < 5m to isolate three-particle states



Recall for two particles we started with a “skeleton expansion”

CulP) = @I + @LIKLIO) + @LIKI TR +--



Recall for two particles we started with a “skeleton expansion”
CelP) = GNCOMORGCNCMCHORE

So now we need the same for three...




Recall for two particles we started with a “skeleton expansion”
- GNCOMORGCNCMCHORE

So now we need the same for three...

No! We also need diagrams like

OO0

| D|sconnected dlagrams in X::E Iead to
|

| smgularltles that mvalldate the derlvatlon

— —

—_— e = — — _—



New skeleton expans1on

Kernel definitions:

X@Q
(T .




New skeleton expans1on

Kernel definitions:

x+>@(+§+
%+>—e+a@e+---

.



New skeleton expans1on

Kernel definitions:

x+>@(+§+
%+>—e+a@e+---

.



New skeleton expans1on

Kernel definitions:

X@Q
(T .

Significantly more complicated than two-particle story




Three-to-three
scattering

++

\/’
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Three-to-three B(L) ___ s

2. Brealk diagrams inko {E,ME,E&* amd E,wfm&ewvoi.ume parts
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Three-to-three B(L) ___ s

2. Break diagrams inko {ini&ew ow\d E,wfm&ewvotume parts

3. Organize and sum terms to :,cie.mhﬂfj
infinite~volume observables



Three-to-three Ei(L)
scattering a

\/’

2. Break diagrams inko {EM&E&* amd E,wfm&ewvoi.ume parts

3. Organize and sum terms to :,cienhﬂfj
infinite~volume observables

Major complicating factors:

More diagram topologies, more degrees of freedom,
three-to-three amplitude contains “long distance” kinematic poles



Three-to-three SCERY A
scattering '

f 4 " Current status: |

' Formalism is complete for the simplest three-scalar system :

General, model-independent relation between |
fmlte volume energies and three-to-three scattering amplltude n

Derived using a generic relativistic field theory

MTH and Sharpe, Phys. Rev. D90, 116003 (2014) |
| MTH and Sharpe, Phys. Rev. D92, 114509 (2015) |

— — _ .

e — —— e ———— e ——



A By (L) O O
Three-to-three PYOREY 4 S
scattering . ° o

— e e — — = — = - _—_ _____ — = =

x Current status: I

Formalism is complete for the simplest three-scalar system :

General, model-independent relation between |
fmlte volume energies and three-to-three scattering amplltude n

Derived using a generic relativistic field theory

MTH and Sharpe, Phys. Rev. D90, 116003 (2014) ji
| MTH and Sharpe, Phys. Rev. D92, 114509 (2015) "

___ — —

— s s S —p— ——— I _—

Important caveats:
Identical particles with no two-to-three transitions

TOT — T

Requires that two-particle scattering phase is bounded

(Sg(E)‘ < 7T/2




Three-to-three ! '\ /'
. ®O——0
scattering o e

To check the result we have expanded the lowest three-
particle energy in powers of 1/L.
F=3m+ 2= 4% 24 % 4 o/
— I L3 I L4 I L5 I L6 I




Three-to-three ! '\ /'
. ®O——0
scattering o e

To check the result we have expanded the lowest three-
particle energy in powers of 1 / L.

These terms were already known.
Our result agrees, providing a strong check

K. Huang and C. Yang, Phys. Rev. 105 (1957) 767-775
Beane, Detmold, Savage, Phys. Rev. D76 (2007) 074507



Three-to-three PCEEY A
scattering '

o0
I

To check the result we have expanded the lowest three-
particle energy in powers of | /L.

These terms were already known.
Our result agrees, providing a strong check
K. Huang and C. Yang, Phys. Rev. 105 (1957) 767-775

Beane Detmold Savage Phys Rev D76 (2007) 074507

This part is new... turns out that relativistic effects enter at this order...

96 _ (a)s {2532.01 | 16;3 (3v/3 — 47) log <mL>}

as T 2T

a2 3ma M3 in
—37.95 1 - 6mra’ e
m m>2 nra 48m3as

MTH and Sharpe, arXiv:1602.00324



Three-to-three
scattering

o0
I

To check the result we have expanded the lowest three-
particle energy in powers of | /L.

These terms were already known.
Our result agrees, providing a strong check
K. Huang and C. Yang, Phys. Rev. 105 (1957) 767-775

Beane Detmold Savage Phys Rev D76 (2007) 074507

This part is new... turns out that relativistic effects enter at this order...

e checked

/ independently in
)\¢4 theory

through @, ()\3 )

MTH and Sharpe,

Phys. Rev. D 93, 014506 (2016)

MTH and Sharpe arX1V 1602.00324




Three-to-three
scattering

o0
I

To check the result we have expanded the lowest three-
particle energy in powers of | /L.

These terms were already known.
Our result agrees, providing a strong check
K. Huang and C. Yang, Phys. Rev. 105 (1957) 767-775

Beane Detmold Savage Phys Rev D76 (2007) 074507

a a3 1673 e
b — ( ) {2532.01 | — / relativistic three-
as T 3 - T / particle observable
a? 3ma Add in a known “long
— 37.25 - | 3 | " distance” piece to get the

standard amplitude.

MTH and Sharpe, arXiv:1602.00324



Currently underway:
Relax all simplifying assumptions:

Allow all particle types, allow two-to-three couplings,
remove bound on phase shift

Krm— Knm Nt — Nmm NNN — NNN
Briceno, MTH, Sharpe, in development



Currently underway:
Relax all simplifying assumptions:

Allow all particle types, allow two-to-three couplings,
remove bound on phase shift

Krm— Knm Nt — Nmm NNN — NNN
Briceno, MTH, Sharpe, in development

Use matching trick to recover transition amplitudes

pv%Np%NmT



Summary

Reviewed methods to map finite-volume observables
into physically observable scattering and transition amplitudes




Summary

Reviewed methods to map finite-volume observables
into physically observable scattering and transition amplitudes

i ./Y\. ./Y\.

Results come from studying all-orders expansions in generic
relativistic quantum field theory

The work is technical and requires developing
new tools and methods for each new system
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Summary

Reviewed methods to map finite-volume observables
into physically observable scattering and transition amplitudes

5 Lo, oo oy e
(2‘312.;' Y o e o e

T N :><;.‘ '> 4:.'

Results come from studying all-orders expansions in generic
relativistic quantum field theory

The work is technical and requires developing
new tools and methods for each hew system

e

Can the sc:a&&embr\g and Eransition o\m[ot&ud@.s 0§ QCD be extracted

rom Labbice QCD n a qeneral, model independent wa
9 P y?
So ﬂfo\r all sngms pom& to vﬁﬁ'

=

|



My work at JLab:

py — Np — Nrm py" = N* — Nm, Nn
Experimental groups at JLab are measuring exactly the kinds of
processes accommodated by this formalism.



180

150 |-

120 |

60 -

30+

Hj‘ 90 |-

m,; = 391 MeV

My work at JLab:

251

py — Np— Nnm
Experimental groups at JLab are measuring exactly the kinds of
processes accommodated by this formalism.

H&j‘; =
mp = 854.1 £ 1.1 MeV
g=295.80+0.11
Tp= ”_@ =124 4 0.6 MeV
6T m%
o L=19fm

o L=24fm
A L =29fm

800

850

900

950

1000 1050 E, / MeV

N

py* — N* — Nm, Ny

200}
Q
< 150t
~

£
_1 100}
Il <
S

m, ~ 400 MeV ]

2.1

22 23

Y — T

21

22 23 B /m.

Lattice group at JLab leads the field in applying this kind of formalism



My work at JLab:

0 my, ~ 400 MeV ]

20 21 22

W’Y%ﬂ'ﬂ'_

py = Np — N7 o S B

It would accelerate progress significantly
if 1 had the opportunity to continue developing and
also to apply this formalism here at Jlab.



My work at JLab:

0 my, ~ 400 MeV ]

0 21 22

W’Y%ﬂ'ﬂ'_

e}

py = Np — N7m S B

It would accelerate progress significantly
if 1 had the opportunity to continue developing and
also to apply this formalism here at Jlab.

The ideal scenario...
Regular interaction with experimental, lattice and theory groups:
Identifying the most relevant observables,
Developing formalism to extract these,
Performing the calculations



My work at JLab:

One example of symbiosis...

Formalism can also be applied in the “other direction”

to gain insight on lattice observables
A Es (L)

E(L) ‘\/‘
Fo(L) ® ¢
P
1(J7 )Y =1/2(1/2") I )=1/2(1/27)
PRNaNSSN.. Nm — Nr
180}
= 5 120
O g
) s
Lﬂ o)
60|
1000_ _____________________________________ 0
25 5 10 J\ZSL =5 == =0 0 100 200 SQO(M;\%) 500 600 700
GW partial-wave data base

MTH and Meyer, fo appear (solution WI08)
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In one to two years:

The formalism needed for Nm — Nnmand Ny — N* — N7
expected to be complete.

First lattice studies of three-particle systems
Kr— Krnr Ww—7mam
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Kr— Krnr Ww—7mam

In five years:

Automated result for n-body scattering and transitions
implemented in a publicly available code library



My work at JLab:

More concretely...
In one to two years:

The formalism needed for Nm — Nnmand Ny — N* — N7
expected to be complete.

First lattice studies of three-particle systems
Kr— Krnr Ww—7mam

In five years:

Automated result for n-body scattering and transitions
implemented in a publicly available code library

Thanks for Listening



Backup Slides



Two-to-two transition amplitudes

En (L, P) Lischer formalism and extensions > ./\.

— two-to-two scattering
amplitude

matrix element

finite-volume two-to-two divergence-free L

two-to-two
s S transition amplitude
A . > —é— infinite-volume
e i —m
¥ e . . . - -
finite-volume one-bod infinite-volume one-body two-to-two
Y transition amplitude transition amplitude

matrix element




o
o
Infinite volume ®-— \/.
o/\

i M __ Sum of all connected Feynman diagrams
373 = with six external legs



Infinite volume

iMs3_3

Sum of all connected Feynman diagrams
with six external legs



o
Infinite volume °- \/

i M _ Sum of all connected Feynman diagrams
33 with six external legs

e

Certain external momenta put this on-shell!



Infinite volume

i M _ Sum of all connected Feynman diagrams
33 with six external legs

e e —————

l

|

|

M3_.3 has kinematic singularities at certain momenta

e R ———e e ——— — — —————— - e _— _ - PR I N _ P -

No dominance of lowest partial waves

_—



o
o
Infinite volume ®-— \/,
0/\

—

Degrees of freedom for three on-shell particles with (F, P)

o

/.) (E—wk,ﬁ—lg) 0‘//\A*

\ﬁ\.f g_____) / a- — f{,m
® —

BOOST
(Wi, k) ®



o
o
Infinite volume ®-— \/,
0/\

—

Degrees of freedom for three on-shell particles with (F, P)

| ®

/.) (E—wk,ﬁ—lg) 0‘//\A*

\ﬁ\.t | > / a — f,m
® —

(wlw k) ®




New skeleton expans1on




What is new here?
1. Deqrees of freedom are different

two particles three particles
two-particle angular I+ two-particle angular

momentum momentum

B . - —
/>(Ewk’Pk) .7 \A*
-0, a — f{,m

- 2T
Our result only depends on finite-volume momentum f — —n

L

—— o —

— o —



What is new here?
1. Deqrees of freedom are different

two particles three particles
two-particle angular I+ two-particle angular
momentum momentum

- 27T
Our result only depends on finite-volume momentum f — —n

L

' Quantization condition expressed using matrices with indices
— }I




What is new here?

2. Three particle divergences

Define 1M gf 33 *|

= iMss — iMas2SiMas + / iMa12SiMa 12SiMs g+ -

t
|
|
|

4 |
only on-shell infinite series |

‘ S s 'S
U )
\
amplitudes here built with factors of ST Mo _. o |
- - _ il

This subtraction emerges naturally in our
finite-volume analysis



What is new here?

3. Must now worry about sum crossing
&wowpar&de umi&arv cusp

two-particle
scattering
(real part) _—

two particle energy



What is new here?

3. Must now worry about sum crossing
&wowpar&de umi&arv cusp

two-particle
scattering
(real part) _—

depends on k

two particle energy /




What is new here?

3. Musk now WOTTY aboult sum crossing
Ewompar&de umi&arv cusp

To remove cusp -
' o, Pprincipal %
1€ prescription > 7 alue PV

Analytically continue principal value below threshold
then interpolate to prescription-free subthreshold form

Polejaeva, K. and Rusetsky, A. Eur. Phys. J. A48 (2012) 67



What is new here?

3. Must now worry about sum crossing
&wowpar&de umi&arv cusp

To remove cusp .
: — _\ Principal T
1€ prescription ~ value PV

standard

definition -




What is new here?

3. Musk now WOTTY aboult sum Crossing
&wampar&ct@. umi&arv cusp

has a cusp




What is new here?

3. Must now worry about sum crossing
two-particle unitary cusp

to the finite-volume spectrum

o ) o ]
We relate these infinite-volume quantities
, }

e e — = — — e — — = — - _ _ _ —
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Three-particle result

—

CL(E,P) = Co(E, P) + ALiF;

e e ——

. oF |1 1
ZFg — | : :
2wL? |3 1 —iMpo oG
1
Moo =1
VI 2—2 =1 2—>21 —iFiKa

.
All factors are matrices with indices ]{j, f , TN



Three-particle result

E’ (E,P) = Coo(E, P) + ALiF I A
, P T el 30— Car 33 1F3 °
inteoral .- PV - -
Cdifference =1 —
1% \‘iF 1 1 M 'F-
1y = | : — 1 ()
T owId |3 1-— iMoo 1G 22
i S _
1 encodes
M o = 1JC witch '—:/i
VL 2—2 =1 2—>21 Ry S switches

\

sum of all two-particle loops (with summed momenta)

b NP W HR O
e o o

~ o - —_ - ~ o - _ - ~ o - ~ -

L = L = L. —

.
All factors are matrices with indices ]{j’ f , TN




Three-particle result

At fixed (L, P), finite-volume spectrum s all solutions to |
| ‘
" det [1 — Z]Cdf,3_>32F3] — O 1

-
| — iFiKas

o1 1
o = — ' P ' =1K
s [3 + 1T Z.ML72_>22.GZML,2—>22 ] iMoo =iKo o

2wl3 }i
1 MTH and Sharpe Phys Rev D90 116003 (2014)




Three-particle result

‘At fixed (L P) finite-volume spectrum is aII solutions to

H det |1 — iy 3-31F35] =0
i

\

iFg —

1 F 1 1 , . . .
W [— + ZML,2—>22F] iMoo = 1Ko 0

3 1—iMypo0iG 1—ze/€2%2 {

1 MTH and Sharpe Phys Rev D9O 116003 (2014)

Model mdependent general result of relativistic scalar fleld theory



Three-particle result

— = — —_ — e —— = —

‘At fixed (L P) finite-volume spectrum is aII solutions to

H det |1 — iy 3-31F35] =0
i

\

iFg —

1 F 1 1 , . . .
513 [— + ZML,2—>22F] iMoo = 1Ko 0

3 1—iMypo0iG 1—ze/€2%2 %

1 MTH and Sharpe Phys Rev D9O 116003 (2014)

Model mdependent general result of relativistic scalar fleld theory

Assumes two-particle phase shift is bounded by 7T/2



Three-particle result

At fixed (L, P), finite-volume spectrum is all solutions to ‘»

H det |1 — iy 3-31F35] =0
i

\

iFg —

1 F 1 1 . . . .
N [— + . : ZML,2—>22F] iMoo = 1Ko 0

3 1—tMpoy0G 1 — ZFZ/C2—>2 %

B _MTH and Sharpe, Phys. Rev. D90, 116003 (2014)

Model mdependent general result of relativistic scalar fleld theory
Assumes two-particle phase shift is bounded by 7T/2

Infinite matrices truncate if we truncate in angular momentum



Three-particle result

At fixed (L, P), finite-volume spectrum is all solutions to ‘»

H det |1 — iy 3-31F35] =0
i

\

iFg —

1 F 1 1 . . . .
N [— + . : ZML,2—>22F] iMoo = 1Ko 0

3 1—tMpoy0G 1 — ZFZ/C2—>2 {

B _MTH and Sharpe, Phys. Rev. D90, 116003 (2014)

Model mdependent general result of relativistic scalar fleld theory
Assumes two-particle phase shift is bounded by 7T/2
Infinite matrices truncate if we truncate in angular momentum

Strongest truncation is the isotropic limit, gives simple result

/Cdf’3_>3(E;;) — _[FB,iso(Ena ﬁa L)]_



Relating i/Cdf,3_>3 to Z'./\/l34>3

First we modify C (E, P)to define iM [ 3 .3



Relating i/Cdf,3_>3 to i./\/lg_>3

llllll

________________________

________________________

First we modify C (F, 15) to define : M 3,3
1. Amputate interpolating fields



Relating i/Cdf,3_>3 to i./\/lg_>3
® -

T
T = B O =,
First we modify C(E, P)to define iMr 53

2. 'Drcwp disconnected diagrams



Relating i]Cdf,3_>3 to Z'./\/l34>3

________________________

_________________________

First we modify C,(F, ﬁ) to define : M 3,3

3. Sjmme&riz.@.



Relating Z.]Cdf,g_>3 to 7;./\/134)3

________________________

_________________________

Replacing all loop momentum sums with
i—epsilon prescription integrals gives
physical three-to-three scattering amplitude

i./\/lg_>3 — |lim iML73_>3
L—00

1€



I

|, .
iMpsss=1D + S

| MTH and Sharpe, Phys. Rev.

Gives integral equation relating gt 3.3 to iM3_,3

Relating i]Cdf,3_>3 to i./\/lg_>3

1

L1 1Kar 33

L—o00 |.
1€

1 — b3 1/ar 353

M1 353

Completes formal story (for the setup considered!)

Relation only depends on on-shell scattering quantities



1/L expansions

In 1957, Huang and Yang determined energy shift for n identical
bosons in a box

K. Huang and C. Yang, Phys. Rev 105 (1957) 767 775

|

o= 33{(0)-) O () ()2 [0 -0) )

»" e — _——— e ——————— — e e ——— = ___— — —_——= == _ —— S—

where a is the two-particle scatterlng Iength and
il<A

1
I = Alim W — 47 A = —8.91363291781 J = E i ‘4 = 16.532315959
— 00
i£0 i#0




1/L expansions

In 1957, Huang and Yang determined energy shift for n identical
bosons in a box

|

it = g (5) - () ()7« G L B)7 - | () - 2(5) (1)

| - S ]

»77 = — e e . — ——— - — P — __ S

where a is the two-particle scattering length and
il<A
1
7 = lim L 47\ = —8.91363291781 J = Z W = 16.532315959

112
A—o0 120 |1’ i20

In 2007 Beane, Detmold and Savage pushed the order to 1/L6
and the latter two calculated to l/L7 the next year

Beane, S., Detmold, W. & Savage, M. Phys. Rev. D76 (2007) 074507
Detmold, W. & Savage, M. Phys. Rev. D77 (2008) 057502

o T ""T‘i



1/L expansions

Last year Detmold and Flynn performed a similar calculation for

matrix elements
Detmold and Flynn, Phys. Rev. D91, 074509 (2015)

| naia’® (n as (N |
i = s 2 ()2 (1) ,
2naqa’ (n n n — 2 n — 2 20000 (N [
it () {0G) - e (") e ()T G

4 2
| noa 5 241n 29 o (n°  3n T |

T 186 -~ 4 =2 by L u
i |3 j+£<86 ) Il (e e

FTK(n — 14) + U(32n — 64) + V(160 — 32) [ + O(1/L%). |

R R R R R CRE™ —— - —_— p—

Here 1, ./,--- are known geometric constants
and a1,a2 are one- and two-boson current couplings



Nonperturbative and non-relativistic

Non-relativistic Faddeev analysis

In 2012, Polejaeva and Rusetsky derived a Liischer-like result using

non-relativistic Faddeev equations
Polejaeva and Rusetsky, Eur. Phys. J. A48, 67 (2012)

Demonstrates that on-shell S-matrix determines spectrum
Difficult to extract scattering from the formalism



Nonperturbative and non-relativistic

Non-relativistic Faddeev analysis

In 2012, Polejaeva and Rusetsky derived a Liischer-like result using

non-relativistic Faddeev equations
Polejaeva and Rusetsky, Eur. Phys. J. A48, 67 (2012)

Demonstrates that on-shell S-matrix determines spectrum
Difficult to extract scattering from the formalism

Dimer formalism

In 2013, Bricefio and Davoudi studied three-particles in finite-volume

using the Dimer formalism
Bricefio and Davoudi, Phys. Rev. D87, 094507 (2013)

Recovered Liischer result when two of the three become bound
—~ L
e~

L

kcoto = —kcoto+n

Final result involves an integral equation that one
nheeds to solve numerically



Three-particle bound state

This year MeilBner, Rios and Rusetsky determined the
finite-volume energy shift to a three-body bound state

= ——_

|

| k* Al

MeiBner, Rios and Rusektsky. Phys. Rev. Lett. 114, 091602 (2015)

Assumes the unitary limit for two-particle scattering

Result derived using non-relativistic quantum mechanics



Keview...









CL(P) = Coe( P <
-~ + \ 3




CL(P) = Coe( P <
-~ + \ 3

We deduce...

Cp(P) = Coo(P) — A'F A




CrL(P) =




Scattering of multiple two-particle channels
mm— KK 7K — nK

————
D,

Make following replacements

(E) Gy W]




And also for the rho meson

180 - - — — — — — — — — — — -

150 +

120 +

90 -

60

30

0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22
1.0 | | | o —— | h—n

09
0.8 -
0.7 -

Wilson, Briceno, Dudek, Edwards, Thomas, arXiv:1507:02599



And also for the rho meson

180 - m. = 391 MeV

O | L& o= | _ | I
400 ' 500 600 700 300 900 1000 £, /MeV

Wilson, Briceno, Dudek, Edwards, Thomas, arXiv:1507:02599



