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Introduction

Calculation

Deep-inelastic

Results

scattering (DIS)

Cross section

W > 2 GeV
(deep inelastic)

Constant W
(resonances)
W=M
(quasi-elastic)

Q? (GeV/cy

[Used with kind permission from Xiaochao Zheng]

e Lepton-nucleon scattering: measure scattered electron
o Deep-inelastic scattering: Sufficiently large W? and Q°.
e Compare: experimental measurements < theoretical predictions

= Extraction of important quantities: parton distributions (PDFs),

strong coupling constant (), mass of heavy quarks, . ..

Conclusion
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Theoretical description
lepton — L

nucleon — WrY

2

do  2ra
dxd@®  x@* "
: . / ’ 2
Leptonic tensor: L, = 2k,k, +2k,k;, — g,,Q

Hadronic tensor: = W, = (...),, Fi(x, Q)+ (... ) Fa(x, Q)

Cross section: wHv

Structure functions receive contributions from
e Gluons and light quarks (up, down, strange; m? < /\éco)
e Heavy quarks (charm, bottom; m* > /\éCD)
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Heavy quarks in deep-inelastic scattering

e Structure functions: Contributions from light and heavy quarks

v WLLL
% .
’ Rha

0.35 .
e Contributions from heavy 03 0(a?) |
quarks start at O(a) 025 1
X
e Gluon-photon fusion & 02 1
= Sensitive to gluon PDF g 015 1
. N X 01 Q2 =20Gev? —— :
° HeavY qu.arks yield significant £ 05| @2 =100Cev? ]
contributions to structure | @2 =1000Gev? ——

functions 005 ) ) . .

(e.g. 20 — 30% to Fy(x, Qz)), 10° 10 107 1072 107 1

X

esp. at low x [Behring et al. '14]



Introduction Calculation Results Conclusion

Motivation for 3-loop calculations

e Comparison of theory and experiment requires sufficiently precise
theory predictions

o Precision of experimental data for DIS: ~ 1% for F,(x, @°)
— requires theoretical description at O(a?)

= NNLO contributions of heavy quarks are important for the precise
measurement of the strong coupling constant (wenteria et al. '15]

Sag(Mz) ~ 1%
and the masses of the heavy quarks [aeknin et ai. "12 and updates]
m.(m.) = 1.25 + 0.02(exp) 333 (scale) T35 (thy)GeV
my(mp) = 3.91 £ 0.14(exp) 733 (thy)GeV  (preliminary)
(MS scheme)

6 /27
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Theoretical description of heavy quarks

Hadronic tensor: W = () FLOG Q) + (o) Falx, Q%)

1%

Conclusion
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Theoretical description of heavy quarks

Hadronic tensor: W, = () FLx, Q) +(... ) F2(x, Q)

Structure functions: |Fy(x, Q% m°) = x 3. C2J<x, %2, "’—22) ® ﬂ-(x,f)

=
=

1 )
Wilson coefficients PDFs
(perturbative) (non-perturbative)
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Theoretical description of heavy quarks

Hadronic tensor: W, = () FLx, Q) +(... ) F2(x, Q)

m

=

Structure functions: |F,(x, Q@ m2) = XZ (Dzyj(x, %2, "’—j) ® ﬂ-(x,f)
Ak

\ )
Wilson coefficients PDFs
(perturbative) (non-perturbative)

x- and N-space are connected by a Mellin transformation:

1
M[f(x)](N) = /0 dx xV 71 (x)

Representation simplifies in Mellin space.
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Theoretical description of heavy quarks

Hadronic tensor: W, = () FLx, Q) +(... ) F2(x, Q)

Structure functions: |F(N — 1, Q@ m2) = Z C,, (N, %2, "’—22) - H(N, u2)

1 )
Wilson coefficients PDFs
(perturbative) (non-perturbative)

x- and N-space are connected by a Mellin transformation:

1
M[f(x)](N) = /0 dx xV 71 (x)

Representation simplifies in Mellin space.
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Theoretical description of heavy quarks

Hadronic tensor: W, = () Fix, Q) +(... ) F2(x, Q)

Structure functions:  Fo(N — 1, Q% m*) =3 Cy, (N, %2, ”’—j) (N, 12)

; pnolop J
. - : 2 @ @
Wilson coefficients:  |C, (N, Q. m—) =Gy (N, ) + Hyj (N, ﬂ)
’ W IS Iz 2 W
massless / heavy-flavor
Wilson coefficients Wilson coefficients

NNLO: [Moch, Vermaseren, Vogt '05]

" Lx,L
@71 .
/ oo

4 /666 N
q/ g

o1
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Theoretical description of heavy quarks

Hadronic tensor: W = () FLOG Q) + (o) Falx, Q%)

Structure functions:  Fo(N — 1, Q% m®) = 202,1( % ”’é) . ﬁ(N,uz)

=

. 2 2 2 2 2
Wilson coefficients:  C, ; (N, Q. "’—2) =G, (N, %) + Hy (N, Q. 12)
; W k Iz : p

For F, and C,)z/m2 2 10 the heavy flavor Wilson coefficients factorise:

[Buza, Matiounine, Smith, Migneron, van Neerven '96]

Heavy flavor H, ;(N) = ZAU( )Go.i(N)
Wilson coefficients:
massive operator matrix / \ massless
elements (OMEs) Wilson coefficients

LO: [Witten '76; Babcock, Sievers '78;

Shifman, Vainshtein, Zakharov '78; Leveille, Weiler '79;
Gliick, Reya '79; Gliick, Hoffmann, Reya '82]

NLO: [Laenen, van Neerven, Riemersma, Smith '93;
Buza, Matiounine, Smith, Migneron, van Neerven '96;
Bierenbaum, Bliimlein, Klein '07a, '07b, '08, '09a]
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Theoretical description of heavy quarks

Hadronic tensor: W, = () Fix, Q) +(... ) F2(x, Q)

Structure functions:  F(N — 1, Q% m2) = Z Cy, (N, %2, %) - H(N, ,LLZ)
J

uy
Wilson coefficients: €, ; (N, %2, ’:—22) =G (N, %) +H, (N, %2, %2)

I3 v op

For F, and (,)z/m2 2 10 the heavy flavor Wilson coefficients factorise:

[Buza, Matiounine, Smith, Migneron, van Neerven '96]

HeaVy ﬂaVOr H2,J(N) = Z AI_](N)CQ,I(N)
Wilson coefficients: i

OMEs A; also essential to define the variable flavor number scheme
— describe transition Ng — Ng + 1 massless quarks
— transitions relevant for the PDFs at the LHC
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Massive operator matrix elements (OME)

Definition of the operator matrix elements
T massless, on-shell parton states

Aj = O|OT’|J>

Local operators from the light-cone expansion

_ iN_IS[le D,,... D#N’\;\Il] — trace terms

Feynman rules for operators

P @b o (Bp)

Depend on

h1 P2 _ i o

E x J’.VZOZ(A.pl)J(A.pz)N >7J % integer variable N
(Mellin variable)
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Massive operator matrix elements at NNLO

Fixed moments fOr OMES N = 2 “ee 10(14) \/ [Bierenbaum, Bliimlein, Klein, '09b]
All logarithmic terms from renormalisation v [sering et al. '14]

1 ‘\
g 5.,
- %»— Ve
\\ /I I ('
PS
Aqq,Q Aqg,Q qu,Q
8 diagrams 132 diagrams 89 diagrams
v [Ablinger et al. '10] Ve [Ablinger et al. '10] v [Ablinger et al. '14a]
Agg7Q AQg
112 d|agrams 125 d|agrams 642 diagrams 1233 diagrams
v [Ablinger et al. '14b] ve [Ablinger et al. '14c] v in progress

(1003 diags. done)

Feynman diagrams drawn using axodraw [Vermaseren '94]
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Factorisation of Wilson coefficients for Q° > m?

Factorisation into massive OMEs and massless Wilson coefficients

;\::E;+©m®%f+

Examp|e: [Buza, Matiounine, Smith, Migneron, van Neerven '96] [Bierenbaum, Bliimlein, Klein, '09b]

CcPS@O(Ng +1)
HPS N 1) = 2 APS,(2) N 1 u
a2(Ne +1) = a; [Ag, 7 (Np + 1) + NF 1

CPSO(Ne + 1)

3 PS,(3)
A N 1
+as|: ( F+ )+ NF+1

D(Ne +1)
g
+ A2 (Ne + 1)—NF I

+ A B(NE +1) 5D (N + 1)]

10/27
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Introduction Calculation

Factorisation of Wilson coefficients for Q° > m

Factorisation into massive OMEs and massless Wilson coefficients

Status of heavy flavour Wilson coefficients at NNLO

LES (AL S) v e
Lgo (x A ) v i
Ly,s2 (x Azli’g)) V' [Ablinger et al. 14b]
H‘;g (ox A2i7(3)) V' [Ablinger et al. "14c]
Hy (o AS;) in progres

10/27
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Variable flavour number scheme (VFNS)

e Transition from scheme with Ng massless and 1 massive flavour
to scheme with Ng + 1 effectively massless flavours

e Massive OMEs appear in the matching conditions of the PDFs
NNLO matching relations:

[Buza et al. '96] [Bierenbaum, Bliimlein, Klein, '09a, '09b]
2y | 7 2 NS 2y | 7 2
fil(Ne +1,17) + f(Ne + 1, 1") = Agq.0 @ [f(Ne, 7)) + fi(Ne, )]

1
+ A [AZS‘,Q ® T(Ne, 1°) + Agg.0 ® G(NE, 1)

N,
2 PS 2 2
fQ+C)(NF +1,p7) = AQq ® Z(NEg, p1) +Aqe ® G(NEg, p1”)
G(Ne +1,1%) = Agg.o ® T(Ni, 4) + Age o ® G(Ny, %)
S(Ne+1,4%) = [AQE,Q + AZS,Q + A'Z)z} ® X(Ng, 11%)
+ [AquQ + AQg} @ G(NFvﬂz)

Nr
with the singlet combination Z(Ng, 1i°) = S [f(Ng, 1) + fi(Ne, 1°)]
k=1

11/27
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Outline of the calculation

QGRAF

[Nogueira '93]

[Feynman graphs)

Feynman rules; Projectors l

color.h, FORM [vermaseren ‘00]

n Reduze 2
[ Dlagl’a ms as J [von Manteuffel, Studerus '10,'12]

scalar integrals

Integration-
by-parts

reductions

Insert IBP reductionsl
Calculate Ml

A - .
Diagrams as — following slides Master
master integrals integrals
A

Insert results for Mll

Results for
diagrams

N}
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Dealing with operator insertions

Large number of scalar integrals (~ 105) requires using

integration-by-parts reductions to master integrals (474)

Problem: Operators prevent straightforward application of
Laporta's algorithm (N in exponents of scalar products)

Solution: Introduce generating functions for operators
Zr AR = a7 e commierpamrs |
= treat them as linear propagators
Allows to use Reduze 2 to obtain IBP reductions
Additional advantage: Allows to derive differential equations in t

Result in N is recovered as Nth coefficient of expansion in t
at the end of the calculation
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Calculation of master integrals

Master integrals are calculated using a range of techniques:
e Hypergeometric function techniques
e Mellin-Barnes representations
= Yields multi-sum representations

= Simplify using summation algorithms based on XI1 fields/rings
implemented in Sigma (schneider 01}, EvaluateMultiSums and
SumProduction [avinger, Blimiein, Hasselhuhn, schneider10] @nd special function tools
from HarmonicSums [aiinger, Blimiein, Schneider '10,13]

Moreover, we use

e Coupled systems of differential equations/difference equations
[Ablinger et al. '15]

SolveCoupledSystem

o AImkvist—ZeiIberger algorithm [Almkvist, Zeilberger '90; Apagodu, Zeilberger '06]
— MultiIntegrate [aslinger 12

Yields scalar recurrences for the integrals

v

Solve using the packages listed above
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Results

Nested sums and iterated integrals

Results require mathematical objects of increasing complexity:

PS
Aqq,Q'

NS
Aqq,Qv

Aqg,Qv

Agch

PS
AQq

Agg,Qr
Agg (so far)

Harmonic sums
[\/ermaseren '98] [B\um\e\n Kurth '98]

e

Generalised harmonic sums
[Moch, Uwer, Weinzierl '01]
[Ablmger Blmlein, Schneider '13]

Cyclotomic & binomial sums
[Ablinger, Bliimlein, Schneider '11]
[Ablinger, Bliimlein, Raab, Schneider '14]

[Remiddi, Vermaseren '99]

j‘dyydz

Cyclotomic HPLs

[Ablinger, Bliimlein, Schneider '11]
& iterated integrals

over root-valued letters
[Ablmger Bliimlein, Raab Schnelder '14]

f fdzfdw

+40

Conclusion
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AS’;: Ladder- and V-diagrams

(3) 40

; 3
Ladder topologies enter AQg 22.Q and Aqu

Scalar prototypes (without numerators) of AS; ladder diagrams were
calculated in 2012 (abinger et a. '12]

Here: Calculation of 12 physical Agg) diagrams

(with numerators) via master integrals {abinger et al. "15]

Benefits beyond the diagrams discussed here:
Methods developed for this allow to calculate

all Aé?’Q and many AS’; diagrams

16

27
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Example: V diagram 12

o Particularly difficult diagram: V topology with 5 massive lines
e Operator introduces “non-planarity” into planar diagram
e Reduction using integration-by-parts identities requires
92 master integrals
e Calculation of master integral is very demanding
(O(weeks) of computation time)

e Required new computer algebra tools for
the solution of coupled systems of difference equations

and handling of binomially weighted sums
[Ablinger et al. '15]
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Example: V diagram 12 — Result

+N+1) N 128(N +3)
12N +2)  3N+12(N+2)"

L

bl ()

64 P34 AN? + 10N? 4 17) N N
P ES A SV EEIE + f"ﬁXZ(f!J”(z“) Si2 (, -1, n)) >
b=t b=
1|, 128(. 16(10N3 + 62N + 111N +60) g
*E{ 3N IN(N +1)2(N +2)2 it +7uxZ( 2) (2“) <Z (17 -1, r‘
v dg=1 -
_ Pas S 20,
NN+ (N 22N + RN +3)(5 )[16(2,( 2 ( )>4‘ hz( 2 (2“) <Z
e}

IN +2 2
\‘+l)(}\‘+2){ mz ( )

=t

e R OO Rt @ﬂyhzagme
3

. 1
‘5"(5'“‘) N Psg [

5 \;+1>2('\,r+‘)) N+DEN+3)(&)

2 & 1 ()5 6)

i

=

L 20, (1 DS ) L ()86
nsnz‘( ( ) Z 2”) S\z( 17,) nz 2“ 1+L|) +’;2”Z:‘ - 3 D
o i N (20)8y (i N (G)Sa (i) 1 i
(mz( z)‘!( )5”<, 1.,,)+5762( 2y (i‘)su(f.a.u)) S (”JSZ(‘)*‘IBZ Gs. =0 Z (s ‘(’)}
=1 i =
A NS () i) N i IH)Z 2)Saiz) v () 3 N-108) .,
—64 L E ) 2] 2 B
2 (N I [ )
)Sa(iz) N N 2)50162) 210
o i 3 Tl o —
9 .= 96
B P I P T
2)S-ai2)
— 615y, (4.%.1) — 192851 (72. % 71) 28

04(9 2+ 4N +18) 64(
v 2,3+
TN +2)

—4N? + 30N +12)
TN +2) e
+ 30N +26) ¢

(22)s262)

i ()%

PO T ’G‘ug. oI

Conclusion

[Ablinger et al. '15]
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Dizp=
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Example: V diagram 12 — Result
eer-enfs

38, + 87+ 48] + (-1)V

[Ablinger et al. '15]

. 128(N +3) 5
N+IAN+2) "

128
3N+ )(\ ol NN T RN T D)
1 [ 64Py2 3202N + v iz 1

N+1P(N +2)7 E 2i, .
(12)5171('2)
-2 -7
1

i

LD () S ()

mzL zw(”‘)

(&

571 )51 (i) \(H)
( Binomially weighted sums ﬂ
‘ 2l
5| ® Nested sums with binomial coefficients (2,’) as s
weights
+ 96|
e Translate to iterated integrals over root-valued
+19 . S-an
letters in x-space
T BNTFIN+20) . GIIBN T 30N +20) -
TON+2) M BN(N+D)(N+2) °
uxHZ’ 1,‘ YT +Ji&:(lu ~;r>m,x —Zlo] 32(15N2 +4m+)xn) !
. ¥ Ei‘,.(‘ ) . (“z:—z(u) G4(16N? + 43N +16) .
3 ; ) —61’; oy 701,; I NIV DV T 2)
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Anomalous dimensions

o Renormalisation Of the OMES [Bierenbaum, Bliimlein, Klein, '09b]
involves the NNLO anomalous dimensions [moch, vermaseren, vogt ‘04a, ‘0b]
Example: (%; = v;(Ng + 1) — v;(Ng))

,(2)
ans,3) _ 1 1 1%
AgaQ _g"'+572"'+6 3 _4qu [’804—600]

26"’71 BO Q’qu - 6’"1 quS ) +0 (EO)

(0)
Y. Boﬁo,QQ
+ Bl + T -

= O(Ng) contributions to anomalous dimensions

2 2

qu Q— fyéq) [Ablinger et al. '14a] Agng - ’Yég)

ANSQ _ ,YNS 1(2) [Ablinger et al. '14b] AQg N ’74(7?
AQq — 'yqu( ) [Ablinger et al. '14 COMplete PS anom. dim.

e First independent calculation in a massive setting

19/27
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heavy
2

Results Conclusion

Contributions to the structure function F,

T T T T
N 2 3

N s ag Qg S
0.06 F % HS,/20 - __ . Hg > not yet known
iy HES 3
0.04 } "N Lﬁé . at Q(QS)
RN & — in progress
N~ g.2
0.02 - Lk .
0 T
002 } .
0.0 0.001 et
\\
-0.04 | 0 L k
-0.06 } -0.001 } ]
-0.002 .
-0.08 } T0-1 1
10-5 104 10-3 102 10! 1
X

0(al); @ =100GeV?; 1> = Q% mP™ = 1.59 GeV; ABM13 Ny = 3 PDFs
Renormalisation: « in MS scheme, m, in on-shell scheme
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Results

Conclusion

Contributions to the structure function F,

RN as o af S

0.06 | RN HgSvZ/,Q,S ,,,,, - Hg > no3t yet known
RN H, -— —
S 92 at O«
0.04 } RN (NS . (05)
R i — in progress

i RS PS PS

0.02 »_‘_\»:T\ Lq,z Hq72 [Ablinger et al. "14c]
z 0
-0.02
-0.04
-0.06
-0.08
102 104 103 102 10t

X

0(al); @ =100GeV?; 1> = Q% mP™ = 1.59 GeV; ABM13 Ny = 3 PDFs
Renormalisation: « in MS scheme, m. in on-shell scheme
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heavy
2

Calculation Results

Contributions to the structure function F,

N 2 3
N Qs ag Qg S
0.06 | HS,/20 - __ . Hg > not yet known
},\ HP% I P 3
s , at O«
0.04 RN ng B — . ( S)
R I — in progress
) : ] PS
0.02 Hq72 [Ablinger et al. "14c]
N
0 qu [Ablinger et al. '14b]
-0.02
-0.04
-0.06
-0.08
10-5 104 1073 102 1071 1

X

pole

0(al); @ =100GeV?; 1> = Q% mP™ = 1.59 GeV; ABM13 Ny = 3 PDFs
Renormalisation: « in MS scheme, m. in on-shell scheme

Conclusion

o
N}
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Contributions to the structure function F,

1 HgS,2 not yet known
at O(a?)

— in progress

PS
Hq72 [Ablinger et al. '14c]

NS
Lq,2 [Ablinger et al. '14b]

heavy
2

E LS [Ablinger et al. '10]
g,2 [Behring et al. '14]

10°° 1074 103 1072 10t 1
X
0(al); @ =100GeV?; 1> = Q% mP™ = 1.59 GeV; ABM13 Ny = 3 PDFs
Renormalisation: « in MS scheme, m, in on-shell scheme
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Contributions to the structure function F,

1 HgS,2 not yet known
at O(a?)
— in progress

PS
Hq72 [Ablinger et al. '14c]

NS
Lq’2 [Ablinger et al. '14b]

heavy
2

E LS [Ablinger et al. '10]
g,2 [Behring et al. '14]

LPS [Ablinger et al. '10]
q,2 [Behring et al. '14]

10 10 103 102 101 1 LS
X
0(al); @ =100GeV?; 1> = Q% mP™ = 1.59 GeV; ABM13 Ny = 3 PDFs
Renormalisation: « in MS scheme, m, in on-shell scheme

o
N}
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Non-singlet part of polarised structure functions g; & g

0.03
0.02 | 0.04 }
001 b
s 0 g 0.02
£ o0} 5
% ® 0
>~ <002 ~
%% 003} 8 o | @=4Ge%0
-0.04 | Q2 =20GeV?, 0
Q2 = 100GeV?, O
-0.05 -0.04 [ Q2 = 1000 GeV?, O '
_0.06 N N N N N N AH d
105 10 107® 1072 107! 1 10°° 10 10°* 102 107! 1

X X [Behring et al. '15a]
e Odd moments of ij’Q calculated as well (abiinger et al. '145]

e They enter the non-singlet contribution to g;

e Twist-2 part of g, determined via Wandzura-Wilczek relation:

2 2 ! dy 2
(0 @) = —gy(x, @) + / Yely. @)

X

N
o
N}
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Charged current function xF3

Conclusion

1.8 . .
16| @ 720GeV2 0(a}) —— |
Q% =100GeV?, 0(a3) -—---
L4 T Q2 = 1000GeV2, O(a3) - - - - 1
! 1.2 ¢
% 1t
+
. 08t
o6 |
04| W-0.02 b Q*=20GeV? O(af) ——
+ 0.03 Q% =100GeV?, O(a3) —----
0.2 | £ U @2 =1000GeV2, O(a2) -----
0 = 5‘,_0.04 " " . "
10° 10 10 102 10! 1 10°  10* 103 102 10! 1
[Behring et al. '15b]
X
w
e Odd moments of A q.Q enter also xF3 + xF3
e Two non-singlet Wllson coefficients:
o Lg‘g: W couples to light quarks (u — d, ...)
o 253: W couples to heavy quark (s — ¢, ...)

N
N
o
N}
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Sum rules

Polarised Bjorken sum rule (sjorken 70]

! 2 2 1
A dx [glep(xv Q )_glen(xv Q ):| = 6

Gross-Llewellyn-Smith sum rule (cross, Liewsiiyn-smitn ‘69]

1 -
| ox [P @) + P, )] = 6Caus(a)
0

A A
==1 Gopj(35)
gy pBj\“s

* QCD corrections: Coefficients C,g; and Cg s follow from
moment N = 1 of the Wilson coefficients

: 4
e Massless corrections known to O(«;)

o AQ’;Q(N = 1) = 0 due to fermion number conservation

= Corrections from heavy quarks at Q% > m? reduce to

shift Ne — Ng + 1 in massless coefficient
[Behring et al. '15a '15b]

Y
o
N}
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Transversity

e Tensor operator (— transversity hy):

1= - A
O;'}NS’““P””N = EIN 1S | oDtz D ?rw — trace terms
TR,NS

* We calculated its massive operator matrix element A, o

[Ablinger et al. '14b]

e Results for transversity:
o Ng-dependent parts of the 3-loop anomalous dimension m;R'NS
. . TRNS,(3)
e 3-loop massive operator matrix element Aqqu
e Once the corresponding massless Wilson coefficients are known, also
the asymptotic heavy flavour Wilson coefficients for transversity

can be constructed using our results

N

R

o
N}
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Variable flavour number scheme (VFNS)

NNLO matching condition for non-singlet case:
[Buza et al. '96] [Bierenbaum, Bliimlein, Klein, '09a, '09b]

fi(Ng + 1, 4%) + F(Ng + 1, 12%)
= AYS 0 @ [ (Np, %) + Fo(Nf, 12)]

1
N (4550 ® T(Nr. 1) + Agg @ © G(N, 1))

e Ingredients at NNLO are now complete for the above relation
[Ablinger et al. '14b]

° AZS,Q and Ay, o start at NNLO

— ¥ and G contribute only from NNLO on

Conclusion



ntroduction Calculation Results

Variable flavour number scheme (VFNS)

NNLO matching condition for non-singlet case:
[Buza et al. '96] [Bierenbaum, Bliimlein, Klein, '09a, '09b]

fi(Ng + 1, 4%) + F(Ng + 1, 12%)
= ANS 0 @ [ (NE, %) + Fo(Np, 12)]

1
+ 7= (AR @ @ TN i27) + Agg 0 ® G(NE. i)
F

o Ingredients at NNLO are now complete for the above relation
[Ablinger et al. '14b]

° Ag‘iQ and Ay, o start at NNLO

— ¥ and G contribute only from NNLO on



Calculation Results

Variable Flavour Number Scheme (VFNS)

12 =20 GeV?, O(a2)

12 = m?, O(a2)

=100 GeV?, O(a2)

1.015
12
1.01
B
~ 1.005
+
<
= 1
0.995 |
0.99

1075 1074 1073 1072 0.050.2

R(Ng + 1, Ng) =

u(Np +1,4°) + G(Ng + 1, %)

U(NFa:uz) + D(NFMMZ)

0.4

0.6 0.8
[Ablinger et al. '14b]
here Ng =3
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Variable Flavour Number Scheme (VFNS)

alculation

Results

1.015 | p? = mgy 0(a3) 1
u? =20GeV?, O(a?)
1% = 100 GeV?, O(a2)
Lot | 2=, O(z) —— :
~ p? =20GeV?, O(a3) ——
S 1005 2 = 100 GeV?, O(a?)
— . -
+
<
x 1
0.995 + g
099 1 1 1 1 1 1 1
1075 1074 1073 1072 00502 04 06 0.8
X
[Ablinger et al. '14b]
2 - 2
u(Ng +1 +u(Ng+1
R(NF+1,NF): ( F 7/’L) ( F 7/1’) here NF:3

U(NFa:uZ) =+ D(NFMMZ)
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Introduction

Calculation Results Conclusion

Conclusion

Heavy quarks yield important contributions to DIS
= essential for precision measurements
of as (~ 1%) and m. (~ 3%) [Ateknin et al. 12]

Analytical calculation of the 3-loop corrections requires
modern computer-algebraic methods and tools

Completed massive operator matrix elements:

PS NS TR PS

Aga,@ Adg,@r Aga,@r Aga,@r Aqr Agg,q aNd Agg g
Calculation of ladder- and V-diagrams for Ag,
lead to improvements of tools and methods

= Allowed calculation of all A,, o and many Ag, diagrams
Applications:

e Calculation of anomalous dimensions

e Heavy flavour Wilson coefficients for F,, gy and xF3

e Sum rules for g; and xF3

e Matching relations in the Variable Flavour Number Scheme
The new results are an important step towards an O(c2) description
of the heavy quarks in DIS.

N
N
o
N}



Backup

e Operator matrix element A, o — 29
e Non-planarity of diagram 12 — 31

e Feynman rules — 32



4

Gluonic operator matrix element A, o

{5 <2 -

Important building block for the VFNS
— enters the matching relation of the gluon PDF

[Buza et al. '96] [Bierenbaum, Bliimlein, Klein, '09a, '09b]

G(Ng + 1,/~L2) = Agg,q @ L(NE, ,“2) T A ® G(NvaJz)
642 diagrams — 67212 scalar integrals — 139 master integrals

00000

2 crossed-box diagrams

MI partly overlap with earlier calculations (~ 25%)

Remaining MI calculated mainly via differential /difference equations
Diagrams are all done

Unrenormalised OME is known for all even N; vanishes for odd N

29 /27



Constant term of the gluonic OME )

20 YS(G-1) _ -
S LY [ [16(N +N+2)L ) (2 e - 4Py 53
990 = T o PN )T & 1+ 1)° 3(N—1)NI(N +1)I(N +2)
50 128(S—q — S_381 + S_31 +25_. “)+4(5N2+5w,22)s%52 N
g 3N(N+1)(N +2) 3N(N + 1)(N +2)
(% ¥S1G-1) _ o
+ CACFT, 164 2, () (f 1 )2 LE) " 32PS 52
AETT BN - NN + D2(N +2) & 1t 1)° (N=T)N2(N +1)*(N +2)
B 64P14S 211 B 16 P35 4 4 4Ps35, 4
3IN—DN2(N+12(N+2) 3(N— DN (N+12(N+2)  3(N-2)(N—DN2(N+1)2(N +2)
2iy [ 495,G-1)
‘ — 7
o] 4Py ~ (i) (E NG (;) N 256P5S 25
A TN S DNA(N F 12(N +2) & L(it1) 9(N — 1)N2(N + 1)2(N + 2)
32P30S 211 + 16355 31 + 16P1S_4 16P5252, 4 8Ps553 e
9(N —)N?(N + 1)2(N +2) 27(N —1)N2(N + 1)2(N +2) ' 9(N — 1)N2(N + 1)
. 2N\ /—N N 4181(i=1) .
Ot 16Pys("y )4 ( =UTE)E /<‘5> - 32PssS)
RTINS DON(N + 1)2(N +2)2N —3)(2N — 1) 81(N — )NA(N + DA(N +2)(2N —3)(2N — 1)

16Py5S? B 16P45.52
PN DMV 13N+ 2) (N — DNI(N + 13(N 1 2)

4+

]
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Constant term of the gluonic OME A,, ¢

' ('_h) 1S (j-1) — 7
@ 1N [ o [16(V2 4+ N A2 NoO\E ) ) 4P S}
%9Q = T3 E TN N 12 | & H(i+1)? 3N = DN' (N + DN 1 2)
o) (128(S_4— S35 + 551 425 25)  A(BN?+5N —22)525,
© : , 2 ) 4
+0a ( 3N(N + = o)+
i i .
@) (£ Lot -
+CuCrT, ! 7\ ) ® 32Pu5-22
atrir ! [~ NN + 1)2(N +2)

V- Ne =t
AP .G Z i 2 .
B 64P14S 211 i—1 4 ([ + 1) 4Ps35, +}
3(N = N2(N + 12 (N N —1)N2(N + 1)2(N +2)
«m/’ VS1(i-1) \

Binomial sums

e Two objects involving binomial weights appear ]

e One of them already occurred in the T,% colour factor
[Ablinger et al. '14d]
]

N 16Py5S7 - 16Py552
(V- DNV + 1BV +2) OV — DN + LBV + 2)

4+




Nicht-Planaritat von Diagramm 12

The diagram is planar

The Feynman rule for the operator reads

GPARN Ry NP SR (Apy ) (Apy )N 2

N >3

D3y py @ py,v,b

(p1 + p4)(’_j_1) part mixes momenta from two different loops

Shifting the momenta allows to put these mixed momenta
into the operator or into one of the propagators,
but one cannot get rid of this structure

Effective non-planarity arises

[(t“tb)ﬁ(Apl + Apy)l Tt 4 (tbt“)ﬂ(Apl + Apg)l’f’l} R



Feynman rules for operator insertions

b p.J

0B (A )V N 21

G By e SNP(A ) (A pp)VIE L N 22

Pt P2

GAFARY NP TV (Aps) (Apy) VT2
[(198):(Ap1 + Apa)' 7 4 (1010);:(Apy + Aps) 1]
N=>3

GAIN AP SN SN SN (Apa) (A )N TR
[ (o)A ps+ Aps + D) T (Aups + Apr)™ !
(1) ji( Aps + Aps + Ap)' 1 (Apy + Ay

Pafd  puub Dspic

(2191)j5(Aps + Aps + Ap )1 (Aups + Apy)™i=

(1°4")ji(Aups + Aups + Aupy) I (Aupy + Aupy) !

(t%) ;i (Aps + Apy + Ap) I (Apy + Apy) 1t

(#444);1(Aupy + Apy + Apr) 7 (Aupg + Apr)™ 1Y
>4

For transversity, one has to replace: Ayy — o"“A,.

32/



Feynman rules for operator insertions
TR T T

pvib P a %M,;abm_mw,a

9022 = (Aps + Ap)A-p+ 28,4, N 2

_;'LM" p‘.,)\.;;_ _fg"'(;‘)” febe
4 [(Av.‘hn = Aagu) A pr+ Au(pr oAy — [‘|,AA»)} (A-p)N?
P2 1,0 +Ax [A D2+ A papr Ay — A piA - pogu, — pr -pgA,AA,/}
X TN A )i (A py) N
H{remmer e {rm }) LNz

— — N
puia pio.d GG O, (01, D2 1. 1)

+1 [ Oprvo (D1, 3, D2, P1) + [ [*“Opuun (01, 1, P2~P:x)> .

P W .
Opao (12,93, 91) = Ay =g (A - py + A - py) V=2

Hpuuds = A pigue] XA - pa+ A pa) (A p)N

[proB = A pigu] TGN A ) (A ps + A py) N
HA - PIA - paguo + Pr - padudo — A papro Dy — A pipads)
) NG ST (A )N A g+ A ) (A 'Pa)’}

B G R I e
s eev pew, Ao [0

>2
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